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Aims and Scope 


The field of neutrosophic set theory and its applications has been rapidly expanding, particularly since 
the introduction of the journal "Neutrosophic Sets and Systems." 


New theories, techniques, and algorithms are being developed at a very high rate. 


One of the most notable trends in neutrosophic theory is its hybridization with other set theories such 
as rough set theory, bipolar set theory, soft set theory, hesitant fuzzy set theory, and mote. 


Various hybrid structures like rough neutrosophic sets, neutrosophic soft set, single valued 
neutrosophic hesitant fuzzy sets, among others, have been proposed in a short period. 


Neutrosophic sets have proven to be crucial tools across a wide array of fields including data mining, 
decision making, e-learning, engineering, medical diagnosis, social sciences, and beyond. 


The third volume in the series “New Trends in Neutrosophic Theories and Applications” focuses on 
theories, methods, and algorithms for decision making, as well as applications involving neutrosophic 
information. 


Some topics introduce new sets such as the Pythagorean neutrosophic vague soft set, the triangular 
fuzzy penta-partitioned neutrosophic set, interval-valued neutrosophic b-open sets, and interval- 
valued neutrosophic b-closed sets. 


Other topics present applications in medical diagnosis, non-preemptive neutrosophic priority queues 
with uneven services (labeled as NM/NM/1), AHP in an interval neutrosophic set environment, 
MAGDM in a triangular fuzzy neutrosophic number environment, MAGDM in a pentapartitioned 
neutrosophic environment, the entropy-ARAS strategy in a single-valued neutrosophic number 
environment, and the MABAC strategy in a rough neutrosophic set environment. 


Florentin Smarandache, Surapati Pramanik 
(Editors) 


Foreword 


The Neutrosophic Set Theory (NST) originates from Neutrosophy, a novel branch of philosophy 
introduced by Professor Florentin Smarandache in 1998. NST adeptly manages uncertainty, 
indeterminacy, and inconsistent data. NST-based methodologies are ideal for modeling problems 
where human knowledge and evaluation are indispensable, accommodating situations riddled with 
uncertainty, indeterminacy, and inconsistent information. 


NST is very important because it extends the traditional notions of classical sets and fuzzy sets to 
handle indeterminate, imprecise, incomplete, and inconsistent information more effectively. NST has 
garnered significant global attention from researchers and practitioners alike, contributing substantially 
to its evolution and practical applications after the publication of the journal, “Neutrosophic Sets and 
Systems” in 2013. Its fundamental significance spans artificial intelligence and cognitive sciences, 
particularly in domains such as data mining, decision analysis, expert systems, machine learning, 
intelligent systems, and pattern recognition. 


Methods rooted in NST, either independently or in conjunction with complementary approaches, 
have found extensive application in diverse fields. The versatility and adaptability of NST have thus 
enabled its widespread adoption across a broad spectrum of scientific and practical domains, 
facilitating advancements and innovations in each domain. 


The present book starts by proposing the Pythagorean neutrosophic vague soft set, the triangular 
fuzzy penta-partitioned neutrosophic set, interval-valued neutrosophic b-open sets, and interval- 
valued neutrosophic b-closed sets in the first, second, and third chapters respectively. It then 
progresses on to topics such as neutrosophic homomorphism in neutrosophic topological spaces, the 
neutrosophic dimension of a neutrosophic vector space, a comprehensive survey of Q-neutrosophic 
soft sets in all possible dimensions of the medical diagnosis system, a method for evaluating the 
performance measures of non-preemptive neutrosophic priority queues with uneven services (labeled 
as NM/NM/1), interval-valued neutrosophic AHP, MAGDM in a pentapartitioned neutrosophic set 
environment, MAGDM in a triangular fuzzy neutrosophic number environment, the single-valued 
neutrosophic entropy ARAS strategy, and the MABAC strategy in a rough neutrosophic numbers 
environment. 


Chapter 1 develops the Pythagorean neutrosophic vague soft set, combining the soft set with the Pythagorean 
neutrosophic vague set. It presents a decision-making technique based on the Pythagorean neutrosophic vague 
soft set with a numerical example. 


Chapter 2 develops the triangular fuzzy penta-partitioned neutrosophic set by combining the triangular fuzzy 
number and the penta-partitioned neutrosophic set. It defines some operations on the triangular fuzzy penta- 
partitioned neutrosophic sets, such as union, intersection, and complement, and establishes some fundamental 
properties of the developed sets. 


Chapter 3 introduces two novel concepts: interval-valued neutrosophic b-open sets and interval-valued 
neutrosophic b-closed sets. It delves into the concepts of interval-valued neutrosophic b-interior and interval- 


valued neutrosophic b-closure operators, shedding light on their characteristics and their relationships with 
other operators in this domain. 


Chapter 4 introduces new concepts in Neu-homeomorphism, namely N.eugsa*-homeomorphism and Neuigsa*- 
homeomorphism in N.u-topological spaces. Additionally, it presents the characterizations and properties of 
these functions with already existing Neu-functions. 


Chapter 5 presents the neutrosophic dimension of a neutrosophic vector space using a neutrosophic basis. It 
also discusses some characteristics of these new notions. 


Chapter 6 presents a comprehensive survey of Q-neutrosophic soft sets in all possible dimensions of the 
medical diagnosis system. The survey highlights all possible mathematical frameworks used for medical 
diagnosis, including their limitations, which encompass fuzzy logic, evidential reasoning, and quantum & 
machine learning decisions. A comparative analysis of Q-neutrosophic soft sets is presented alongside other 
mathematical frameworks like neutrosophic soft sets and Q-fuzzy sets. 


Chapter 7 develops a novel strategy for evaluating the performance measures of non-preemptive neutrosophic 
priority queues with uneven services, labeled as NM/NM/1, using the («, 8, y)-cut approach along with Zadeh’s 
extension principle. The developed strategy comprises a solitary server, where both arrival and service rates are 
expressed in terms of single-valued trapezoidal neutrosophic numbers. The queueing model involves 
exponentially distributed service times, arrivals following a Poisson process, and the presence of only one 
server. The chapter offers a concrete example to elucidate the analytical strategy established within the study. 


Chapter 8 determines the criteria that affect franchisee selection in the global cafe chain business. It investigates 
the franchisee selection problem with interval-valued neutrosophic AHP. In the research, the priorities of the 
criteria and the scoring of the experts were taken into consideration. According to the results of the analysis, 
while location was found to be the most important criterion, personal condition was deemed the least 
important. 


Chapter 9 develops a decision-making strategy to solve multi-attribute group decision-making problems under 
the pentapartitioned neutrosophic number environment. An illustrative example of a multi-attribute group 
decision-making problem is provided to show the applicability of the developed strategy. 


Chapter 10 develops two multi-criteria group decision-making strategies using the proposed Triangular Fuzzy 
Neutrosophic Number Einstein's Ordered Weighted Average (TFNNEOWA) operator and Triangular Puzzy 
Neutrosophic Number Ordered Weighted Geometric Average (TFNNEOWGA) operator. The chapter uses 
Shannon’s entropy to determine the weights of the criteria and the decision-makers. 


Chapter 11 develops the SVNN-E-ARAS strategy using the arithmetic averaging ageregation operator in single- 
valued neutrosophic number settings. It covers the group popularity ranking criteria and provides weight to 
each ranking component individually based on user evaluation using the developed approach. 


Chapter 12 develops the MABAC strategy in a rough neutrosophic numbers environment, termed the RNN- 
MABAC strategy. The developed strategy is illustrated by solving an illustrattve MADM problem. 


Florentin Smarandache, Surapati Pramanik 
(Editors) 
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ABSTRACT 


Decision making problems often involve uncertainty and vagueness, which require effective 
mathematical models to handle these complexities. In recent years, several hybrid fuzzy set 
theories have been proposed to address these challenges, such as Pythagorean fuzzy sets, 
neutrosophic sets, and vague sets. However, each of these theories has its own limitations in 
representing uncertainty and vagueness adequately. To overcome these limitations, this study 
introduces a novel approach called Pythagorean Neutrosophic Vague Soft (PNVS) sets. 


The PNVS sets integrate the concepts of Pythagorean fuzzy sets, neutrosophic sets, and vague 
sets to provide a comprehensive framework for decision making under uncertainty. The 
proposed methodology allows decision makers to express their opinions using three 
membership functions: truth, indeterminacy, and falsity. Moreover, the PNVS sets incorporate 
the notion of vagueness, enabling decision makers to express their uncertainty through vague 
membership degrees. 


To demonstrate the applicability of the PNVS sets, a decision making problem is formulated 
and solved using the proposed methodology. The decision making problem involves evaluating 
potential investment options based on multiple criteria. The PNVS sets are used to model the 
uncertainties and vagueness associated with the criteria and their relative importance. The 
proposed approach provides a systematic and flexible framework for decision making, allowing 
decision makers to consider multiple perspectives and adequately handle uncertainties and 
vagueness in various problem of decision-making systems. 


The experimental results demonstrate the effectiveness of the PNVS approach in capturing the 
uncertainties and vagueness inherent in decision making problems. The proposed methodology 
allows decision makers to make informed decisions by considering multiple criteria and their 
associated uncertainties. The PNVS sets provide a robust and intuitive framework for decision 
making, enhancing the decision-making process in various domains. 


KEYWORDS: Decision making, Pythagorean neutrosophic vague soft sets, uncertainty, 
vagueness, fuzzy sets, neutrosophic sets, vague sets. 


1. INTRODUCTION 


Pythagorean Neutrosophic Vague Soft Sets (PNVSS) is an extension of the neutrosophic vague 
soft set theory that combines the concepts of neutrosophic sets, vague sets, and soft sets. PNVSS 
provides a flexible and comprehensive framework for dealing with uncertainty, vagueness, and 
indeterminacy in decision-making problems. It incorporates the Pythagorean fuzzy set theory, 
which allows for the representation of membership, non-membership, and indeterminacy degrees 
in a more intuitive and realistic manner. 
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The PNVSS model consists of three components: the membership degree, non-membership 
degree, and indeterminacy degree, each represented by a Pythagorean fuzzy number. These 
components can be used to describe the uncertainty associated with the elements of a set, allowing 
decision makers to capture various degrees of belief, disbelief, and uncertainty in a unified 
manner. 


The application of PNVSS in decision-making problems involves the following steps: 


1. Problem formulation: Clearly define the decision problem and identify the criteria and 
alternatives involved. Determine the degree of uncertainty and vagueness associated with 
the problem. 


2. Data collection: Gather the necessary data and information related to the decision problem. 
This may include expert opinions, historical data, or other relevant sources. 


3. Representation: Represent the collected data and information using Pythagorean fuzzy 
numbers to express the membership, non-membership, and indeterminacy degrees 
associated with each element. 


4. Aggregation: The Pythagorean fuzzy numbers should be combined to reflect the decision 
problem as a whole. The Pythagorean weighted average, Pythagorean weighted geometric 
mean, or other appropriate aggregation operators can be used to accomplish this. 


5. Ranking and selection: Use appropriate ranking methods to prioritize the alternatives 
based on their aggregated Pythagorean fuzzy numbers. This can involve comparing the 
membership, non-membership, or indeterminacy degrees of the alternatives. 


6. Decision analysis: Analyze the results obtained from the ranking process and make a 
decision based on the desired criteria. Consider the trade-offs between different factors and 
the decisionmaker's preferences. 


7. Sensitivity analysis: Assess the sensitivity of the decision to changes in the input data and 
aggregation methods. This step helps evaluate the robustness of the decision and identify 
potential risks or uncertainties. 


The application of PNVSS in decision making offers several advantages. It provides a 
comprehensive framework that can handle various types of uncertainty and vagueness 
simultaneously. The Pythagorean fuzzy numbers enable a more flexible and _ intuitive 
representation of uncertain information. Moreover, the aggregation and ranking methods used in 
PNVSS allow decision-makers to incorporate their preferences and subjective judgments in a 
systematic manner. 


Overall, Pythagorean Neutrosophic Vague Soft Sets offer a promising approach to decision 
making under uncertainty, particularly when dealing with complex and ambiguous situations 
where traditional crisp models may fall short. 


Yager and Abbasov (2013) first proposed the novel idea of Pythagorean fuzzy sets. Gau and 
Buehrer (1993) made the initial proposal for the theory of the vague set. Molodtsov (1999) first 
proposed the idea of a soft set. In this essay, we explore the idea of Pythagorean Neutrosophic 
Vague Soft (PNVS) sets. There have been some proposed definitions and operations. It combines 
Pythagorean neutrosophic vague set and soft set. The following notions have also been used to a 
decision-making dilemma. It could be used with realistic data to apply to real-world issues for 
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further research. 


The following describes the format of this study: in section 2, we quickly present some basic 
definitions and findings. Section 3 introduces the concept of PNVS sets. A few definitions and 
conclusions have been established. In section 4, a decision making problem application is 
demonstrated. Numerous researchers have made contributions to this topic. 


Maji (2013) presented the neutrosophic soft set. Shil et al. (2024) presented single-valued 
pentapartitioned neutrosophic soft set. Das, Das, and Pramanik (2022a, 2022b) employed 
neutrosophic sets in developing single valued bipolar pentapartitioned neutrosophic set and single 
valued pentapartitioned neutrosophic graphs respectively. Neutrosophic vague set theory was 
studied by Alkhazaleh (2015). Das et al. (2022) Application of neutrosophic similarity measures 
in Covid-19. Das, Mukherjee, and Tripathy (2022) presented an application of neutrosophic 
similarity measure in COVID-19.  Jansi et al. (2019) studied on correlation measure for 
Pythagorean neutrosophic sets with and as dependent neutrosophic components. Mukherjee 
(2015) presented a generalized rough set and its application. Mukherjee and Das (2020) presented 
the neutrosophic bipolar vague soft set and its application to decision making problems. 
Smarandache (1998), Smarandache (2005) did the most significant work on Neutrosophic Sets 
and Systems and generalized the thoughts. Xu et al. (2013) study the vague soft sets and their 
properties. Zadeh (1965) introduced the Fuzzy sets. So many authors have given significant 
efforts to establishing the neutrosophic idea. Development of neutrosophic theories and their 
applications were depicted in the studies (Broumi et al., 2018; Pramanik et al., 2018; Peng & Dai, 
2020; Pramanik, 2020, 2022; Smarandache, & Pramanik, 2016, 2018; Delcea et al, 2023). 


2 PRELIMINARIES 


We recall some basic notions for future work. 


Definition 2.1 Gau and Buehrer (1993). Let X¥ be a non-empty set. Let A and B be two VSs in the 
form A = {< x,t,,1 —f, > x € X},B = {< x,tp,1— fg > x © X}. Then 


(i) A © B if and only if t; < tg and 1 —f, <1—fz. 

(ii) AU B = {< x,max(t4(), tg(x)), max(1 — f4(x),1 — fe(x)) > x € X} 
(iii) AN B = {< x,min(¢4(x), tg(x)), min@ — f4(x),1 — fg(x)) > x € X} 
(iv) A® = {< x,f,,1 —t, >x EX}. 


Definition 2.2. (Alkhazaleh, 2015). For any two NVSs Ayy and Byy the union is a NVSCyy, 
written as Cyy = AyyU Byy, whose truth, indeterminacy and false-membership functions are 
related to those of Ayy and Byy given by 


Towy (x) = [max (Tin Toy.) ,max a. Toy, )| 
ley (x) = [min(Ti, T5yy)/min (1 ie I bw. fand 


Foy (x) = [min(Fz, Fay): min(Fi Fay, ) 


Definition 2.3. (Alkhazaleh, 2015). For any NVSs Ayy and Byy the intersection is NVSCyy, 
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Known as Hyy = Ayy M Byyy, whose membership functions are related to those of Ayy and Byy 
given by 


Try (x) = [min (a i) ,min cm a ) 
Inyy (X) = [max (1 poe ae ) ,max (1 ge I i )Jana 


Fayy @) = [max (F.,--Fany,) ee C- Fay x )I 


Definition 2.4. (Yager & Abbasov, 2013). Consider X¥ be a nonempty set and J the unite interval 
[0,1]. A Pythagorean fuzzy set is an object having the form A = {(x, f(x), v4(x)): x € X}, where 
the function 4: X — [0,1] and vy: X¥ — [0,1] denote the respectively degree of membership and 
degree of non-membership of each element x € X to the set A and 0 = (ug(x))* + Qa)? = 1 
for each x € X. Supposing, 0 = (u4(x))* + (v4(x))* = 1 then the degree of indeterminacy of 


x € X to A is denoted by m4(x) = y (ug(x))? + Ga (X))?&r4(x) € [0,1]. 


Definition 2.5. (Yager & Abbasov, 2013). Suppose X be a nonempty Universal set. A 
Pythagorean neutrosophic set with 
truth, falsity an dependent neutrosophic components [PNSet] an a non-empty set X is an object of 


the form A= {(x, pa(x), va(x),5,(0)): x EX} where py(x), vg(x),d4(x) € [0,1], 
0 <= (ug(x))* + a(x)? + (6,(%))* =2 for all x EX. Where pa(x) is the degree of 
membership, vg(x) degree of indeterminacy and, d4(x) degree of non-membership. Here p4(x) 
and 6,4 (x) are dependent component and v,(2) is independent component. 


Definition 2.6 (Yager, 2013). Let X be a nonempty set and I be the unit interval [0,1]. A 
Pythagorean neutrosophic set with T and F are dependent neutrosophic components [ PNSet JA 
and B of the form A = {G, n,(x), va(x), 5,(x)): x € X} and 
B = {(%, pe (*), vg (x), 5g (x)): x € X} then 

1. A® = {(x,64(x),v4(x), Ha): x © X} 

2. AUB = {(x,max{p,(x), up(x)}, max{v, (x), vg (x) }, min{d,(x), 5g (x)}): x € X} 

3. ANB ={(x, min{u, (x), ug (x)}, min{v, (x), vg (x)}, max{6,4(x), dg (x)}): x € X} 


3. PYTHAGOREAN NEUTROSOPHIC VAGUE (PNV) SET. 


Definition 3.1 Consider X be a nonempty set. A PNVS with T and F are dependent neutrosophic 
components 


Apwy = {(%, Tapyy CD) Lapyy 0), Fapyy):x © X} where the definition of the truth, 


indeterminacy, and falsity membership functions is Tapyy(x) = [T*,T7], Lapwy(x) = [J*,J-Jand 
Fapyy (x) = [F*,F] 


Where 1)T* =1-—F-, 
2)F+ =1—T~and 


30<7-)74+0 74+ ) =2,4)05T*+It4+F* < 2*. 
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Example 3.2. Let X = {u,,u,, u3} be : set of universe. Then the PNV set Apyy is as follows 


Uy Uz 
Arwv = esasiiososloso7’ (oso7ilesoslloaa7? ioaaTitasoaltasaa)! “*isfies (1), (2) and (3) 


of definition 3.1 

(a) 0 < (0.3)7 + (0.5)? + (0.5)? = 0.09 + 0.25 + 0.25 = 0.59 < 2. 
(b) 0 <= (0.3)? + (0.4)? + (0.3)* = 0.09 + 0.16 + 0.09 = 0.34 < 2. 
(c) 0 = (0.4) + (0.4)7 + (0.3)? = 0.16 + 0.16 + 0.09 = 0.41 < 2. 


Note: In particular, PNV set Apyy may be as follows 


7 uy; uz x 
Seda (FN OFH CSN ORNICRY CRY BCOTICENIORN) 


Then we have the conditions 0<7 )4+0 %4+¢ ” <2 and 
0< (Tt)? + at} +t} <2. 


Definition 3.3 Let Apyy and Bpyy be two PNV sets of the universal set U. If Vu; € U 

L. Tapuy Gt) a Tapyy Ui) 

om lapyy i) a Tapyy Ui) and 

3. Fapny (u;) = Fepyy Ui) 
Then the PNV sets Apyy is equals to PNV set Bpyyr, denoted by Apyy = Bpyy, where 1 =i=n 
Definition 3.4 Let Apyy and Bpyy be two PNY sets of the universal set U. If Vu; € U 

1. Tapyy Qu;) = Tp, Qui) 

2. Lapwv (u;) = Tgpypyr (i) 

3. Fapny (;) = Fg ony (Ui) 


Then the PNV sets Apyy is included in Bpyy; denoted by Apyy © Bpyy, where l =i=n 


Definition 3.5 Ay, represents the complement of a PNV set Apyy, which is defined as 
Taryy ) = [1 —T*, i= TI] bargy = [1 as r,1 — I*] and Faryy (x) = [1 — ae! _ F*]. 


Example 3.6 Take example 3.2 into consideration. 

Then 

Ac _ uy Uz Ug 
PNV ~~ ([0.5, 0.7][0.5, 0.5][0.3, 0.5] ’ [0.7, 0.8][0.4, 0.6][0.3, 0.7] ’[0.3, 0.6][[0.4, 0.6][0.4, 0.7] 

Note: Under the given conditions, example 3.6 meets the requirements of definition 3.5. 

O<7 ¥1+0% +E ¥ <2. 


0< TTY + ¥ +E ¥ <2. 
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Definition 3.7. PNVS Set. 


Let U be the universal set and let E be the parameter set. The set of all PNV sets of U is denoted 
as AC E, PNVset(U). The pair (f,A) over U is thus referred to as the PNVS set (PNVS set in 
short). f in this case is a mapping f: A — PNV set (uw). PNVS set(U) is the collection of all PNVS 
sets over U. 


Example 3.8. Let U = {u,,uz,uz} and E = {e,,e,}. Next, over U, PNVS sets A, and A; are as 
follows: 


P ((2;,[0.3,0.5], [0.5,0.5], [0.5,0.7]), (22, [0.2,0.6], [0.6,0.7], [0.4,0.8]), 
' l(ex{ (u>, [0.4,0.6], [0.3,0.4], [0.4,0 


(u>, [0.5,0.6], [0.7,0.8], [0.4,0.5])}]. 
A> = [(ez, {(az, [0.40.5], [0.3,0.4], [0.5,0.6], ), (a>, [0.3,0.7], [0.5,0.6], [0.3,0.7]), 


(u3, [0.5,0.7], [0.2,0.3], [0.3,0.5], )}), (>, {(ax1, [0.6,0.7], [0.2,0.4], [0.3,0.4], ), (>, [0.4,0.5], [0.5,0.7], 
[0.5,0.6]) 


(u3, [0.6,0.7], [0.5,0.7], [0.3,0.4])}]. 


Definition 3.9. @ = {(e, {(u, [0,0], [0,0], [1,1])}:e € E and u € U} is the definition of an empty 
PNVS set @ in U. 


Definition 3.10. J = {(e,{(u,[1,1], [1,1], [0,0])}:e € E and uw EU} is the definition of an 
absolute PNVS set J in U. 


Example 3.11. If E = {e,,e2} and U = {u,,uz, uz}, then 


(a) 0) = {(e,, (uy, [0,0], [0,0], [1,1)), (uz, [0,0], [0,0], [1,1)), (uz, [0,0], [0,0], (1,1). 
€>, (u,, [0,0], [0,0], [1,1]), (az, [0,0], [0,0], [1,1], ), (xz, [0,0], [0,0], [1,1], )} is the definition of the 
empty PNVS set @ in U. (Page 7) 


(b) I= {(e,, (uy, [1,1], [1,1], [0,0]), (uz, [1,1], [1,1], [0,0]), (uz, [1,1], (1, 1], [0,0]) 


(e, (u,, [1,1], [1,1], [0,0]), (u2,[1,1], [1,1], [0,0]), (uz, [1,1], [1,1], [0,0})} is the definition of 
Absolute PNVS set J in U. 
Definition 3.12. C’ = fe, (u, yee, eee Fepuys): ne, Cee } be the Pythagorean neutrosophic 
vague soft set over U, with i=1,2. Afterward, by c? C c* defines the ct I PNVS sub-set of C? in 
the cases where 

T <T 


F = F 2 


Ta =~ I 1 
C. Cpnvs Cpyvs’ 


si I 2 2 
Cpnvs Cpnvs’ Cpnvs Cpnvs’ 


Example 3.13. According to our definition 3.12, we have the observation A; © A> from case 3.8. 


Definition 3.14. Assume that A is a PNVS set over U. Next, A© defines A’s complement, which is 
given by 
AS = {e,(uT ae las ays ASyys)i¥ E Ue € E} 


Taryys @) = [GQ —T*(@)),GA—T-@)I 
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lapyys (a) = [4 — 17 @)),G — I) Fapyys(@) = [4 — F*@)), A - F-@)I 

Example 3.15. Let U = {u,,u } and E = {e,, e,} then the PNVS set A is 

A= [(e,, {(uzz, [0.1,0.3], [0.2,0.4], [0.7,0.9])}, {(uz, [0.6,0.8], [0.3,0.5], [0.2,0.4])}, (e2, {(u1,, 
[0.7,0.9], [0.2,0.5], [0.1,0.3])}, {(az2, [0.8, 0.9], [0.5,0.6], [0.1,0.2])}] Then the compliment of A is 
defined by A‘ is as follows 


Ac = [(e;, {(u, [0.7,0.9], [0.6,0.8], [0.1,0.3])}, {(uz, [0.2,0.4], [0.5,0.7], [0.6,0.8])}, (e2, {(u,, 
[0.1,0.3], [0.5,0.8], [0.7,0.9])}, {(at5, [0.1,0.2], [0.4,0.5], [0.8,0.9])}] 


Definition 3.16. A’ = fe, (u, Tapyys lApyys’ Appvs ): u € U,e € E} where i= 1,2 denotes the 
two PNVS sets over U. The union and intersection of A! and A” of two PNVS sets are defined as 


follows: 


(a) ALU A2 = A? = fe, (u,7,2 7s )}} where, 


Abyvs’ Apnvs’ dav 


T stars = [ Tabane) ¥ (Tabs) (Tapas) ¥ (Taps )] 
EB ays) = IG Ap srs) A (1 avs): ( Tiss) A (1 Bwvs)| 
F2 ws™) = IG Bas) A Gama )), ( Fs) ® (F ews) 


ul 4 )} where, 
( S* Abyys’ Apyvs’ F hogs 


Tas yys) = ( Abwv s)A (7, Bove)» G em) (Tz Apwvs @)| 
I ys) = ( Bore) V(t vst) (7 pO) v(z Save) | 


E avs") ~ ( avs) v( Bove): ( Fhys)) V(F amo)) 

Definition 3.17 

Let A= fe, (u, Tapyy@!)) lappy @), Fapyy(t)):U aa! a Se } be a PNVS set over U. Then 
aggregation PNVS operator denoted by A,,, is denoted as 


Asse = {Paria Ee u| 


Where [67, 6; ] 


(b) Ain A? = At = fe; 


= 2|E xU| [Zee ([1,1] —1.(u)[T. —h@)] 


Where I,(u) = [IZ (u) — Iz (u)] 


Te(u) = [T(@) —1,°”| 
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F(u) = [E°@) -F@)] 


|E x U| is the cardinality of E x U. 


4. APPLICATION OF PYTHAGOREAN NEUTROSOPHIC VAGUE SOFT (PNVS) SET 


In our daily lives, we face decision-making challenges in the areas of politics, management, the 
economy, education, and technology use. The academic results reflect which college education is 
the best. A range of professional standards are used to evaluate teacher preparation while selecting 
a college teaching curriculum. We identify a factor that is believed to affect parental judgment: 
The campus environment, academic quality, and career opportunities are the three components of 
the academic factor that have been found. We wish to select the finest solution from a range of 
options by comparing expert evaluations with the standards. 


The goal of the parent committee is to select a popular college programmer. In this instance, the 
committee plans to select three institutions, U = {w,,uz,u3}. E = fe; = Popular Environments, 
e, = Academic quality, ez; = Career Opportunity } is the expert evaluation score for a college 
education. Algorithm 


1. First, on U, we construct the Pythagorean Neutrosophic Soft Set. 
2. A computation is made of the Pythagorean Neutrosophic Soft Set Aggregation Operator. 


3. Calculate |Aags | by taking the average of each intervals. (The numerical value) 


4. Determine the optimum value on U. Let U = {wy ,uz,u3} be the set of colleges. These 
colleges can be described by a set of parameters E = {e;, e2, 3}. 


(a) The parents committee construct a PNVS set A over U as 


A = [{(e,, (uz, [0.8,0.9], [0.5,0.7], [0.1,0.2]), (x22, [0.5,0.7], [0.4,0.6], [0.3,0.5]), (wz, [0.7,0.9], 
[0.2,0.4], [0.1,0.3])}, {e>, (ar, [0.5,0.7], [0.4,0.6], [0.3,0.5]), (zz, [0.7,0.9], [0.4,0.6], [0.1,0.3]), 
(uz, [0.6,0.8], [0.8,0.9], [0.2,0.4])}, {e3, (a , [0.7,0.9], [0.2,0.4], [0.1,0.3]), (2, [0.6,0.8], [0.4, 
0.6], [0.2,0.4]), (3, [0.5,0.7], [0.5,0.7], [0.3,0.5])}] 


(b) Then we find the PNVS set aggregation operator A,,, of A as follows: 
For uy 


— [[1,1] — [0.5,0.7]([0.8,0.9] — [0.1,0.2]) + [1,1] — [0.4,0.6]([0.5,0.7] — [0.3,0.5]) + [1,1] — 
[0.2,0.4]({0.7 


b 


0.9] — [0.1,0.3])] 


For uz 
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- [[1,1] — [0.4,0.6]([0.5,0.7] — [0.3,0.5]) + [1,1] — [0.4,0.6]({0.7,0.9] — [0.1,0.3]) + [1,1] — 
[0.4,0.6]([0.6 
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0.8] — [0.2,0.4])] 
For u3 


— [[1,1] — [0.2,0.4]({0.7,0.3] — [0.1,0.3]) + [1,1] — [0.8,0.9]([0.6,0.8] — [0.2,0.4]) + [1,1] — 
[0.5,0.7]([0.5 
0.7] — [0.3,0.5])] 


(c) Each interval's average iS calculated Le 
[1,1J&(u) = [T~(@) —T*TQODT@) = U-@) -—I*@)], Fw) = [F-@) - FT@)] 


O.1277 0.1331 0.1311 
(d) Then |A,,. | = 


Uy Uz Us 


(ec) Because |Agg| has the highest degree of 0.1333 among the colleges, the family board 
eventually decides on college uz. To get our outcome in this case, we only need to perform a few 
simple calculations. The validity of this approach is higher than that of earlier research. 


5. FUTURE VISION OF PYTHAGOREAN NEUTROSOPHIC VAGUE SOFT 


Pythagorean Neutrosophic Vague Soft (PNVS) sets can be defined as a framework that unifies 
several vague and uncertain elements. It allows for a more thorough representation and handling 
of uncertainty, ambiguity, and vagueness in decision-making and reasoning processes by 
integrating Pythagorean fuzzy sets, neutrosophic sets, and vague sets. 


It's crucial to remember that, as an AI language model, I am only able to speculate on the future 
and cannot foretell Pythagorean Neutrosophic Vague Soft. Thus, the following vision is entirely 
speculative and ought to be considered an artistic rendering rather than an exact prediction. 


The Pythagorean Neutrosophic Vague Soft framework might see substantial developments and 
applications in a number of fields in the future. The following are some possible developments: 


Decision-Making: By simultaneously taking into account several dimensions of uncertainty, 
ambiguity, and vagueness, PNVS sets can improve decision-making processes. Future work might 
concentrate on creating increasingly complex algorithms and processes for generating decisions in 
PNVS environments, utilizing cutting-edge computational intelligence methods like evolutionary 
computation, deep learning, and machine learning. 


Expert Systems: Multiple sources of uncertainty in expert knowledge can be modelled and 
captured by expert systems using PNVS. These technologies, by taking into account the fuzzy, 
neutrosophic, and ambiguous characteristics of experts' knowledge domains, could help them 
make more informed and nuanced decisions. 


Data Analysis and Mining: When dealing with datasets that contain ambiguity and uncertainty, 
PNVS might be used. It may be possible to manage PNVS data using sophisticated methods and 
algorithms, which would allow for more precise and perceptive examination of complicated and 
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uncertain datasets. 


Artificial Intelligence and Robotics: PNVS may help robots and AI systems become more capable 
of making decisions. Artificial intelligence (AI) systems can more effectively adapt to real-world 
situations and make more informed decisions if they can handle uncertainty, ambiguity, and 
vagueness. 


Risk Assessment and Management: In a variety of industries, including banking, engineering, and 
healthcare, PNVS sets can offer a strong foundation for assessing and managing risks. Effective 
risk mitigation techniques and more accurate forecasts may be provided by PNVS-based risk 
assessment models that incorporate the uncertainty related to risk components. 


Multi-Criteria Decision Analysis: To handle a variety of competing criteria involving fuzzy, 
neutrosophic, and vague information, PNVS sets can be incorporated into multi-criteria decision 
analysis frameworks. Future developments could concentrate on creating effective algorithms for 
prioritizing and rating options in PNVS environments. 


All things considered, Pythagorean Neutrosophic Vague Soft has a bright future ahead of it, with 
possible uses in many different domains where vagueness and uncertainty are present. We may 
anticipate greater developments in theory, methodologies, and real-world applications as this field 
of study develops, which will make it possible to make more thorough and comprehensive 
decision-making in challenging and uncertain environments. 


6. CONCLUSIONS 


We propose the Pythagorean neutrosophic vague soft set. It combines the soft set with the 
Pythagorean neutrosophic vague set. In the present article, we develop a decision-making 
technique based on the Pythagorean Neutronic VFS. A numerical example has been presented. 
The Pythagorean neutrosophic vague soft set has been subjected to multiple novel techniques. It 
can be applied to real-world problems for additional study when given realistic data. 
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ABSTRACT 


The main objective of the paper is to hybridize the triangular fuzzy number and the penta- 
partitioned neutrosophic set and develop the triangular fuzzy penta-partitioned neutrosophic set. 
The triangular fuzzy number has great potential to express uncertainty systematically. So, the 
combination of the triangular fuzzy number and pentapartitioned neutrosophic set is an 
intelligent mathematical tool that will be a helpful mathematical tool for decision-making. We 
define some operations on the triangular fuzzy penta-partitioned neutrosophic sets such as union, 
intersection, and complement. We establish some fundamental properties of the developed 
triangular fuzzy penta-partitioned neutrosophic sets. 


KEYWORDS: Fuzzy set, triangular fuzzy number, neutrosophic set, pentapartitioned 
neutrosophic set. 


1, INTRODUCTION 


NS was first developed by Smarandache (1998) by exploring the properties of Fuzzy Set (FS) ( 
Zadeh, 1965) and Intuitionistic FS (IFS) (Atanassov, 1986) by initiating indeterminacy and 
falsity as independent membership components. Wang et al. ( 2010) defined Single- Valued NS 
(SVNS) by confining the “truth”, “indeterminacy’’ and “falsity’’ membership degrees in the unit 
interval [0, 1]. An overview of SVNS was documented by Pramanik (2022). Quardripartitioned 
SVNS (QSVNS) was defined by Chatterjee et al. (2016) with the introduction of “truth”, 
“falsity”, “unknown “and “contradiction” as four independent membership functions using four- 
valued logic (Belnap, 1977), and refined neutrosophic logic (Smarandache, 2013). Pramanik 
developed the interval Quardripartitioned NS by exploring interval NS (INS) (Wang et al., 2005) 
and QSVNS (Chatterjee et al., (2016). Chatterjee and Pramanik (2024) presented the triangular 
fuzzy quardripartitioned neutrosophic sets by combining QSVNS and triangular fuzzy number. 


The theory of PNS was developed by Mallick and Pramanik (2020) by splitting the 
indeterminacy membership component into “contradiction”, “ignorance”, and “unknown”. 
Pramanik (2023) presented the Interval PNS (IPNS) by combining PNS and INS (Wang et al., 
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2005). PNSs became popular and were employed in Multi Criteria Decision Making (MCDM) 
(Das et al., 2022a; Shil et al., 2022; Pramanik 2023, Majumder et al., 2023] and graph theory 
(Das et al., 2022b; Broumi et al.,2022). Triangular Fuzzy Number (TFN) (Arora, & Naithani, 
2023) is an important mathematical tool for decision making. Biswas et al. (2016) combined the 
TFN and SVNS and developed the Triangular Fuzzy Neutrosophic Set (TFNS). TFNSs have 
been utilized in MCDM and different MCDM strategies were developed such as the EDAS 
method ( Fan et al., 2020), GRA method (Xie, 2023; Yao and Ran, 2023), cross-entropy strategy 
(Wang et al., 2023). TFNS is an important mathematical tool for decision making. So, the 
combination of TFNS and PNS will be an effective tool for decision-making. TFNS is not 
explored in the PNS environment. 


Research gap: No study combining the TFN and PNS has been reported in the literature. 
Motivation: The research gap motivates us to study by combining the concepts of TFN and 
TFPNS and develop the theory of Triangular Fuzzy Penta-partitioned Neutrosophic Set 
(TFPNS). 

The TFPNS is a breakthrough in the field of NS. Since the TFPNS is a hybrid structure, it is 
well capable of expressing uncertainty comprehensively and precisely. TFPNS has more 
advantages for dealing with uncertainty as it can utilize the advantages of TFN and PNS. The 
computational techniques based on TEN or PNS alone may not always produce the best results 
but the hybrid structure TFPNS may yield the best result. 

We also investigate some fundamental properties of the newly introduced set. 

The paper has four sections given as follows: Section 2 is dedicated to presenting some existing 
preliminary concepts of NSs. Section 3 represents the concept of TFPNS and some important 
mathematical operations on TFPNS. Section 4 presents a possible future research direction. 
Section 5 presents a discussion. Section 6 concludes the study by indicating some future scope 
of research in some emerging fields of study. 


2. PRELIMINARIES 


1. Preliminary 


Definition 2.1. ( Smarandache, 1998) An NS @ in the “universe of discourse” T is represented 
as 

© ={(0,(TT; (0), Ils (), UU 5(0)): 06 € t} where, TT; (0), I]; (6), FE;(o): GB [0,1] and we 
have, 

0< (TT, (6) +115 (0) + FF;(0)) <3 


where TT: (6), II, (6), FF; (0) represents Truth worthy membership function (TMP), 
indeterminacy membership function (IMF), Falsehood membership function(FMF). 


Definition 2.2. (Biswas et al., 2016) Assume that 7% is a definite set. A TFNS at in 7 1s 
represented as: 
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aG = {(o, (TT? (6), TT (6), TT? (o)), CI? (0), I (6)(0), I? (0), 

(FF? (0), FF” (0), FF?) (0): 6 € X} 

O< TIT? (o)+ I (o)+ FF (o)<3&0< TI? (o)< TT (o)< TT? (o) <3 
&0< Try (0) +I? (0) + FF (o) <3, forva =1,m,u 


Definition 2.3. A PNS ain the universe of discourse 7 (a fixed set) may be expressed as, 
a9 ={(o,(TT (O)s CC. (0), IL, (0), UU,,;(0), 
FF4(0))):0 €F) 
where, TT (0), CC... (9), IL, (0), UU , (0), FF 'g(O) express truthworthiness membership 


function (TMF), contradiction membership function (CMF), ignorance Membership function 
(IMF), unknown membership function (UMBF), falsihood membership function (FMF) with, 


O<TT, (0) +CC. (0) + IL, (0) + UU, (0) + FF (6) <5 
And for, Vo €X, TT, g(O), CC... 5 (0), IL, (0), UU , 5 (0), FF ' (0): % > [0, 1] 


3. THE FUNDAMENTAL THEORY OF TFPNS 


Definition 3.1. TFPNS 
Assume that 7 represents a particular set. We define a TFPNS aG over ¥ and is presented by 


aG = {(6, (TTY (6), TT” (6), TT (o)), (CCR (6), CC’ (a), CC (6), 
(IL? (6), TL?” (9), I ()), (UU (0), UU (6), UU? (6), (FF? (o), FF” (6), FF (a)))) : 5 € X) 
where, Vo,0 < TTY? (o) + CC (o) + IL? (o) + UU. (6) + FF? (0), FF (a) <5 
and, 0 < TT’? (o) + CCS (6) + 1 (6) + UU (a) + FFG (o), FF (o) < 5for, Ve =1,m,u 
or,aG = {(0, (TT, @(O), CE: (0), Ty @(O), UU (6), FF F (6))) :O€ ¥},isa TFPNS. 
and, iy ie g(O), CC: g(O), Te @(O), UU, g(O), FF 's(6):X — [0,1]. 
where, TT. @(O), CC, g(O), IE: @(O), UU,.(0), FF ‘¢ (o)represents TMF,CMF,IMF,UMF,FMF 
ae with 

T, (6) = (TT? (0), TT” (6), TT. (0) , CC, (6) = (CCB (0), CC? (a), CC'?(0)), 
IL. (0) = (12 (0), 1 (9), I? (9) , UU _g, (6) = (UU (a), UU? (0), UU"? (0)),,. 

FF, (o) = (FF (0), (FE2” (6), (FF (0). 


Definition 3.2. We introduce the notion 0 and 1 as follows: 
= ((0,0,0), (0,0, 0), 1,1), (1,1), (1,1, 1) and l= (1,1, 1), d, 1,1), (0, 0, 0), (0, 0, 0), (0, 0,0)) as 
null and unity of TFPNS triangular fuzzy Penta partitioned neutrosophic set. 


~ 


Definition 3.3. Union of any two TFPNSs «,,«, isa TFPNS «, written as K, = kK, UK, ,whose 
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MF of truth, MF of contradiction, MF of ignorance, MF of unknown, ME of falsity are linked 
to corresponding MFs of k, and, by, 


TT. (o) = (max(TT,? (o), TT,? ()), max(TT,” (0), TT.” (6), max(TT,” (6), TTS” (0), 
CC, (6) = (max(CC? (a), CC? (a), max (CCL” (a), CC” (a), max(CCL” (a), CC” (0), 
II,., (6) = (min (II,) (0), I,’(@)), min (II, (o), 1.” (6)), min (II? (6), 11? (9), 

UU,,, (6) = Gnin(UU,) (6), UU) (@)), min(UU,” (6), UU” (6), min(UU;? (6), UU? (0)), 
FF, (6) = (min(FF,” (c), FF;) (o)), min(FF,” (o), FF.” ()), min(FF,) (6), FFE) (6))Vo € % 
Therefore, «, = {(0, (Tr 3 CC, ; Ih, ; UU, ,FR, ):0e%} 

= {(o,{(max(TT,” (o), TT,” (o)), max(TT;” (0), TT,” (0), max(TT,” (6), TT; (0), 

(max (CC, (6), CCQ? (o)), max(CCZ” (0), CC ()), max(CCY (6), CCz? ())), 

(min (Ig) (6), HY? (o)), mini” (0), 1” (o)), mind? (o), We? (0), (min(UU? (6), UU (9), 
min(UU,” (o), UU, ()), min(UU,(o), U0) (9))), 

(min(FF, (0), FE. (0), min(FE,”” (0), FF,”” (6), min (FF: (0), FF:(o)))): 0 € } 


represents a triangular fuzzy penta partitioned neutrosophic set. 


Example 1. Consider two TFPNSs as 


©, = ((0.6,0.6, 0.8), (0.4, 0.5.0.6), (0.2, 0.3, 0.4), (0.2,0.2,0.2), 
(0.3,0.3,0.3)); +((0.8, 0.7, 0.6), (0.5, 0.6, 0.7), (0.4, 0.5, 0.6), (0.3, 0.3, 0.3), (0.2, 0.2, 0.2))5 + 


+((0.7, 0.8, 0.9), (0.6, 0.7, 0.8), (0.5, 0.6, 0.7), (0.4, 0.5, 0.6), (0.3, 0.4, 0.5)) E 

@,= ((0.4, 0.5, 0.6), (0.3, 0.4, 0.5), (0.3, 0.4, 0.5), (0.4, 0.5, 0.6), (0.6, 0.7,0.8)) 5 + 

((0.3, 0.4, 0.5), (0.4, 0.5, 0.6), (0.3, 0.4, 0.5), (0.4, 0.5, 0.6), (0.7, 0.8,0.9)) 5 

+{((0.3, 0.4, 0.5), (0.2, 0.3, 0.4), (0.4, 0.5, 0.6), (0.5, 0.6, 0.7), (0.6, 0.7,0.8)) 5 

So, O, U ©, =((0.6,0.6, 0.8), (0.4, 0.5, 0.6), (0.2, 0.3, 0.4), (0.2, 0.2, 0.2), (0.3, 0.3, 0.3))5 + 
((0.8, 0.7, 0.6), (0.5, 0.6, 0.7), (0.3, 0.4, 0.5), (0.3, 0.3, 0.3), (0.2, 0.2,0.2))5 + 

((0.7,0.8, 0.9), (0.6, 0.7, 0.8), (0.4, 0.5, 0.6), (0.4, 0.5, 0.6), (0.3, 0.4, 0.5)) 5 


Example of Triangular fuzzy penta-partitioned neutrosophic number: 

Consider a real-world scenario where we just want to express uncertainty and indeterminacy 
associated with the completion time of a project using triangular fuzzy membership functions, 
namely neutrosophic numbers. 

Assume that three executive engineers of a construction company are present in a meeting 
room called by the managing director of the company to discuss a time frame that should be 
required for the completion of a new project. The managing director has raised a question before 
the three engineers, what should be the time frame for an important construction project, that the 
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company will undertake. The objective of the company is to provide the minimum time of 
completion for the project with assured quality of work. The company aims to complete the 
project within the shortest possible time. Three engineers present here constitute the universe of 
discourse. 

Now let us consider about first engineer’s (8,) assessment regarding the expected time of 


project completion. He thinks that the time frame of completion as expected by the company is 
correct and he is optimistic about the time frame where everything goes smoothly. This 
constitutes the Truth membership function. He is quite confident in completing the project within 
the desired time and as per him, the time of completion is 6-8 years. In O-1 scale, truth 
membership function can be presented as (0.6,0,6,0.8) as a TENN rating. But at the same time, 
he has some contradiction whether the project can be completed in between 4-6 years taking into 
account potential delays and uncertainties that may come into play. In O-1 scale, contradiction 
membership function may be expressed as (0.4,0.5,0.6) as a TFNN rating. He is completely 
ignorant about the fact that the project can be completed within most 2-4 years. This constitutes 
the ignorance membership function. In O-1 scale, ignorance membership function may be 
expressed as (0.2,0.3,0.4) as a TFNN rating. He is completely unknown upon the fact that that 
the project can be completed within 2 years. This constitutes the unknown membership function. 
In 0-1 scale, In 0-1 scale, unknown membership function may be expressed as (0.2,0.2,0.2) as a 
TFNN rating. He never relies upon the fact that the project can be completed within 3 years. This 
constitutes the falsity membership function. In 0-1 scale, falsity membership function may be 
expressed as (0.3,0.3,0.3). So, his overall rating is expressed as a Triangular Fuzzy 
Pentapartitioned Neutrosophic Number (TFPNN) as: 

((0.6, 0.6, 0.8), (0.4, 0.5, 0.6), (0.2, 0.3, 0.4), (0.2, 0.2, 0.2), (0.3, 0.3,0.3)); . Similarly, second 


engineer’s assessment (6,) regarding time frame of completion is presented by TFPNN 
as ((0.8, 0.7, 0.6), (0.5, 0.6, 0.7), (0.4, 0.5, 0.6), (0.3, 0.3, 0.3), (0.2,0.2,0.2)); . Third engineer (8,) 


gives his assessment rating regarding probable time of completion of project by a TFPNN rating 
represented as, ((0.7,0.8, 0.9), (0.6, 0.7, 0.8), (0.5, 0.6, 0.7), (0.4, 0.5, 0.6), (0.3,0.4,0.5)); . All these 


three TFPNN ratings are elements of Triangular fuzzy Penta-partitioned Neutrosophic Set 
(TFPNS) 


represented as, ©, = ((0.6,0.6,0.8), (0.4, 0.5.0.6), (0.2, 0.3, 0.4), (0.2, 0.2, 0.2), (0.3, 0.3, 0.3)); 

+ ((0.8, 0.7, 0.6), (0.5,0.6,0.7),(0,4,0.5, 0.6), (0.3,0.3, 0.3), (0.2,0.2,0.2));, +((0.7,0.8, 0.9), (0.6, 0.7,0.8), 
(0.5,0.6,0.7), (0.4, 0.5, 0.6), (0.3,0.4,0.5)); . 

Definition 3.4. Intersection of two TFPNSs k,,«, is represented as «, and is expressed as 

kK, =K,«,, such that its truth , contradiction, ignorance, unknown and falsity components are 
presented as, 
TT, (5) = (min(TT,? (6), TTy) (6)), min(TT,” (6), TT” (6)), min(TT,” (6), TT” (9) 

CC,,, (6) = (min(CCY) (o), CCZ?(o)), min(CCz” (6), CCz” ()), min(CCy” (6), CCY? (o)), 

II, (6) = max(II,? (6), Hy? (o)), max(II<” (o), He” (6), max(II<” (6), Ie” (0) 

UU,, =max(UU?(o), UU? (o)), max(UU%” (a), UU” (o)), max(UU®” (a), UU? (a) 

FF. = max(FR. (o), FF. (o)), max(FR™ (o), FE” ()), max(FF{” (a), FF” (o))for, VY €% 


K 
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So, 
R, =, AK, ={(6, TT, (o),CC, (0), I, (6), UU, ,FF,,): 0 € %} 


= {(o, (min(TT,? (6), TT,” (0), min(TT,” (6), TT,” (o)), min(TT,” (6), TT,” (o))) 
(min(CCY(o), CC? (o)), min(CC” (a), CC” (o)), min(CC“’(s), CC“ (6), 
(max(IIy (6), 1. (o)), max(II” (o), HZ” (o)), max(IIL” (a), IIL” (o))), 

(max(UUY) (o), UU? (o)), max(UU” (a), UU” (o)), max(UUY” (0), UU? (0), 
(FF. (0), FF? (o)), max(FF.”” (0), FF.” (0), max(FF¢ (0), FF (o)))):0 € ¥} 
Bxample 2: Beample of intetsestion | . 


Consider two TFPNS as 
O, = ((0.6, 0.6, 0.8), (0.4, 0.5.0.6), (0.2, 0.3, 0.4), (0.2,0.2,0.2), 


(0.3,0.3,0.3) ye +((0.8, 0.7, 0.6), (0.5, 0.6, 0.7), (0.4, 0.5, 0.6), (0.3, 0.3, 0.3), (0.2, 0.2, 0.2))5 + 
+((0.7,0.8, 0.9), (0.6, 0.7, 0.8), (0.5, 0.6, 0.7), (0.4, 0.5, 0.6), (0.3, 0.4, 0.5)) 5 

©, = ((0.4, 0.5, 0.6), (0.3, 0.4, 0.5), (0.3, 0.4, 0.5), (0.4, 0.5, 0.6), (0.6, 0.7,0.8)) 5 + 

((0.3, 0.4, 0.5), (0.4, 0.5, 0.6), (0.3, 0.4, 0.5), (0.4, 0.5, 0.6), (0.7, 0.8, 0.9)) 5 

+{((0.3, 0.4, 0.5), (0.2, 0.3, 0.4), (0.4, 0.5, 0.6), (0.5, 0.6, 0.7), (0.6, 0.7,0.8)) 5 


So, 8, A0, = ((0.4, 0.5, 0.6), (0.3, 0.4, 0.5), (0.3, 0.4, 0.5), (0.4, 0.5, 0.6), (0.6, 0.7,0.8)) 5 + 
((0.3, 0.4, 0.5), (0.4, 0.5, 0.6), (0.4, 0.5, 0.6), (0.4, 0.5, 0.6), (0.7, 0.8,0.9)) 5 + 
((0.3, 0.4, 0.5), (0.2, 0.3, 0.4), (0.5, 0.6, 0.7), (0.5, 0.6, 0.7), (0.6, 0.7,0.8)) 5 


Definition 3.5. Complement of a TFPNS 
Consider a TFPNS Sa with its representation as, 


Sa ={(0,(TT2 (0), TT” (0), TTL? (a), (CCS) (a), CC” (0), CCS? (0), 
(IIS? (), IE” (6), HS? (6), (UUS} (o), UU (a), UU? (0), 
(FEY) (0), FF” (0), FFS)(0)))) : 5 € X} 


The complement of a TFPNS Sa is expressed as ( Sa) and is represented as, 
(Sa)™ = {(0, (FFS) (0), FF” (6), FFS) (0), (UUS) (0), UU (a), UUS) (0), 
(1-11 (6), 1-112" (0), 1-112? (a), (CCL (6), CCL” (a), CCL? (0)), 

(TTS? (6), TTS” (6), TTS (a): 0 € H)} 

Example 3. Assume a TFPNS of the form: 

©, =((0.6, 0.6, 0.8), (0.4, 0.5.0.6), (0.2, 0.3, 0.4), (0.2,0.2,0.2), 
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(0.3,0.3,0.3)) /6,+ 
((0.8,0.7,0.6),(0.5,0.6,0.7), (0.4,0.5,0.6), (0.3,0.3,0.3),(0.2,0.2,0.2)); +((0.7,0.8,0.9), (0.6,0.7,0.8), 


(0.5,0.6, 0.7), (0.4, 0.5, 0.6), (0.3,0.4,0.5))5 , 


Accordingly, ( @,)"™ = 
((0.3, 0.3, 0.3), (0.2, 0.2, 0.2), (0.8, 0.7, 0.6), (0.4, 0.5, 0.6), (0.6, 0.6, 0.8)) ls 


+((0.2, 0.2, 0.2), (0.3, 0.3, 0.3), (0.6, 0.5, 0.4), (0.5, 0.6, 0.7), (0.8, 0.7,0.6)) ls, 
+((0.3, 0.4, 0.5), (0.4, 0.5, 0.6), (0.5, 0.4, 0.3), (0.6, 0.7, 0.8), (0.7, 0.8, 0.9)) ls: 
Example 3. Assume a TFPNS ©, of the form: 

0, = ((0.6, 0.6, 0.8), (0.4, 0.5.0.6), (0.2, 0.3, 0.4), (0.2, 0.2, 0.2), (0.3, 0.3, 0.3))5 
((0.8, 0.7, 0.6), (0.5, 0.6, 0.7), (0.4, 0.5, 0.6), (0.3, 0.3, 0.3), (0.2, 0.2,0.2)) 5 + 
((0.7, 0.8, 0.9), (0.6, 0.7, 0.8), (0.5, 0.6, 0.7), (0.4, 0.5, 0.6), (0.3, 0.4, 0.5))5 


Accordingly, ( 6, rs 
((0.3, 0.3, 0.3), (0.2, 0.2, 0.2), (0.8, 0.7, 0.6), (0.4, 0.5, 0.6), (0.6, 0.6, 0.8))5 


+((0.2, 0.2, 0.2), (0.3, 0.3, 0.3), (0.6, 0.5, 0.4), (0.5, 0.6, 0.7), (0.8, 0.7, 0.6))5 
+((0.3, 0.4, 0.5), (0.4, 0.5, 0.6), (0.5, 0.4, 0.3), (0.6, 0.7, 0.8), (0.7,0.8,0.9)) 5 . 


Definition 3.6. Containment 
A TFPNS ‘a, can be defined to be contained in another TFPNS ‘sa, and is denoted 


by Sa, c Sa, 

if TIS: (o)< TT (0), Thy (o)< Th (0), TI? (o)< TTY? (0); 
CCE (Gy=CCe (G),CCF (6) <CCe @),CC. G)=Ce? (); 

TI? (o)> Thy? (o), TI” (o)> my” (o), ig (o)> Tig? (o); 

UUS} (o) = UUY. (o), UU? (0) = UU? (a), UU (0) = UUS? (0); 
EE (o)> FE? (o), FES, (o)> FR (o), FRE (o)> FF (o);forVo €% 
Theorem 3.1. 


If Sa represents a TFPNS, then a) 3aUSa = 3a b) San Sa =Sa 
Proof. 
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a) Now, Sa U Sa = {(o, ((max(TT!?(o), TTS? (o)), max(TT{” (o), TTS” (o)), max(TTS” (o), TT” (9), 
(max(CCY (o), CC2 (o)), max(CC%” (a), CC” (o)), max (CCL? (9), CCL? (0), 

(min? (o), HY’ (o)), min” (o), 12” (o)), min(II{? (a), HL (0), 

(min(UU® (o), UU (o)), min(UUS” (a), UU” (o)), min(UUL? (a), UU? (0), 

(min(FE? (o), FF) (o)), min(FF:"” (o), FF" (o)), min(FF£” (o), FF£” (a) :6 € ¥} 

= {(0,(TTY (0), TTL” (9), TTS” (0)), (CC (a), CCZ” (0), CCS (0), 

(IS (6), HE" (a), HE” (o)), (UUL (a), UUS” (0), UU” (0), (FES? (a), FES” (6), FFL? (0))) 0 € H} 


— ea 


b) San Sa 

= {(0, ((min(TT!? (0), TTS? (0), min(TTS” (0), TTL” (o)), min(TT?” (0), TTS” (6), 
(min(CCY (o), CCY (o)), min(CCL” (a), CCZ” (o)), min(CC®? (a), CCL? (0), 
(max(II2? (0), HI? (o)), max(IIS” (0), HE” (6), max(II<” (0), HS” (o))), 

(max(UU® (co), UUY (o)), max(UUS” (a), UU” (a), max(UUS? (a), UUS? (0), 
(max(FF.? (0), FF{ (o)), max(FFS"” (o), FFS"” (o)), max(FF{”’ (0), FE” (o))): 0 € X} 
= {(6,(TT2) (6), TTS” (6), TTS” (a), (CC® (a), CCL” (a), CCL? (0), 

(IIL? (o), TS” (6), TS? (6), (UU (a), UU (6), UU (0), (FF? (0), FES" (6), FFS” (0))) 5 € ¥} 
=Sa 

Theorem 3.2. For any two TFPNSs Sa, & Sa, _, law of commutation holds: 

Law of commutation — 

a)Sa,U Sa, = 3a, Sa, 

b) Sa, ASa, = Sa, 3a, 

a) Proof.Wehave , Sa, U Sa, = 

{(o, ((max(TT?? (o), TITY (o)), max (TTS (o), Ts (o)), max(TTS (0), TI? (o))), 
(max(CC¥) (0),CCY (o)),max(CCL” (6), CC” (6), max(CCY? (a), CC? (0))), 
(min (IIS) (0), ly. (o)), min(1<” (0), TIX” (0)), min (II (0), ly? (0))), 

(min(UUS) (o), UUS) (o)),min(UU? (o), UUS? (o)), min(UUY? (0), UU? (0))), 
(min(FF{? (0), FE, (o)), min (FF (o), FR (o)), min(FFS (o), FF, (o)))):0€%} 
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={(o, ((max (TT? (0), TT?) (o)), max(TT3”” (0), dish (o)), max (TTS (0), Th. (o))), 
(max(CC¥) (0),CCY) (0), max(CCL” (a), CC” (0), max (CCY? (a), CC? (0))), 
(min (0), 11? (o)), min(I”” (6), 12” (o)), min IY? (a), He? (o))), 

(min(UUY) (o), UUS) (0)), min(UU2 (o), UU (0), min(UU®? (0), UU® (0), 
(min (FFS) (6), FF) (o)), min(FF2:” (0), FF2)) (o)), min(FF{) (0), FE) (6): € 7} 

= Say O Sa; 

b) 3a, A Sa, ={(o, ((min (TTS? (0), TI. (o)), min(TT” (o), Thy (o)), min(TTS” (0), TTY (c))), 
(min(CCY (6),CCY) (o)),min(CCY? (a), CC” (a), min(CCY (a), CC? (9))), 

(max (IX? (6), 1) (o)), max (112 (o), IS” (0), max (I (o), IS (0), 

(max(UUS) (0), UY. (o)), max(UUS” (o), UU” (a)), max(UUS? (a), UUS” (9))), 
(max (FF) (6), FF{) (0), max (FF:") (0), FFS"” ()), max (FES (0), FFS (0): 0 € ¥) 


= {(6,((min(TTS) (0), TTS) (0), min(TT2? (o), TT’ (o)), min(TTS” (o), TT? (o))), 
(min(CCY (o),CCY (a), min(CCL? (a), CCS (o)), min(CC%? (0), CCS? (@))), 

(max(I{? (0), HS) (o)),max (II (o), I”), max (I<? (6), HS? (o))), 

(max(UUS) (0), UUS) (o)),max(UUS” (a), UUS (0), max(UUS? (0), UU? (o))), 

(max (FF. (o), FF. (o)), max (FF. (o), FE (o)), max (FFS (o), FFs. (o)))):0€¥} 

= 3a, Sa, 

Theorem 3.3. For any three TFPNSs, Sa,, Sa,, Sa,, 

Sa, U (Sa, U Sa,) = (Sa, U Sa,)U Sa, 

Proof. 3a, U(3a, U3a,) = {(6, (TTS) (6), TTIS(6), TT (a), (CCP. (a), CCE (a), CCL? (0), 
(2 (0), 1 (0), IIS? (o)),(UUY (0), UUY (0), UUY (6), (FS? (0), FEY? (0), FF (o))))o:€ 7) 
\ 

{(o, (max (TT; (o), TITY (o)), max (TTS (0), TI”. (o)), max (TTS (o), TTY (o))), 

(max(CC$) (0),CC) (o)),max(CC2? (a), CC2” (0), max(CC®? (0), CCS? (9))), 

(min(UUS) (0), UUS) (o),min(UU® (o), UUS” (0))), 

(min(FF{) (0), FF, (o)), min (FE (0), FR (o)), min(FFS (0), FF,” (o)))):0€X} 
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= {(6,(max(TT2? (0), TTY? (0), max(TT{” (6), TT” (0), max(TT{? (a), TTS? ())), 
(max(CC¥) (0),CCY) (a)), max(CC2” (a), CC (a), max(CCY? (0), CCS? (0))), 
(min(?) (0), TI? (o)), min(e” (0), my” (o)), min(Is (0), TI? (o))), 

(min(UUY (c), UUY (o)), min(UUS? (a), UU” (0), min(UU? (a), UU? (o))), 
(min(FF%? (0), FF{? (o)), min(FF{”’ (0), FF" (a), min(FF. (0), FES (0)))) :9 € ¥}U 
{(o, (TTY (0), TTS? (0), TTS? (0), 

(CCP. (0), CC” (0), CCY? (0), AY. (0), HZ), HY. (0), 

(UOL) (5), VOL (0), 78." (0)), (FEL) (6), FF? (0), FF) (0)))) 10 € H} 


= (Sa, U Sa,)U Sa, 


Theorem 3.4. For any three TFPNS Sa,, Sa,, 3a, 

Sa, U (Sa, a Sa,) — (Sa, U Sa,) a (Sa, (S) Sa,) 

Proof :3a, U(Sa, 1 3a,) ={(6, (TTY (0), TTS” (6), TTS? (0), (CCS) (0), CCP (a), CC? (0), 
(IY (0), 1S (0), IS? (0), (UUS) (a), UUE? (a), UU? (6), (FE? (0), FF (0), FE (0): 0 € H) 
U{(o, ((min(TTS? (0), TT? (0), min(TT&” (0), TTS” (0), min(TT£? (6), TTS? (0), 

(min(CCS) (),CCY) (0), min(CCY (o), CCS? (o)), min(CCY? (0), CCS? (©), 

(max (II) (o), iS (o)), max (II. (o)), Ty (o))), max (II? (o)), ig. (o)))), 

(min(FFY (o), FF (o)), min(FF (0), FES (o)), min(FFS (0), FF. (c)))):0€%} 

= {(6, ((min((max(TTY (0), TTS) (6)),max(TT2 (0), TTS? (o)))), min((max(TT” (o), TTS” (0), 
max(TT{”” (0), Te (o))))-min((max(TTS (o), TTS. (o)), max(TT{ (o), TT. (o)))), 
(min((max(CCY (6),CCY) (o)),max(CC¥) (o),CCY) (0)))),min((max(CC~” (0), CCL” (0), 
max(CC (o), CC” (o)))), min((max(CC$ (0), CCS? (0), max(CC¥? (o), CCY? (o)))), 
(max((min(IIS) (0), 12 (o)),min(IIS) (0), IIS) (o)))), max((min(Z” (6), TE” (0), 

mindy” (o), my (o)))), max ((min(II<” (o), Ty (o)), min(II, (o), my (o)))), 

(max((min(UUS) (o), UUS) (o)),min(UUY (o), UU2. (o)))), (max((min(UUS” (a), UU (0), 
min(UU” (0), UU” (o)))), max((min(UUS? (o), UUS? (o)), min(UUS? (a), UU? (o)))), 
(max((min(FE{ (0), FF.) (6), min(FE? (0), FFs) (o)))),max((min(FES” (0), FF2” (6), 
min(FFS” (o), FF (o)))), max ((min(FFS” (o), FF. (o)), min(FFS (o), FR (o))))) :0€¥} 


= (Sa, U Sa,) a (Sa, U Sa,) 
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Theorem 3.5. For any two TFPNS 
Sa, : Sa, ,the following properties hold. 


a) Sa, U (Sa, Sa,) = Sa, 


b)Sa, A( Sa, U Sa,) = Sa, 
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a)Proof : Sa, U(Sa, 0 3a,) ={(o,((max(TT2? (6), min(TTS) (0), TTS) (o))), max (TTS” (0), 


min(TT£” (6), TTS” ())), max (TTS? (o), min(TT{? (6), TT? (o))), 

(max(CCY) (6), min(CCY (o),CC) (0), 

max (CC£” (a), min(CCZ” (a), CCS” (a))),max(CCY (a), min(CC{? (a), CCL? (0), 
(min(Iy? (o), max(IIy) (o), 11S) (o))), min IZ” (o), max (1 (0), I” (0))), 

min(IIS? (o), max (I? (o), IIS (o)))), (min(UUS) (0), max(UUY (0), UU2 ())), 
min(UUS” (o), max(UU®” (0), UU” (o))), min(UU® (o), max(UU®? (a), UUY? (0)))), 


(min (FFY) (o), max (FF%) (6), FF?) (o))), min(FF,"’ (6), max(FF2” (6), FES" (0))), 
min(FFS (o), max (FF, (o), FFS (o))))) :5€X} 

={(6, (TTY (0), TTL” (0), TTL (0)), (CCQ. (0), CCL? (0), CCL (0), 

(HY (0), IL? (0), HL? (a), (UUY. (0), UU (0), UU (0), (FF) (0), FF" (0), FE: (o)))) 
=a; 

b) Proof :Sa, 0 (Sa, U Sa,) = {(6, (min(TT2? (a), max(TTY? (0), TT (0))), 

min(TTS” (o), max (TTS” (0), TTS” (o))), min(TTS (o), max(TTS (0), TTS? (o)))), 
(min(CCY (o),max(CCY (o),CCY (o))), min(CCZ” (a), max(CCL” (0), CCL” (0))), 
min(CC$) (0), max(CCY) (0), CC? (0)))), (max (HY) (0), min? (a), HY. (o))), 

max (II" (0), min TI” (o), TI (o))), max (IIL (o), min(I (0), IIs? (o)))), 

(max(UUY) (o),min(UUY (6), UY. (o))),max(UU2 (0), min(UU® (0), UU? (0), 
max(UU) (0), min(UUS) (o), UU? (o)))), (max (FRY (0), min(FF{) (0), FF{) (o))), 

max (FE{” (0), min (FF (), FF” (o))), max (FFS) (o), min(FFS" (0), FF? (6): € %)} 
={(o,((TT2) (0), TTg (6), TTg) (@)). (CCY, (6), CCG), CCS) (0). 

(2 (0), 1S (0), IL? (a), (UUY. (0), UU (0), UU? (0), (FF? (0), FF” (0), FES (0)))) 


= 3a, 


oe x} 


:o EX} 


New Trends in Neutrosophic Theory and Applications, Vol. III, 2024 o2 


Theorem 3.6.For any TFPNS 3a, ,(3a,°")™ = Sa, 
Proof : 3a, = {(6, (TT (6), TT?(o), TTS (@)), (CCP. (6), CCH (a), CCH ()), 
qi (0), mI (0), TI (o)), (UU? (0), UU®? (0), UUs? (o)), (FE (0), FE (0), FF (0)))) -oex} 
So, (Sa,)"™" = {(0, (Fy) (0), FF2” (0), FFY (0), (UUS. (a), UU (o), UU? (0), 
(1-12 (0), 1-12” (0), 1-H (0), (CCQ. (0), CC (0), CCY? (0), (TTL (6), TTL” (6), TT (@)))) 5 € X} 
2 3a," )™ = {(6, (TT (0), TIS? (0), TTY? (0), (CC. (0), CCL (a), CCY (0), 
(IS), (6), He (@), I) (6)),(UUS, (6), UU (6), UU? (0), (FFs) (6), FFQ” (6), FFE) (6) :6 € X} 
= Sa) 
Theorem 3.7. For any TFPNS Sa,, represented as , 
Sa, ={(0, (TT (0), TTS’ (0), TTS (@)), (CC. (0), CCL” (0), CCY? (0), 
(IIS), (6), He (6), Is) (6)), (US, (6), UU (a), UU? (0), (FFE) (6), FF)” (0), FF) (@)))) +6 € XI, 
Following relations holds- 
(a) Sa, 00 
b) Sa, UI=1 
Proof (a) 3a, 10 ={(6, (TTY (6), TTS”(0), TTS (6), (CCY. (6), CCL (a), CCS? (6), 
(I (0), 1 (0), IS? (o)), (UU? (0), UU (a), UU) (o)), 
(FF) (0), FF” (0), FES? (a)))) oe x} 
(6, (0,0, 0), (0,0,0), (11,1), (11,1), (L1,D):6 € X} 
={(o, ((min(TTS) (o),0),min(TT:” (0), 0), min(TTS" (0), 0)), 
(min(CCY (6),0), min(CC&” (0), 0), min(CCY? (0), 0), 
(max (II) (0), 1), max (IIS (9), 1), max (II? (o),1)), 
(max(UUS) (6),1),max(UU? (6), 1), max(UUS) (o),)), 
(max (FF) (o), 1), max (FF; (o), 1), max (FF? (o),1)))):0€¥%} 
= {(6,((0,0,0), (0.0.0), (L1,)), (LL, (,1,))): 0 € ¥} 
=0 
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Proof.(b) Sa, U1 ={(6, (TTY (0), TTL), TTL? (0), (CEQ. (0), CCL’ (@), CCS? (0), 

(IIs? (0), TI” (0), TI? (o)), (UUS. (0), UUS? (0), UUs? (o)), (FF, (0), FR (0), FF£(0)))) oe ¥} 
(6, (1,1, 1), (1,1, 1), (0,0, 0), (0,0, 0), (0,0,0)):6 € X} 

= {(o, ((max(TT2? (o),1), max(TT<” (o),1), max(TTS (o),1)), (max(CCY) (o),1), 

max (CC (0), 1), max(CC{? (o),1)), (min (IIs) (0), 0), min(II” (0), 0), min (II? (0), 0)), 
(min(UUS) (0), 0), min(UUS? (6), 0), min(UUS? (6), 0)), (min(FE? (6), 0), 

min(FF;” (o),0), min (FF (o),0))):0€%} 

= {(6,((1,1,1), (1,1, 1), (0,0, 0), (0,0, 0), (0,0,0))):6 € ¥} 

=] 


Cmt Cmt Cmt 


Theorem 3.8.For any two TFPNSs Sa, & Sa,,(3a, 0 Sa) = 3a," U Sa, 
(Sa, OSa,)={(o, ((min(TT:? (o), TI, (o)), min(TTS” (o), TIg. (o)), min(TTS? (0), TIs,, (o))), 

(min(CC¥) (o),CCY (o)), min(CCE’(o),CCY (o)), min(CCE’(o), CCE? (o))), 

(max (IIS) (0), IS? (o)), max (II (0), I” (o)), max (IIS? (0), IS? (0))), 

(max(UUY) (o), UU) (o)), max(UU’(o), UU (a), max (UU (6), UU ())), 

(max (FF. (o), FE? (o)), max (FFS” (o), FR (o)), max (FFS (0), FRY (c)))):0€%} 

so, (Sa, 0 Sa,)™ = {(o, (max(FF{) (0), FF.) (6), max(FF” (0), FF"(0)), 

max (FF: (0), FF: (o))), (max(UUS) (0), UUS) (0), 

max(UUS” (o), UU? (o)), max(UUS? (a), UU? (0), I max(II? (0), 12 (o)), 

1—max IIS” (6), I? (o)),1 —max (IIS? (0), HS? (0), (min(CCY) (o),CCY (6), min(CCY(o), CCE” (o)), min(C 
(min(TT:? (o), TT, (o)), min(TTS” (0), TI, (o)), 


min(TTS” (0), TTS? (0)))):6 € XJ.) 


Again, 3a," U Sa," = ((0, (FFX) (0), FF” (0), FFY) (0), (UU. (a), UU (0), UUY ()), 
(1-H (0),1-I1{? (0),1- I? (0), (CCL (a), CCP(0), CCH (0), 
(TTL (6), TTS” (6), TTS? (0): € H)} 


U 
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{(o, (FF (0), FF," (0), FES (0), (UUY) (6), UU” (0), 

UU? (6)),-IIf) (o), 1-H (0), 1-1? (0), 

(CCQ (0), CCL (0), CCL? (0), TTY (6), TT” (0), TTS? (0) : 0 € H} 

= {(6, (((max (FS) (6), FF{) (0), max(FF" (o), FF” (o)), max (FES (0), FES (0))), 
(max(UU$) (c), UUS) (o)), max(UUS” (6), UU (a), max(UU®? (a), UU ())), 
(min(1— mI? (o),1- TIS (o)),min(1— TY (o),1 = IY” (o)), min(1— mI (o),1- I? (o))), 
(min(CCY (o),CCS) (a), min(CCL? (a), CC” (a), min(CCY? (a), CC? (0), 
(min(TT:? (o), TTS? (o)), min(TTS”(o), TTS” (o)), min(TTS(o), TTS? (o)))) : 0 € ¥}.-(2) 


We consider the following cases. 


Case (a). if TIL? (o) > TIS) (o) then,1- 12 (o) <1-IIf) (o) Then, mind —2 (o),1-H® (o)) 
=1-IIY) (6) =1—max(I2 (6), 12 (0))...(3) if, IZ? (o) = WL (o) then, 1-1 (o) < 1-10) 
Then, min(1— II" (o),1-1 (o)) = 1-H” (o) = 1- max (II? (a), HE” (0))...(4) 

if TL? (o) > TIS? (o) then, 1-1? (o) <1-II? (0) 

So, min(1—II.) (6),1—TIf) ()) = 1- HY? (a) = 1-max(12 (6), HY (0) 6 

And, if 1S” (0) < 12 (o) wehave,1—IIf” (6) > 1-1 (o) 

So, min(1— TIS? (o),1- 1 (o)) = 1-1 (o) =1-max(&” (0), HL? (0))...(7) 

Also, IIS? (6) < IS? (o), wehave,1—I? (o) > 1-IIS? (a) 

So, min(I— IIS? (o),1- TY? (6) = 1-1 (o) =1—max (I (0), I? (9) 8) 


So, we obtain using the above relations 

(3), (4),(5), (6), (7), (8) 3a,™ U Sa, = { (6, (max (FF? (6), FF? (o)), max(FF.") (0), 
FF” (o)), max (FF: (0), FS.” (o))), (max(UUY) (o), UU2 (0), 

max(UUS (o), UU (6))max(UUS) (0), UUS) (o))), (min(l -H2 (o),1-112) (0), 
min(1— a (o),1- TI” (o)), min(1— TIS (o),1- TI (o))), 

(min(CCY (6),CCY) (6), min(CC? (a), CC” (o)), min(CCY (a), CC? (0))), 
(min(TT2? (0), TTS? (0), min(TT{” (0), TTS” (o)), min(TTS) (9), TTS? (a) : 5 € H} 
= {(0,(max (FF) (0), FF? (o)), max (FF” (0), FF" (0), max (FF. (o), FF (o))), 
(max(UUS) (o), UUS,, (o)),max(UUS) (6), UU? (@)),max(UUS? (a), UUS) ())), 


Say Sa 


((1- max (II) (o), TI? (o)),(1—max(II<" (0), TI (o)),(1—max (I< (0), TI (o))), 
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(min(CCS) (o),CCS) (0), min(CCS (o), CC” (6), min(CCY? (6), CCS? (o))), 
(min(TT;) (6), TT) (6)),min(TT,” (6), TTL” (6), min(IT,)(o), TTY) (6)))) 5 € H)} 


= (3a, 0 3a,)™ 


Theorem 3.9. For any two TFPNS 3a, & 3a,,(Sa,U Sa, )o™ = Sa" A Sa, 


Proof. 

(Sa, U Sa,) ={(0, ((max(TTS? (o), TT,? (o)), max(TT”” (o), Ta (o)), max(TTS? (o), TTY? (o))), 
(max(CCY) (o),CC2. (o)), max(CCL” (6), CCY) (0), max(CCY” (a), CC” (0))), 

(min(IIS) (0), TIS? (o)), mind (o), IS? (o)), mind? (a), 1? (o))), (min(UUY) (o), UUS) (0), 
min(UUS” (a), UU (o)), min(UUY (0), UU (0))), 

(min(FFS? (o), FF (o)), min(FFS”” (0), FR (o)), min(FFS” (0), FF (o)))):0€%} 

So, 

(Sa, U Sa,)™ = { (6, (min(FFY) (0), FF{) (o)), min(FF£” (a), FF” (o)), min(FF® (a), FFS) (0), 
(min(UUY (o), UUY. (o)), min(UUS (0), UU (o)), min(UU? (a), UU? (o))), 

(1- min(IIs) (o), TI) (o)),1- mind,” (o), IIS? (0)), 1 —min(I< (o), ly? (o))), 

(max(CCY (6),CCY (0), max(CC” (0), CC” (a), max(CCY) (0), CCS (0))), 

(max(TTS) (6), TTY? (o)), max(TT2” (o), TT (0), max(TT{ (a), TTS? (0)))) :0 € H}.-) 
Again, 3a\™ 03a, = {(0, (FF) (0), FE” (0), FES? (6), (UU. (a), UUL? (a), UU? ()), 
(1-12 (0), 1-12” (0), 1-H? (0), (CC. (6), CCL (o), CCS? (0), 

(TTY? (0), TTS” (0), TTS? (o)))):0€%} 

(6, (FE? (6), FES" (0), FES (0), (UU2. (0), UUS? (0), UU®? (0), I-Y. (o),1- HE” (0), 
1-II? (0), (CCQ. (6), CCE (0), CCY (0), (ITE (0), TTS? (6), TT? (0): 5 € ¥} 

={(o, (((min(FR (o), FE (o)), min(FF” (0), FE (o)), min(FFS (0), FE. (o))), 

(min(UUY) (o), UUY (o)), min(UUS? (o), UUS? (o)), min(UU? (a), UU? (o))), 

(max(1— mI (o),1- TY (o)), max(1— i (o),1- my” (o)), max(1— TI (o),1- mY (o))), 
(max(CCY) (o),CCY. (0), max(CCL” (0), CC” (6), max(CCY) (0), CCL? (0))), 

(max(TT:? (o), TTS? (o)),max(TT{” (0), TT” (0), max(TT{” (0), TTS (0): 0 € X}..(2) 


We consider the following cases. 
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Case (a). if TIS) (o) 2 IIS) (o), then, -HY (6) <1—-II) (0) or, mind —- IID (6),1-1Y) (0) 

=|- TI? (o) =1- max(II<? (o), Ty? (o))...(3) & max(1— Ty? (o),1- Ty) (o))=1- Tis) (o) 

=|- min(IIs) (o), Is? (o))...(4) If, iy (o)> Sig (o), then, 1 — TI” (o) <1- a (o) or, 
min(1—II” (o),1-Z” (6) = 1-H (6) = 1— max(IIZ” (6), IS” (9))...5) 

if TIL? (0) > 1? (o) then, 1 -&? (a) < 1-11? (0), somax(1 — Ig? (0), 1-1? (6) = 1-1? () 

= 1—min(II{? (0), TIS? (0))...(6) & min(1 — IIL? (o),1- HY? (o)) = 1- TI? (a) = 1— max(IIy? (0), HL? (0))...(7) 
Using equations (3) —(7) , we obtain 

3a" 9 Sa, = {(6, (((min(FF2 (6), FF) (0), min(FF” (0), FF" (o)), min(FFS” (0), FES (0))), 
(min(UU? (o), UUS) (o)), min(UU2 (o), UU (o)), min(UU®? (a), UU®? (0))), 

(max(1— TI? (o),1- TIS) (o)), max(1— TI (o),1- mI (o)), max(1— TI (o),1- TI (o))), 
(max(CC2) (o),CC2. (o)), max(CC” (9), CC2” (0), max(CCY? (0), CC? (o))), 

(max(TT:? (o), TTY (o)), max(TTS” (0), TI (o)), max(TTS (o), TITY (c)))):0€%} 

= {(6, (min(FF) (0), FF{) (o)), min(FFS”” (o), FFS" (0), min(FF. (), FFS? (0), 

(min(UUY? (0), UUS) (0), min(UUS (a), UU” (o)), min(UU®? (a), UU? (0), 

(1— min(IIS) (o), Is? (o)),1- mins” (o), a (o)),1- min(IIS (o), I? (o))), 

(max(CCY) (o),CC2. (o)), max(CCL” (6), CC” (0), max(CCY? (0), CCS? ())), 

(max(TT:? (o), TI, (o)), max(TT” (o), TI (o)), max(TTS (o), TTY? (o)))):0€%} 


= (Sa, Sa) 


Hence the theorem is proved. 
4. DISCUSSION 


In this paper, the notion of TFPNS is introduced by combining the TFN and the PNS to utilize 
the advantages of TFN and PNS. The significance of introducing the hybrid set structure TFPNS 
is that the computational techniques based on TFN or PNS alone may not always produce the 
best results. But a fusion of them may produce better results. We have presented a real-world 
example of which is elegant to express uncertainty by utilizing triangular fuzzy numbers which 
was not possible using PNS alone. 


5. CONCLUSIONS 


In this paper, we have developed a new notional concept of TFPNS and proved its important 
properties like union, intersection, complement, etc. We hope that this treatment will show a 
future scope of development of logical systems in information sciences. We further hope that 
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TFPNSs will be helpful in decision-making, information retrieval systems, etc. In the future, 
aggregation operators and other set-theoretic operations and their important properties will be 
explored. TFPNS is more advantageous than PNS. 
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ABSTRACT 


In this chapter, we delve into the fascinating realm of interval-valued neutrosophic sets by 
introducing two novel concepts: interval-valued neutrosophic b-open sets and interval-valued 
neutrosophic b-closed sets. These sets bring forth intriguing properties which we thoroughly 
explore. Additionally, we delve into the concept of interval-valued neutrosophic b-interior and 
interval-valued neutrosophic b-closure operators, shedding light on their characteristics and 
delving into their relationships with other operators in this domain. 


KEYWORDS: Interval-valued neutrosophic b-open, neutrosophic b-closure operator, 
neutrosophic b-closure operator, neutrosophic topology. 


I. INTRODUCTION 


Interval-Valued Neutrosophic (IVN) b-open sets are a concept in mathematical set 
theory that combines the notions of IVN Sets (IVNSs) (Wang et al., 2005) and b-open sets 
(Ebenanjar et al., 2018). To understand this term, let's break it down: 


1. IVNS: An IVNS is a mathematical representation that extends classical sets to 
accommodate uncertain or indeterminate information. It introduces three components for 
each element: truth, indeterminacy, and falsity membership, each represents an interval. This 
allows for a more nuanced description of uncertainty and vagueness in sets. 


2. b-Open Sets: In topology, a set is called "b-open" (Andrijevic, 996) if it satisfies the 
conditions of both openness and closed-ness. This concept generalizes the notion of Open 
Sets (OSs)in topology. 


Combining these two concepts, "IVN b-OSs" likely refer to sets that have properties of 
both IVNSs and b-OSs. These sets would describe elements with uncertain and imprecise 
truth values using interval membership values, while also exhibiting properties of openness 
and closed-ness in the context of a specific Topological Space (TS). 
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An IVN Topological Space (IVNTS) is an extension of the traditional concept of a 
topological space that incorporates interval-valued neutrosophic sets to account for 
uncertainty and indeterminacy. This concept is rooted in both topology and NS theory and 
aims to provide a framework for handling complex and uncertain information within the 
context of open and closed sets. 


In mathematics, a TS is a fundamental concept in topology. It consists of a set of points along 
with a collection of open sets, which are subsets of the space satisfying specific properties 
(such as being closed under finite intersections and arbitrary unions). These open sets define 
the concepts of continuity, neighborhood, convergence, and various other important concepts 
in topology. 


By combining the concepts of TS and IVNS, an IVNTS is developed which generalizes the 
notion of a TS by incorporating IVNSs as elements. In this context, open sets and closed sets 
are defined using these IVNSs. 


Uncertainties are a major part of business, engineering, finance, medical, and social science 
challenges. Traditional mathematical models have trouble resolving the uncertainties in these 
data. Fuzzy Sets (FSs) (Zadeh, 1965), extensions of FSs that are intuitionistic FSs 
(Atanassov, 1986), rough sets (Pawlak, 1982) are some sets that can be used as mathematical 
tools to get around problems involving unclear data. However, due to the limitations of 
parametrization tools, all of these approaches have an underlying problem when trying to 
solve issues with uncertainty. Neutrosophic Sets (NSs) were examined by Smarandache 
(1998, 2005) as a strategy for resolving problems involving unreliable, indeterminate, and 
inconsisitent data. 


Wang et al. (2010) introduced a novel approach called Single Valued NS (SVNS). IVNSs (Wang 
et al., 2005) are an extension of interval valued FS (Turksen, 1986) and NSs. SVNS was further 
extended to Quadripartitioned NS (QNS) (Chatterjee et al., 2016) and Pentapartitioned NS 
(Mallick, & Pramanik, 2020). Using INS (Wang et al., 2005) and QNS ( Chatterjee et al., 2016), 
Interval QNS (IQNS) was proposed by Pramanik (2022b. Using IVNS ( Wang et al., 2005) and 
PNS (Mallick, & Pramanik, 2020), Interval QNS (IPNS) was developed by Pramanik (2023). 
Theories of NSs and their applications are depicted in the studies (Broumi et al., 2018; Otay, & 
Kahraman, 2019; Pramanik et al., 2018; Peng & Dai, 2020; Pramanik, 2020, 2022a; Smarandache, 
& Pramanik, 2016, 2028; Delcea et al, 2023), Salama and Alblowi (2012a) introduced the 
Neutrosophic TS (NTS) in 2012. NTSs were further examined by the studies (Salama, & 
Alblowi, 2012b; Salama et al., 2014; Das & Tripathy, 2020). 


Iswarya and Bageerathi (2016) explored the Neutrosophic SO (NSO)) set and 
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Neutrosophic Semi-Closed (NSC) set. Imran et al. (2017) grounded the NSO in 2017 and 
investigated their basic characteristics. The NSO function was defined by Arokiarani et al. 
(2017). Neutrosophic pre-OSs were first introduced by Rao and Rao (2017). 

Andrijevic (1996) presented b-open sets. Dutta, & Tripathy (2017) presented the fuzzy b-OS. Das, 
& Pramanik (2020) grounded the generalized neutrosophic b-OSs in NTS. Das, & Tripathy (2020) 
presented the pairwise neutrosophic-b-OS in neutrosophic bi-TSs. 


The concept of IVN b-OS via IVNTS combines the ideas of interval-valued membership degrees 
and NSs within the framework of TSs. 


Research Gap: There hasn't been any new research on interval-valued neutrosophic b-open set and 
interval-valued neutrosophic b-continuous mapping and their properties via IVNTS. 


Motivation: We introduce the concept of IVN b-open sets and [VN b-continuous mappings, along 
with their respective properties, to address the existing research gap. 


The following parts have been created from the remaining text of this article: 


We reviewed some pertinent definitions and findings on IVNS and IVNTS in the next section. 
Section 3 introduces the idea of IVN b-OS and IVN b-continuous mapping, and proves their 
properties. Section 4 wraps up the paper by outlining avenues for future research. 


2. PRELIMINARIES 


We review some previous definitions and findings about IVNS and IVNTS, which are highly 
beneficial for the presentation of the article's primary findings. For the definition of union, 
intersection, and complement we have used the article (Wang et al., 2005). 


Definition 2.1. Consider X#@ be a set of objects. An IVNS (Wang et al., 2005)) D in X is 
characterized by truth-T,p, indeterminacy- J, and falsity—F, membership functions. For each 
pointx eX, T(x), Ip(x), Fp(x) & [0,1]. 


Example 2.1. Let X={x1, x2} be a fixed set. Then, D={(x1, [0.2, 0.4], [0.4, 0.6], [0.2, 0.3]), (x0, 
[0.4, 0.6], [0.3, 0.5], [0.2, 0.4])} is an IVNS over X. 


Definition2.2 An IVNS (Wang et al., 2005) © is called as 

(7) null IVN set denoted by Orwn if for each pointx eX, inf T, (x) = sup 7, (x)=0, inf 7, (x) = sup 
I, (x) =1, and inf F, (x) =sup F,= 0. 

(ii) absolute IVNS denoted by (livn) if for each point xe X, 


inf T, (x) =sup 7, (x)= 1, inf 7, (x) =sup J, (x) =0, and inf F, (x) =sup F,= 1. 


Remark 2.2. Suppose that A and B are two IVNSs over X. Then, their union AUB is the smallest 
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IVNS containing both A and B. 
Definition 2.3. Let X be a non-empty set, and 1,,,, be a family of IVNSs defined over X. Then, 


(X,T yy) 18 called an IVN Topology (IVNT) if it satisfies the following axioms: 


IVN 


(1) Opn, LivnE Urn, 
(ii) A,BE t,,, SANBEt,, 5 
(iii) AjE t,,, ,EI>UiEJAIE t,,, 
In that case, the pair (X,t,,,) 18 referred to as an IVNTS. All the members of (X,t,,,) are said to 
be an IVN OS ((VNOS], and their complement is said to be an IVN Closed Set (CS) 
(IVNCS). 
Definition 2.4. (Salama & Alblowi, 2012) Let (X,1,,,) be an IVNTS, and U be an IVNS over 
X. Then, the IVN closure and IVN interior of U are defined as follows: 
IVN-iCU)=N {D:D is an IVNCS in X¥ and UCD} 
IVNin(U)=VU{E:E is an IVNOS in X and ECU}. 


3. B-OPEN SET IN IVNS 


The ideas of IVN b-OS and IVN b-CS are here introduced. Their properties are characterized. 
Definition 3.1. Let (X,t,,,) be an IVNTS and Uis anIVNS. Then, U is called as 
(i) IVN a-OS (IVN-a-OS) if U © IVNint(TVNeidVNin(U))); 
(ii) IVN Semi-OS (TVNSOS) if U © IVNidVNin(U)); 
(iii) IVN Pre-OS (IVNPOS) if U © IVNin(VIVNci(U)). 
Remark 3.1.The complement of IVN-a-OS, IVNSOS and IVNPOS in an IVNTS (X,1,,,,) are 
called IVN a-CS (IVN-a-CS), IVN Semi-CS (IVNSCS) and IVN Pre-CS(IVNPCS) 
respectively. 
Theorem 3.1. Let (X,1,,,) be an IVNTS. Then, 
(i) each IVNOS is an IVNSOS, 
(ii) each IVNOS is an IVNPOS. 
Proof. (i) Let (X,t,,,) be an IVNTS. Let A be an IVNOS. Therefore, A=/VNin(A). It is known that 


Ac IVN-((A). This implies, A C IVNciTVNin(A)). Therefore, A is an IVNSOS in (X, Tw). 
(ii) Let (X,t,,) be an IVNTS. Let A be an IVNOS. Therefore, A=/VNin(A). It is known that 
A CIVN-(A). This implies, [VNin(A) C IVNin(IVNci(A)) 1.e. A = IVNint(A) C IVNinK IVNcWA)). 
Therefore, A C IVNin(IVNci(A)). Hence, A is a IVNPOS in(X,1,,,). 
Theorem 3.2. In an IVNTS (X,1,,,), the union of any two IVNSOSs is an IVNSOS. 
Proof. Let P and Q be two IVNSOSs in an IVNTS (X,1,,,,). Therefore, 
P CIVNeIVNin{P)) (1) 
and Q < IVNeiIVNin(Q)) (2) 
Using the relations (1) and (2), we obtain 
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PUQCIVNeaTIVNin(P)) UV IVNeTVNin(Q)) 
=IVNeiIVNin(P) UV [IVNin(Q)) 
CIVNeXIVNin(P VU Q)). 
Therefore, PU OQ CIVNeUVNin(P U Q)). Hence, P U Q is an IVNSOS in (X,1,,.)- 


Theorem 3.3. In an IVNTS (X,1,,,), the union of any two IVNPOSs is also an IVNPOS. 


Proof. Let P and Q be any two IVNPOSs in an IVNTS (X,1,,,). 
Therefore, 

P CIVNin(SIVNei(P)) (3) 
and O CIVNin(IVNei(Q)) (4) 


Using the relations (3) and (4), we obtain 
PUQCIVNinIVNe(P)) VU [VNinKIVNe(Q)) 
C IVNin(IVNe(P) VU IVNeQ)) 
= IVNin(IVNe( PUQ)). 
Therefore, PU OQ CIVNin(IVNei(P U Q)). Hence, P U Q is an IVNPOS in (X,1,,.)- 


Lemma 3.1. In an IVNTS (X,1,,,), every IVNOS is an IVN-a-OS. 


Theorem3.4 In an IVNTS (X,1,,), 

(i) Every IVN-a-OS is an IVNSOS. 

(ii) Every IVN-a-OS is an IVNSOS. 

Proof. (i) Let Q be an IVN-a-OS in (X,1,,,). Therefore, OQ C IVNin(IVNeiIVNint (Q))). It is known 
that [VNin(IVNciTVNin(Q))) € IVNcei TV Nin(Q)). Thus, we have, O c IVNciTVNin(Q)). Hence, Q is 
an IVNSOS. Therefore, every IVN-a-OS is an IVNSOS. 

(ii) Let (X,t,,) be an IVNTS. Let Q be an IVN-a-OS in (X,1,,,). Therefore, Q c 
IVNinKIVNeiIVNint(Q))). It is known that [VNin(Q) CQ. This implies, [VNcidVNin(Q)) C IVNci(Q). 
Which implies [VN in( IVNcidVNin(Q))) € IVNinKIVNcQ). Therefore, Q c IVNinK( IVN-Q). Hence, 
Qis an IVNPOS. Therefore, every [VN-a-OS is an IVNPOS in (X,1,,,). 

Definition 3.2. An IVN set U in an IVNTS (X,1,,,) is referred to as an IVN b-open set 
[in short IVN-b-OS] if US IVNin(TVNea(U)) U IVNadVNin(U)). If U is an IVN-b-OS, 
then U© is said to be an IVN b-closed set [in short IVN-b-CS]. 


Remark 3.2. An IVNSU is called IVN-b-CS iff U2 IVNin(IVNa(U))NIVNadV Nint(U)). 


Theorem3.5 In an IVNTS (X,1,,,), 

(i) Every IVNPOS is an IVN-b-OS. 

(ii) Every IVNSOS is an IVN-D-OS. 

Proof. Let Q be an IVNPOS in an IVNTS (X,1,,,). Therefore, OQ c IVNin(IVNei(Q)). 
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This implies, Q Cc IVNint(IVNei(Q)) U IVNciTVNin(Q)). Hence, Q is an IVN-b-OS. 
Therefore, every IVNPOS is an IVN-b-OS. 
Similarly, it can be proved that every IVNSOS is an IVN-b-OS. 


Theorem 3.6. The union of any two IVN-b-Os in an IVNTS (X,1,,,) is also an IVN-b-OS. 
Proof. Let P and Q be two IVN-b-OSs in an IVNTS (X,1,,)- 
Therefore, P Cc IVNin(KIVNei(P)) VU IVNei TVNin(P)) (5) 
and Y C IVNin(IVNci(Q)) UV LVNei TV Nin Q)) (6) 
It is known that, PC PUQandYCPUGQ. 
Now, PC PUQ 
=>1VNin(P) < IVNin(P YQ) 
=1VNeaiUdVNin(P)) € IVNeiIVNin(P UV Q)) (7) 
and Po PUQ 
=IVNe(P) CIVNe(P UL QO) 
=>1VNin(IVNe(P)) € IVNin(IVNet(P VU Q)) (8) 
Similarly, it can be shown that 
IVNeidVNin(Q)) € IVNcaiTIVNin(P VU Q)) (9) 
IVNinIVNe(Q)) € IVNinK IVNc(PUQ)) (10) 
Using, eq. (5) and eq. (6), we obtain, 
PUQCIVNaTIVNin(P)) VU IVNinIVNei(P)) UV IVNceiTVNinkQ)) OU [LVNinKIVNei(Q)) 
CIVNei TV Nin(PVUQ)) UIVNin'IVNe(PUQ)) VIVNeadVNin(PVQ)) VIVNin(IVNcei(PUQ)) 
[ by eqs (7), (8), (9), & (10)] 
= IVNeiUdVNin(P VU Q)) UV IVNiniIVNei(P VU Q)) 
=>P VU OcIVNadVNink(P VU Q)) VU IVNinKIVNci(P VU Q)). 
Therefore, PU Qis an IVN-b-OS. 
Hence, the union of two IVN-b-OSs is an IVN-b-OS. 
Theorem 3.7. In anIVNTS (X,t,,,), the intersection of two IVN-b-CSs is also an IVN-b-CS. 
Proof. Let (X,t,,,) be an IVNTS. Let P and Q be two IVN-b-CSs in (X,1,,,). Therefore, 


IVNin'IVNe(P)) A IVNeiTVNindP)) © P (11) 
and IVNin(IVNe(Q)) A IVNeiIVNin(Q)) € O (12) 
Since, P~\ QO c Pand POO © OQ, so we get 

IVNin( PO Q) C IVNint(P) >1VNetIVNin( P.O QO)) C IVNeAIVNin(P)); (13) 
IVNe(PO QO) € IVNeAP) 2 1VNint TVNei PO Q)) € IVNin(IVNei(P)) (14) 
IVNin(PO QO) € IVNin(Q) >IVNeXTVNin( P.O OY) € IVNetTVNin(Q)) (15) 
andIVNc(P A QO) € IVNeK QO) >1VNin(IVNeAP. CO OY) CIVNin(IVNe(Q)) (16) 


From eq. (11) and eq. (12) we get, 
PO QDIVNinVIVNe(P)) A IVNei TVNindP)) A LVNinKIIVNcQ)) OC LVN TV Nin Q)) 
DIVNinKTVNeXPAQ)) OIVN eV Ninf PAQ)) O IVNinKIVNei(P A Q)) AO LVNeTV Nin PO Q)) 


44 
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[by eqs (13), (14), (15) & (16)] 

= IVNin(IVNe(PO)) AIVNet TV Nin( P.O QO)) 

=>P 0 Q2IVNalVNin( PO Q)) A IVNinKTVNei(P 0 Q)). 

Hence, P 7 Q is an IVN-D-CS in (X,t,,)- 

Therefore, the intersection of two IVN-b-CSs is again an IVN-b-CS. 

Definition3.3. Let (X,1,,,) be an IV NTS. Let U be an IVNS over X. Then, the 

(i) IVN b-interior of U[in short IVNp-in( U)] is the union of all IVN-b-OSs of X contained in 
U, 1.e.,1V Np-in(U)=U{G:G is an IV N-b-OS in X and G € U}. 

(ii) IVN_ b-closure of U[in short [VNp.ci(U)] is the intersection of all IVN-b-CSs of X 
contained in U,1.e.,1V.No-c(U) = O{H:A is anIVN-b-OS in X and K 2 U}. 


Remark 3.3. From the above definition, it is clear that JVNp-ci(U) is the smallest [VN -b- 
CS over X which contains U, and IVNp-in(U) is the largest IVN-b-OS over X which is 
contained in U. 
Theorem 3.8 Assume that U is an IVNS in an IVNTS (X,1,,,). Then, 
(i) UVNpb-int U))°= IVNo-c UY); 
(ii) IVNp-ci U))°= IVNp-in(U). 
Proof:(7) Assume that U be an IVNS in an IVNTS(X,1,,,) Now, [VNp-in(U) = U{D:D is 
an IV N-b-OS in(X,t,,,)and DEU}. 
Then, (VNpb-in( U))©={U {D:D is an IV N-b-OS in (X,t,,,) and 
DSU}|©=N {D“:D* is an IVN-b-CS in (X,t,,) and UCGD°}. Replacing D© by M, we 
obtain (IVNp-in(U))=N{M:M is an IVN-b-CS in (X, Twn) and MDU‘C}. Therefore, 
(IVNp-in( U))o= IVNp-c((U)®). 
Analogously, we can prove(i1). 
Definition 3.4. Let (X,1,,) and (Y,6,,) be any two IVNTSs. Then, a bijective mapping 
(X Ty) > (5) ) 8 referred to as 
(i) [VN Continuous (IVN-C) mapping iff &'(L) is an IVNOS in X, whenever L is an IVNOS in Y; 
(ii) IVN Semi-Continuous (IVNS-C) mapping iff &'(L) is an IVNSOS in X, whenever L is an 
IVNOS in Y; 
(iii) IVN Pre-Continuous (ITVNP-C) iff &1(L) is an IVNPOS in X, whenever L is an IVNOS in Y; 
(iv) IVN b-Continuous (IVN-b-C) mapping iff &'(L) is an IVN-b-OS in X, whenever L is an 
IVNOS in Y. 
Theorem 3.9. Let (X,t,,) and (Y,5,,) any two IVNTSs. Then, every IVN-C mapping from 


(X,T yy) tO (Y,5,,)1S an IVNP-C mapping (resp. IVNS-C mapping). 

Proof. Let €: (X,t,,,) > (7,5) be an IVN-C mapping. Let L be an IVNOS in (/,5,,,). Therefore, 
&1(L) is an IVNOS in (X,t,,,). It is known that every IVNOS is an IVNPOS (resp. IVNSOS). 
Therefore, &'(L) is an IVNPOS (resp. IVNSOS) in (X,tyy). Hence, €:(X,tyv) > (s8yy) iS an 
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IVNP-C mapping (resp. IVNS-C mapping). 

Theorem 3.8. Let (X,t,,,) and (¥,5,,,) be any two IVNTSs. Then, every IVNS-C mapping (resp. 
IVNP-C mapping) from (X,t1,,,) to (Y,8,,) is an IVN-b-C mapping (resp. IVNS-C mapping). 
Proof. Let €:(X,t,,) > (V,5,,) be an IVNS-C mapping (resp. IVNP-C mapping). Let L be an 
IVNOS in (Y,6,,,)-Therefore,é'(L) is an IVNSOS (resp. IVNPOS) in (X, Tw). It is known that 
every IVNSOS (resp. IVNPOS) is an IVN-b-OS. Therefore, &'(L) is an IVN-b-OS in (X,t,,). 
Hence, &: (X,t,,,) > (Y,5,,,) 18 an IVN-b-C mapping. 

Theorem 3.9. Assume that Let (X,1,,,)and (Y,8,,,) are any two IVNTSs. Then, every IVN-C 
mapping from (X, Tw) to (Y, Siw) is an IVN-b-C mapping. 

Proof. Let €: (X,t,,,,) > (Y,8,,,) be an IVN-C mapping. Let L be an IVNOS in (Y,5,,,). 

Therefore, €'(L) is an IVNOS in (X,t,,,). It is known that, every IVNOS is also an IVN-b-OS. 
Therefore, €'(L) is an IVN-b-OS in (X,t,,,). Hence, &:(X.t yy) > (%.5;yy) is an IVN-b-C mapping. 
Theorem 3.10. If &:(X, ty) >(.5,,)) and ¥: (¥,5,,) > (Z,9,,) be any two IVN-C mappings, then 
the composition mapping y°E: (X,t,,,) >(Z,9,,) 1s also an IVN-C mapping. 

Proof. 

Let €:(X,tyy) > (5 ,) and ¥: (Y,5 7) > (ZO) be two IVN-C-mappings. 

Let L be an IVNOS in (Z,0,,). Since, ¥:(%.8;yy) > (Z,0yy)iS an IVN-C mapping, so y'(L) is an 
IVNOS in Y. Since, €: (Xt) >(W.5,y) is an IVN-C mapping, so &'(y'(L))= (y°)'(L) is an 
IVNOS in X. Therefore, (y°&)1(L) is an IVNOS in X, whenever L is an IVNOS in Z. Hence, 
¥°E (XT yy) D(Z,8 yy) 18 also an IVN-C mapping. 

Theorem 3.11. If &: (X,t,,..) >(%,5,,) 18 an IVN-b-C mapping and ¥: (Y,8,,) > (Z,8,,,) 1se an IVN- 


C mapping, then the composition mapping °E: (X.t,,,) >(Z, @w) is an IVN-b-C mapping. 

Proof. Let &:(X,t,,)>(%,65,,) be an IVN-b-C mapping and y:(¥,8,,)—>(Z,9,,) be an IVN-C 
mapping. Let L be an IVNOS in (Z,6,,,,). Since, ¥:(¥,5,,,) >(Z,9,,) iS an IVN-C mapping, so ¥ 
'(L) is an IVNOS in Y. Since, €:(X, ty) > (%.5,yy) is an IVN-b-C mapping, so &!(y'(L))=(y°E) (L) 
is an IVN-b-OS in X. Therefore, (y°&)!(L) is an IVN-b-OS in X, whenever L is an IVNOS in Z. 
Hence, ¥°&: (X, ty) >(Z,9,)1S an IVN-b-C mapping. 


4. CONCLUSIONS 

In this paper, the idea of IVN-b-OS and IVN-b-C-mapping has been introduced. Additionally, 
we looked into the concepts of an IVNS's IVN b-closure and b-interior. Additionally, using IVNTS, 
we produced several intriguing conclusions on them in the form of theorems, propositions, lemma, 
etc. 

The idea of different open sets, such as IVNSOS, IVNPOS, IVN-b-OS, etc., in IVNTS is 
hoped to be applied in the future to the direction of IVN supra-topological space, IVN bi- 
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topological space, IVN tri-topological space, etc. 
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ABSTRACT 


The main aim of this paper is to introduce a new concept in Ney — homeomorphism namely 
Neygsa — homeomorphism and Ney,igsa* — homeomorphism in Ney, — Topological 
Spaces. In additionally, we discussed the characterizations and properties of these functions 
with already existing Ney, — functions. 


KEYWORDS: Neygsa* — closed set, Neygsa* — open set, N.ygsa* — continuous, 
Neygsa’ — irresolute, N.,.gsa° — homeomorphism and N,,igsa* — homeomorphism. 


I, INTRODUCTION 


As a generalization of Fuzzy Sets (FSs) introduced by Zadeh (1965)] and intuitionistic FSs 
introduced by Atanassov (1986), the Neutrosophic set ( shortly, Ne, — set) theory was 
introduced by Smarandache (1998, 2010). Overview of Nz, — sets and their developments. 
extensions and applications are depicted in the studies (Broumi et al., 2018; Otay, & 
Kahraman, 2019; Pramanik et al., 2018; Peng & Dai, 2020; Pramanik, 2020, 2022; 
Smarandache, & Pramanik, 2016, 2028; Delcea et al, 2023). It consists of three components 
namely truth, indeterminacy, and false membership function. Dhavaseelan and Jafari (2018) 
introduced the idea of Neg — CS and its continuity. Page and Imran (2020) introduced the 
concept of Neig — Nom- 

The real-life application of N., — topology spans various fields, including information 
systems, applied mathematics, neutrosophic logic, decision-making systems, and more. These 
applications often involve dealing with uncertain, incomplete, or inconsistent information, 
where traditional mathematical tools may fall short. We introduce some new concepts in 
Ney — topological spaces such as Ne, gsa* —Nom and Ney,igsa® — Nom. 


2. PRELIMINARIES 


Definition 2.1 (Sreeja & Sarankumar, 2018): Let P be a non-empty fixed set. A N.,, — set H 
on the universe P is defined as H= {(p, (tr(y), ir(y), fir (p))) : pe P} where 
tir(y), ir(y), fir(v) represent the degree of membership, indeterminacy, non-membership 
function tir(y), tr(w) and fir(w) respectively for each element y E P to the set H. Also, 
tr, ip, fp: P>]70,17*[ and 0 < ty) +ip() + fir(y) < 3° . Set of all No, — set 
over P is denoted by Nea(P) . 
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Definition 2.2 (Sreeja & Sarankumar, 2018): Let P be a non-empty set. A= 


{(y,(t(), inv), fa): vEP}and B= {(y,(te(p),is(v), folv))): 9 €P} are 
Ney — sets, then 


(i) ASBifty(y) S tg), in) S in), faH) = fa) forall PEP. 

Gi) ANB = {( p,(min(ta(v), tg(v)) ,min(ig(y), ig()), max(f(H), fa(v)))) + 9 € P}. 
(iii) AUB = {( p, (max(tg(), ta(v)), max(ix(~), ip()) ,min(fa(v), fo(v)))): 9 € P}. 
(iv) A° = {(9,(fx) 1 ix), tap) ): vp EPH. 


(v) One = {( P (0,0,1)) op E P} and LNeu a {( P (1,1,0)) ‘Pp E P} : 


Definition 2.3 (Sreeja & Sarankumar, 2018): A N,, — topology (NeuT) on a non-empty set 
P isa family Ty, of Ne, — sets in P satisfying the following axioms, 


(i) Oven , A Ney C TNeu : 
(ii) Ay N Az Ety,,, for any Ay, Az ETy,, . 
(ili) UA; Ety,, for every family {A; /i€Q} Sty, . 


In this case, the ordered pair (P, Ty...) or simply P is called a neutrosophic topological space 
(Ney TS). The elements of Ty,, is neutrosophic open set (Ne, —OS) and ty,,° is 
neutrosophic closed set (N,,, — CS) . 


Definition 2.4 (Rodrigo & Maheswari, 2021a): A N,,, — set A ina Ne,,TS (P, Ty...) is called 
a neutrosophic generalized semi-alpha star closed set (Ne,gsa*—CS) if Neya- 
int(Ne,@ — cl(A)) S Noy, — int(G), whenever A SG and G is No,a* — OS. 


Definition 2.5 (Rodrigo & Maheswari, 2021b): ] A NeyTS (P, ty,,,) is called a Neygsa* — 
Ty, space if every N,,,gsa* —CS in (P, Ty,,,) isa N,,, — CS in (P, Ty,,,) ; 


Definition 2.6: A Nz, — function fy : (P,tw,,) > (Q, On,,) is 


(1) Ney — continuous (Blessie & Shalini, 2019). if fy * of Ney — CS in (Q, on,,,) is 
a N34 — CS. in (P, Ty,,,)- 


(2) N,.,,@ — continuous (Arokiarani et al., 2017) if fin: of Ne, — CS in (Q ; On, ) is a 
Neya — CS in (P, Tn...) 


(3) Ne,R — continuous (Nandhini & Vigneshwaran, 2019) if ta of Ne, — CS in 
(Q ; One, ) isa N,,R—CS in (P, Ty,,,) ; 


(4) Noygsa* — continuous (Rodrigo & Maheswari, 2021b) if | of Ne, — CS in 
(Q : On...) isa Ne,gsa* —CS in (P, Ty...) ‘ 
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(5) Neygsa* — irresolute map (Rodrigo & Maheswari, 2021b) if pe: of Neygsa” — 
CS in (Q, ONew) isaNey,gsa* — CS in (P, Tne.) 


(6) Neygsa* — closed map (Rodrigo & Maheswari, 2021c) if fy of every Ne, — CS in 
(P, Ty...) isa Ne,gsa* —CS in (Q : One) 


(7) Neygsa* — open map (Rodrigo & Maheswari, 2021c) if fy of every No, — OS in 
(P, ty,,,) isa Neygsa* — OS in(Q, oy,,)- 


Definition 2.7: A N,,, — bijection function fy : (P, Ty...) > (Q ; One.) is 

(1) Ney — Nom (Parimala et al., 2018) if fy and fn are N,,, — continuous. 

(2) Ney @ — Nom (Priyaetal., 2020) if fy and fy’ are N,,,@ — continuous. 

(3) NeyR — Rom (Savithiri & Janaki, 2021) if fy and fy are N,,,R — continuous. 
3. NEUTROSOPHIC gsa* — HOMEOMORPHISM 


Definition 3.1: A N,,, — bijection function fy : (P, Ty...) > (Q ' One) is Noygsa* — hom 
if fy and fy are N,,gsa* — continuous. 


Theorem 3.2: Every Ney, — hom iS Neygsa — Nom , but not conversely. 


Proof: Let a bijection mapping fy : (P, Ty,,,) > (Q ; On...) be any N,,, — function. Given 


‘ = P =4 
fy iS Ney— Rom. then fy and fy are Ne, — continuous => fy and fy are 
Neygsa* — continuous > fy 1s Neygsa* — Rom . 


Example 3.3: Let P ={y} and Q ={g} . Ty,,, = {On..,? 1y.,,4} and oy, = {On.., ,1 New Bf 
are Ne,TS on (P,tw,,) and (Q,oy,,) , A= {(y,(0.2,0.5,0.4))} and B= 


{(q,(0.4,0.2,0.7))} are Ne, (IP) and Ney, (Q) . Define a map fy : (P,tw,,,) > (Q, on,,,) 
by fv(y) =q . Let Bo = {(g,(0.7,0.8,0.4))} be a Ne,—CS in (Q, oy,,) . Then 


fy (BD = {(p, (0.7, 0.8, 0.4))} . Newa* — OS =Neya- OS = {Oy,,, 1n,, 4} and 
Newt -CS= {Oy,,,1y,,.A°} . Ney — int (Neue ~cl (fv*(B9)) = 1y,, © Neu— 
int(1n,,,) = 1y,,, whenever fe (BSS Ive, > fy (B°) isa Neygsa* — CS in (P, Tv...) 


= fy is Neygsa* — continuous > (1) . Also, let A° = {(p , (0.4, 0.5, 0.2))} be a No, — CS 
in (P,ty,,) - Then fy(A°) = {(g,(0.4,0.5,0.2))} . Neya*-OS =Ney,a-OS = 


{Ov,,» le, B} and Neya-CS = {Ow,,, 1N,,B°} - News — int (Neus — cl(fy(AD)) = 
1y., & Neu — int(1y,.,,) = 1y,,,, whenever fy(A°) S 1y,,, > fy (AQ) is a Neygsa* — CS in 


(Q, On...) => fy’ is Neygsa* —continuous > 2) . From (4) and @) , fy is Neygsa* — 
Nom. But f is not Ney — Nom , because fy and fa are not N,,, — continuous, Ne, — 


cl (fy 7B) = In, # fv (BY and New — cl(fiv(A°)) = Iv, # f(A) - 


Theorem 3.4: Every Nea — hom iS Neygsa — Nom , but not conversely. 
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Proof: Let a bijection mapping fy : (P, Ty.) > (Q, One, ) be any N,, — function . 
Given fy 18 Ney@ — Nom, then fy and tare are N,,,@ — continuous > fy and te are 
Neygsa* — continuous > fy is Neygsa* — Nom. 

Example 3.5: Let P ={y} and Q ={g} . ty,,, = {Ono In... A} and oy, = {Ono ; 1y,,,»B} 
are Ne ,TS on (P,ty,,) and (Q,oy,,) . A= {(v,(0.2,0.4,0.8))} and B= 
{(g,(0.3,0.1,0.6))} are Ney(P) and Ne,(Q) . Define a map fy: (P, Te) > (Q, On.) 
by fv(y) =q . Let Bo = {(g,(0.6,0.9,0.3))} be a Ney—CS in (Q, on,,) . Then 
fy (BD = {(y,(0.6, 0.9, 0.3))} . Neywa* — OS =Nya- OS = {Oy,,, 1N,, 4} and 
Noya -CS = {On.., ; 1N,,A°} Ngee int (Neue —cl (fv*(B9)) = 14 SNe 
int(1y,,) = 1y,,» Whenever fy “(B°) © 1y,, > fy (B9) is a Neygsa* —CS in 
(P, Tn...) = fy is Noygsa* — continuous > (1) . Also, let A° = {(y , (0.8, 0.6, 0.2))} be a 
Neu -CS in (P,ty,,). Then fy(A°) = {(g,(0.8,0.6,0.2))} . Neya*— OS = 
Neu®- OS= {0y,,,1n,,,B} and Neya - CS = {Oy,,,1y,,. Bo} . Newt — 
int (Neus = cl(fy(A))) = 1y,,, S Neu - int(1y,,,) = 1y,,,, whenever fy(A°)  1y,,, > 
fu(A°) isa Neygsa* — CS in (Q , on,,,) = fy is Neugsa* — continuous > (2) . From (4) 
and (2) , fy is Neygsa* — hom. But fy is not No,@— Nom, because fy and ie are not 


Ney a — continuous. N,,, — cl (We — int (Neu — cl (ie) = 1y,,, ¢ fy (BS) 
ad Woot (Ne — int (New - cl(fu(A®)))) =1y,, £ fy(A°). 
Theorem 3.6: Every Ne,R — Rom iS Neygsa* — Nom , but not conversely. 


Proof: Let a bijection mapping fy : (P, Ty,,,) = (Q ; On...) be any N,,, — function. Given 
fy iS NeyR—- Nom, then fy and te are N,,,R— continuous => fy and i: are 
Neygsa* — continuous => fy is Neygsa* — hom - 

Example 3.7: Let P ={y} and Q ={g} . Ty,,, = {Ow..,> 1y.,, 4} and oy, = {Ow.., ; 1y,,,»B} 
are NeyTS on (P,ty,,) and (Q,oy,,) » A= {(v,(0.1,0.4,0.6))} and B= 


{(g ,(0.2 ,0.2 ,0.8))} are No,(P) and N,,,(Q). Define a map fy : (P, ty,,,) > (Q ; On..,) 
by fyv(y) =q . Let Bo = {(g,(0.8,0.8,0.2))} be a Ne,—CS in (Q, ow,,) . Then 


fy (BD = {(p,(0.8,0.8,0.2))} . Neya* — OS =Neya-OS = {Oy,,, 1n,,, A} and 
Ney - CS = {Ow,, Ine,»A°} . Neu — int (Weve ~cl (fv*@8)) S tg EN 
int(1n,,,) = 1y,,, whenever fi (Boye lve, > fy (B°) isa Neygsa* — CS in (P, Tye) 


= fy is Neygsa* — continuous > 1). Also, let AC = {(p , (0.6, 0.6, 0.1))} be a Nz, — CS 
in (P,ty,,). Then fy(A°) = {(g,(0.6,0.6,0.1))} . Neya* — OS =Nya- OS = 


{Oveu+Inew B} and Ney -CS = {On + Ive,» Bo} - Newt — int (Neyo — 
cl(fy(A))) = ig. SNe int(1y,,,) = 1y,,,, whenever fy(A°) G1y,, > fy(AD) is a 


Neugsa* — CS in(Q, oy,,) > fy is Newgsa@* — continuous > (2) . From (4) and (2) , fy 
is Neygsa — Aom . But fy is not Ne,yR— hom, because fy and ae are not N,,,R — 
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continuous . N,,, — cl (Nex — int (fv*(B)) = f° ¢ f,"(B°) and N,,—cl (Neu — 
int (fy(A°))) = Be ¢ fiv(A°) . 


Remark 3.8: Let fy : (P, tw, ) > (Q, On.) and gy: (Q, oy,,,) = (R, New) be 
NeygsSa —Nom,then gyofn : (P, Ty.) > (R, Yew) need not be Ney, gsa* — Nom - 


Example 3.9: Let P = {y} and Q={qg}. ty,,, = {Ow..,> 1y,,, 4} and oy,, = {On.., ; 1y,,,B} 
are Ne TS on (P,ty,,) and (Q, oy,,) . A= {(v,(0.4,0.6,0.8))} and B= {(q, 
(0.6, 0.5,0.7))} are No,C(P) and No,(Q) . Define a map fy : (P, Ty,,,) > (Q, One) by 
fun(y) =G-0.1 => fy is Neygsa* — Nom. Let R ={r} and C= {(r, (0.3, 0.4,0.5))} is 
Ney (R) and yy,,, = {On.., pe ¢} is Ne, TS on (R, Yew) . Define a map gy: (Q ; On, ) > 
(R, YNew) by gn(G@) = 17 > gn 18 Neygsa* —hom. Define a map gyofy : (P, Ty,,,) > 
(R, Yew) by gnOfn(y) = 7 —0.1 > gyofy is not Ne, gsa* — Nom - 

Theorem 3.10: Let fy: (P, Ty...) > (Q, One) and gy: (Q, oy,,) > (R, VNew) be 
Neygsa — hom . Also , (Q, ow,,,) is Neygsa* — Ty, space , then gyOfy : (P, Ty...) > 
(R, Ye, ) is Neugsa* — Nom - 

Proof: Given fy is Ney, gsa* — hom , then fy and fo are No gsa* — continuous. Given 
On iS Neygsa* — Nom , then gy and gy * are Neygsa* — continuous . Let A bea Ny, — 
CS in (R, Yew) . Given gy is Ne, gsa* — continuous , then gy *(A) isa Ney, gsa* — CS in 
(Q,oy,,,) . Given (Q, oy,,,) is Neygsa* — Try, space , then gy ‘(A) is a No, — CS in 
(Q,oy,,,) - Given fy is Neygsa* — continuous , then fy *( gy~1(A)) = (gnofy) 1 (A) is a 
Neugsa* — CS in (P, ty,,,) > 9nOfw is Newgsa* — continuous > (1) . Similarly , let B be a 
Ney — CS in (P, Tw,,,) . Given fy is Nz,gsa@* — continuous , then (i) @) = fy(B) 
isa Ne, gsa* — CS in (Q ; On...) . Given (Q , On...) is Neygsa* — Ey: space , then fy(B) is 
a Ne, — CS in (Q, oy,,,) . Given gy? is Neygsa* — continuous , then (gy~*)~*(f(B)) = 
gn (fn (B)) = gnOfy(B) is a Neygsa* —CS in (R, YVNew) = (gvofn)* is Neygsa* — 
continuous > (2) . From (1) and (2), gyofy is Neygsa* — Nom - 


Theorem 3.11: Let fy: (P, Ty,,,) > (Q / One) be a bijective mapping . If fy is Neygsa* — 
continuous , then the following statements are equivalent . 


(1) fy is Neygsa* — open mapping . 
(2) fn is Neygsa* _ hom : 
(3) fy is Neygsa* — closed mapping . 


Proof: (1) > (2) , Consider a bijective Ne, gsa* — open mapping . Let A bea N,, —CS in 
(P, Ty...) . Then AS isa No, — OS in (P, Ty...) . Given fy is Neygsa* — open map , then 
iGo). = (fv (A)” is a N,,gsa* —OS in (Q : On.) => fy(A) is a Noy,gsa* —CS in 


= -1 . * . _- . * 
(Q,on,,) > Cn =) (A) is a Neygsa*—CS in (Q, on,,) > fr * is Neygsa* — 
continuous. Also , fy is Ne,gsa* — continuous , then fy is Neygsa* —Nom .- 
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(2) => (3) , Suppose fy is Neygsa* — hom . Then fy and a are Ne, gsa — continuous . 
Let A be a No, —CS in (P, T,,,) . Given fa is Neygsa* — continuous , then 


(iv) @ isa Ney gsa* — CS in (Q, on,,) > fv(A) isa Neygsa* — CS in (Q, ow,,,) > 
fy is Neygsa* — closed map . 

(3) => (1), Let Abe a Ney, — OS in (P,ty,,,) . Then A° isa Ney — CS in (P,ty,,,) . Given 
fy is Neygsa* — closed map , then fy(A°) = (f(A) isa Neygsa* — CS in (Q, ow,,) > 
fu (A) is a Neygsa* — OS in (Q, oy,,) > fy is Neugsa* — open map . 


Theorem 3.12: Let fy : (P, tw,,,) > (Q ; One) be Noygsa* — Nom . Then fy is Ney — 
Nip (P, Ty,,,) and (Q , On...) are Ne, gsa* — Ty, space . 


Proof: Let A be a Nz, —CS in (Q, One) .Given fy is Neygsa* —hom, then fy is 


Noy gsa* — continuous > fy (A) is a Noygsa* — CS in (P, Tyo.) . Given (P, Tne.) is 
Neygsa* — ei e space , then fy (A) is a N.,, — CS in (P, tw,,,) = fy is Ne, — continuous 
> (4) . Similarly , let A be a Ne, —CS in (P,ty,,,) . Given fy is Neygsa* — Rom . then 
fy is Neygsa* — continuous > (fv) (A is a Neygsa* — CS in (Q, on,,). Given 
(Q, On...) is Noygsa* — Pay: space , then (fv) (# is a N,,, — CS in (Q, On,,) > 
ie is No, — continuous > (2) . From (1) and (2) , fy is Ney — Rom - 


Theorem 3.13: Let fy : (P, Ty...) > (Q, On...) be Neygsa* —Nom . Then fy is Neya — 
Figs a2 Td (P, Tw,,,) and (Q, On.) are Noy gsa” — Tr), space . 


Proof: Let A be a N,,—CS in (Q, On.) . Given fy is Neygsa* — Nom , then fy is 
Noygsa* — continuous > fy (A) is a Noy,gsa* — CS in (P, ty,,,) . Given (P, Ty...) is 
Neygsa* — Try, space , then fy (A) is a N.,, — CS in (P, Ty...) => fy "(A) isa Ni a — 
CS in (P, Ty,,,) = fy is No,@—continuous > (1). Similarly , let A be a N,,,—CS in 
(P, Ty...) . Given fy is Neygsa* — Nom , then tae is Ney,gsa* — continuous > 
Ca ee isa Neygsa* — CS in (Q, oy,,). Given (Q, ow,,,) is Neugsa* — T1/, space , 
then (fv) (A is a Ney—CS in (Q, on,,) > (ix) @ is a Noya—CS in 
(Q ; On...) => fy is Ne a — continuous > (2). From (2) and (2) , fy isa Noyat — Nom - 


Remark 3.14: If we replace fy is Neya@ — Aom by NeyR— Nom , then the theorem 3.13 is 
true . 


Theorem 3.15: Let fy : (P, tw,,,) > (Q ; ONnew) be Noy gsa* — Aom iff fy (Q ; On...) > 
(P, ty,,,) is Neugsa* — hom - 


Proof: Given fy is Neygsa* — Nom , then fy and te are No,gsa* — continuous . Let A 
be any Nz, — CS in (P, ty...) . Given fy is Neygsa* — continuous , then fy(A) is a 
Newgsa* — CS in (Q, oy,,) > (fy) 1A) is a Neygsa* — CS in (Q, oy,,) > fy is 
Neygsa* — continuous > (1) . Let A be any N,,—CS in (Q, On.,, ) . Given fy is 
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= —4\-1\71 
Newgsa* — continuous , then fy “(A) is a Neygsa* — CS in (P,ty,,,) > (Cf >) ) (A) 
isa Neygsa* — CS in (P,ty,,) > fy is Newgsa* — continuous > @). From (4) and (2), 
aa is Neygsa* — Agm . Converse is similar . 


Section 4. NEUTROSOPHIC igsa* — HOMEOMORPHISM 


Definition 4.1: A N,,, — bijection function fy : (P, Ty...) > (Q, On...) is Ney,igsa* — 
Nom if fy and Ga are Ne, gsa* — irresolute mappings . 


Theorem 4.2: Every N,,,igsa* — hom iS Neygsa* — hom , but not conversely . 


Proof: Let a bijection mapping fy : (P, Ty...) > (Q, On...) be any N,,, — function . 
Given fy is Neyigsa” — hom, then fy and he are Ney, gsa* — irresolute mapping > fy 
and tat are N,,,gsa* — continuous > fy is Noy, gsa* —Aom . 


Example 4.3: Let P ={y} and Q ={g} . ty,,, = {One 1y,.,.A} and oy,,, = {On ; 1y,,,»B} 
are N,,TS on (P,ty,,) and (Q, oy,,) . A= {(p,(0.3,0.8,0.6))}} and B= {(q, 
(0.6 ,0.5,0.8))} are Ne,(P) and Ne,(Q) . Define a map fy : (P, Ty...) > (Q , On.) by 
fu(y) =qG-0.3 . Let B= {(g,(0.8,0.5,0.6))} be a Ne,—CS in (Q, oy,,) . Then 
ix BYE (05; 0.2503) Nya" 08 = Naja 0S: = {0g Ty Ay DyE,; 
F}and Noy,a-CS = {0y,,, 1y,,,A% L, M,N}, where D ={(y, ([0.6 ,1] , [0.8,1] , 
(0, 0.3))},E={(py, ((0.6,1], [0.8,1], [0.4,0.6]))},F = {(9,([0.3,0.5], [0.8,1], 
[0, 0.6]))},L={gy, (0, 0.3], [0,0.2], [0.6,1]))},M= (gy, ([0,0.6] , [0,0.2], 
[0.3 ,0.5]))},N = {(y, ((0.4,0.6] , [0,0.2] , [0.6,1]))} . Now, N,,,a — int (Weve — 


cl (fv*(B9)) = Oy, © Ney — int(D), Ney — int(J), Ney — int(1y,.)= A, In, 
whenever fy (B°)S D, J, 1y,, > fy (B%) is a Neygsa* — CS in (P,ty,,) > fr is 
Neugsa* — continuous > (1). let A° = {(p, (0.6, 0.2, 0.3))} be a Ney — CS in (P, ty,,,). 
Then fy(A°) = {(4,(0.9,0.5,0.6))} . Neya* — OS = Neya- OS = {On,,,» 1N,,,. B} and 
Nout - CS = {Ow,,, 1y,,, B°} . Now , Neya — int (Neus = cl(fy(A°))) = 1y,,¢ 
Na int(1y.,,) =1y,,, whenever fy(A°) Gly, > fy(AQ) is a Neygsa* —CS in 
(Q ; On...) => fy is Neygsa* — continuous > (2) . From (4) and (@) , fy is Neygsa* — 
Nom . Let B= {(p,(0.2, 0.1, 0.7))} be any Neygsa* — CS in (P,ty,,,) - Then fy (E) 


{(g,(0.5,0.4,1))} . Ney — int (Neyo —cl(fy(E))) = BS Ney—int(B), Neu 
int(1y.,,) = B,1y,,,, whenever fy(E) © B,1y,, > fy(B) isa Neygsa* — CS in (Q ; One.) 
=> fy is Neygsa* — irresolute > (3). Let C= {(g, (0.6 ,0.6,0.9))} be any No, gsa* — 


CS in (Q, oy,,) . Then fy (G2) = {(p,(0.3, 0.3, 0.6))} . Neya — int (New - 


cl (fy*@)) = 1y,,, & Neu — int(A) =A , whenever fy @)SCA= fy @ is not a 


Neugsa* — CS in (P,ty,,) = fy is not Neygsa* — irresolute > (4) . From (3) and () , fy 
is not Ne,igsa* — Nom . 


New Trends in Neutrosophic Theory and Applications, Vol. III, 2024 56 


Theorem 4.4: Let fy : (P, tn...) > (Q, On.,, ) be Neygsa* — hom and (Q, ONew) is 
Neygsa* — Ty, space , then fy is Ne,igsa* — Nom . 


Proof: Given fy is Neygsa* — hom, then fy and fo are Ne, gsa* — continuous . Also , 
(Q, On...) is Neygsa — Try, space , then fy and te are Ne, gsa* — irresolute > fy is 
Neylgsa’ — Nom - 

Theorem 4.5: Let fy: (P, Tn.) > (Q, One, ) and gy : (Q, on,,,) > (R, Yew) be 
Neylgsa* — Aom . Then gy ofn : (P, tw,,,) > (R, Yew) IS: Noy lOS@ = Nig 


Proof: Given gy is Neyigsa* — hom ,then gy and gy ~* are Ne.,gsa* — irresolute . Given 
fy is Neyigsa* — hom , then fy and fy ~* are N,,gsa* — irresolute . Let A be a 
Neygsa* —CS in (R, YNew) . Given gy is Noygsa* — irresolute , then gy (A) is a 
Neugsa* — CS in (Q,oy,,,) . Given fy is Neugsa* — irresolute , then fy ~*(gy ~*(A)) = 
(gnofy )*(A) is a Neygsa* — CS in (P,ty,,) > gnofn is Neugsa* — irresolute > Q) . 
Let B be any N,,,gsa* — CS in (P, Tw,,,) . Given fy ~+ is Noy,gsa* — irresolute , then fy (B) 
is a Ne, gsa* — CS in (Q One, ) . Given gy‘ is Neygsa* — irresolute , then on(fn(B)) = 
OnOfn(B) = (Cgnofv)*)*(B) is a Neygsa*—CS in (R, YNew) => (gnofy)* is 
Neygsa* — irresolute > (2) . From (1) and (2) , gyofy is Neyigsa* — Nom - 

Theorem 4.6: Let fy: (P, tw...) > (Q, ONew) be Ne,igsa* — hom, then Neygsa* — 
cl (fv *(A)) = fy (Newgsa — cl(A)) foreach N,,, — set A in (Q ; One): 

Proof: Given fy is Neyigsa* — Nom , then fy is Neygsa* — irresolute . Let A be any Ne, — 
set in (Q, On...) . Clearly , Ney,gsa* —cl(A) is a Ney,gsa*—CS in (Q, One): By 
hypothesis , fy (Newgs@ — cl(A)) is a Ne,gsa*—CS in (P, T,,,) . Given fy (A) Cc 
fv (Neugsa” = cl(A)) = Neugsa* el (fy *(A)) = Neugsa* mae! (fv *(Neugsar* — 
cl(A))) = fv (Neugsa* ~— cl(A)) = Neugsa” —=C1 (fv *(A)) = fu (Neugsa” > 
cl(A)) + (1) . Given fy is Neyigsa* — hom . then fy is Neygsa* — irresolute . Let 
fy CA) be any N,,, — set in (P, Ty.,,) . Clearly , Neygsa* — cl (fy *(A)) isa Ney, gsa* — 


CS in (P,ty,,)- By hypothesis , (fy"?)”* (Negsa* — ct (fv-7(A))) = fi (Neugser® — 
cl (fy *(A))) +@ is a Neugsa” — CS in (Q, on,,) = & = (fe?) (fv 7) ¢ 
(fv-*)* (Neugsa” — cl (fy) = fv (Newgsr* cl (fv="(A))) = Newgsar* - 
cl(A) © Neygsa’ — cl G (Weygsa” — cl (a0) = fv (Neugsa* ~ cl (fy *(A))) 
(by®) = fiv* (Neugsa* — cl(A)) S Neugsa” — el (fy “(A)) > ® . From @ and @) , 
Neugsa” ~ cl (fu *(A)) = fy *(Meugsa” ~ l(A)) . 


Theorem 4.7: Let fy : (P, Tn...) > (Q, One, ) be Ne,igsa® — Nom. Then fy is Ney — 
Aigny ib (P, ty,,,) and (Q : On.) are Noy gsa” — Ty, space . 
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Proof: Let A be any N,,, — CS in (Q, On, ) . Then A isa Ney,gsa* —CS in (Q, On, ) ; 
Given fy is No,gsa* — irresolute , then fy (A) is a N,,gsa* — CS in (P, ty,,,) . Given 
(P, Ty...) is Neygsa* — Try, space , then fy (A) is a No, — CS in (P, Ty...) = fy is Neu — 
continuous > (1) . Let A be any Ne, — CS in (P, Ty,,,) . Then A is a No, gsa* —CS in 
(P, tw,,, ) . Given fy is Ney,gsa* — irresolute , then fy(A) is a Noy,gsa* —CS in 
(Q, On...) . Given (Q, On...) is Neygsa* sshd space , then fy(A) is a Ne, —CS in 


(Q , ONew) => ie is No, — continuous > (2). From G1) and (2) , fy is Ney — hom - 


Theorem 4.8: Let fy : (P, Ty,,,) > (Q, One) be Ne,igsa* — Nom , then Neygsa* — 
cl (fu *(A)) Cc fa (Nex — cl(A)) for each N,,, — set A in (Q ; On.) 


Proof: Let A be any N,,, — set in (Q ; On.) . Then N,,, — cl(A) is a No, — CS in (Q ; On.) 
=> Ney, — cl(A) isa Ney, gsa* — CS in (Q ; ONew) . Given fy is Neygsa* — irresolute map , 
then fy *(Ney — cl(A)) is a Neygsa*—CS in (P,ty,,) > Neygsa* — cl (fy (Neu = 
cl(A))) = fy *(Neu—cl(A)) «Given A & Ney — cl(A) = fy (A) S fy "(Neu — 
cl(A)) > Neygsa* — cl (fy *(A)) C Noygsa* — cl (fv * ex — cl(A))) => N.ygsa* 
—cl (fy (A) S fav *(Weu = lA) . 


Theorem 4.9: Let fy : (P, Ty,,,) > (Q ; One) be = Ney,igsa* — Nom iff ee 
(Q, oy,,) > (P. tN.) i8 Neutgsa* — Nom - 

Proof: Given fy is Neyigsa* — Nom , then fy and ie are N,,gsa* — irresolute . Let A 
be any N.,gsa* — CS in (P, Tw.) . Given fy * is No,gsa* — irresolute , then fy(A) is a 
Newgsa* — CS in (Q, oy,,) > fy )71(A) is a Neygsa* — CS in (Q, oy,,) > fy is 
Neygsa* — irresolute > 1) . Let A be any N,,gsa* —CS in (Q, ONew) . Given fy is 
Newgsa* — irresolute , then fy (A) is a Neygsa* — CS in (P,ty,,) > fy is Neugsa* — 
irresolute > (2). From (4) and 2), ie is Neyigsa* — hom . Converse is similar . 


Theorem 4.10: Let f:(P,ty,,) > (Q, On,,,) be Newigsa* — Nom , then Neygsa* — 
cl( fy (A)) = fy (Neygsa’ — cl(A)) for each N,,, — set A in (P, T,,,) 


Proof: Given fy is Neyigsa — hom , then fe is Neyigsa* — hom . Let A be any N,,, — set 
in (P,ty,,) . By theorem 4.6 , Noygsa*—cl ((fy*)"2(A)) =( ) Negse" = 
cl(A)) > Neygsa* — cl(fy(A)) = fiv(Neugsa* — cl(A)). 


5. CONCLUSIONS 


We have discussed some new concepts in Neutrosophic Topological spaces. We defined a 
new definition Ne,gsa* —closed sets. Especially we discussed about Ne,gsa* — 
homeomorphism and Ne,,igsa* — homeomorphism in this topological space. Further in the 
future, we will discuss its application in the decision-making domain. 
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ABSTRACT 


In this article, neutrosophic dimension of a neutrosophic vector space has been discussed by 
using neutrosophic basis. Some characteristics of the new notions are discussed. 


KEYWORDS: Neutrosophic set, neutrosophic vector space, neutrosophic dimension. 


I. INTRODUCTION 
One of the sets with a great deal of applications is the neutrosophy concept which was initiated 


by F. Smarandache (Smarandache, 1998, 2005). The notion of neutrosophic vector space 
(Agboola, & Akinleye, 2014) was initiated in 2014. The authors (Broumi et al., 2018; Pramanik, 
2022, Smarandache & Pramanik, 2018) have contributed many articles in neutrosophic sets and 
their applications. In this work, we develop the notion of neutrosophic dimension of a 
neutrosophic vector space, and some properties are interpreted. 


2. PRELIMINARIES 
Definition 2.1 (Elrawy, 2022): Neutrosophic vector space is a quaternary V = (V,,y,¢) where 
V is a vector space over arbitrary field K with 


u:V — [0,1], 
y:V > [0,1], 
¢:V > [0,1], 
with the following properties 
u(au + bv) = wu) An(r), 
y(au + bv) Sy(u)Vy(v), 
G(au+ bv) << su) Vc), 


where u,v € V anda,bE€K 
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Definition 2.2 (Elrawy, 2022): If V= (Vi WY, ¢) is a neutrosophic vector space over a field K, 
then 


I pau) = uu), Va € K — {0}, 

Il y(au)=y(u), Vac K — {0}, 
I. c¢(au)=c(u), Vae K — {0}, 
IV. Ifu,v €V andu(u) > p(v), then n(ut+ v) = p(v). 
Vv. Ifu,v €V and p(u) < p(v), then nut v) = L(V). 
VI. Ifu,v €V and p(u) < p(v), then n(ut+ v) = L(V). 


Definition 2.3 (Elrawy, 2022): Let W be a subspace of a vector space V. Then, 
(W,uW,yW,cW) is called neutrosophic subspace of a neutrosophic vector (V, 1, y,¢) if the 
following conditions are satisfied: 


I. pw(x-y) = uw(®) Auw(y) 
Il. pw(cx) = pw(x) 
Wl. yw(x —y) < yw(x) Vyw(y) 
IV. yw(cx) = yw(x) 
V.  cw(x-y) < cw(x) Vew(y) 
VI. gw(cx) = sw(x) 


Definition 2.4 (Elrawy, 2022): Let V, = (V, u4,71, 61) and V, = (V, Uz, 2,62) be two 
neutrosophic vector spaces over K, then 

The intersection of V, and V; define as follows: V, N V2 = (V, Mr A H2,V1 V ¥2,$1 V 2) 
The sum of V, and Vz define as follows: V; + Vz = (V, Wy + M21 +V ¥2,61 + 52), where 
(Uy + Hz )(a) = sup{u, (a) A H2(a — Vv), + ¥2)(@) = inf {71 (@) V y2(a — v)}, 


(1 + $2) (a) = inf {o1(a) Voz(a—v)}anda=u+v 


3. NEUTROSOPHIC DIMENSION OF A NEUROSOPHIC VECTOR SPACE 


Definition 3.1: For a neutrosophic set (NS in short) A & X. Then for 5, p,o € [0,1] with 6 + 
p+o <1, the set Al50°] = {x € X:u3(x) = 6, va(x) = p,64(x) < a} is called 
(5, p, 7) —level subset of A. 


Definition 3.2: For a NS A © X and (64, p1, 01), (62, P2, 02) € Im(A), If 5, > 52, py = pr, 
on < 0>, then Alo1.P1-01] =) Alo2,P202] 


Definition 3.3: For a NS A © X, define a map |A]: N — [0,1]*[0,1] Vn EN, 
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[d,9,0] 


mya(n) =V fp: (6, p, 2) € [0,1] x [0,1] x [0,1]\{[0,1]} with 6+ p +o <1 and [ae > nj, 


va(n) =V {q: (5,p,0) € [0,1] x [0,1] x [0,1]\{[0,1]} with 5+ p+a <1 and [a] > nj, 
sian) =A (r: (5, p, a) € [0,1] x [0,1] x [0,1]\{[0,1]} with 6 +p +o <1 ana (a?! 


Then, |A | is called as a Neutrosophic set over N where |A| is the cardinality of A. 


Definition 3.4: For two NSs A and B, the addition of the cardinalities is defined as for any 
neN, 


Kqal+apCU = Vn,+n=n (i (m1) A 1a\(2)) 
Yqal+(a) CD) =Vn,+n =n (yia\(r1) A Vjp|(M2) ) 


Scal+tap(™) =Anz+nz=n (siai(m1) ¥ sai (m2)) 


Preposition 3.5: For two NSs A and B over N, for any (6, p,@) € [0,1] x [0,1] x [0,1] with 


O6+pto<il, 
Lgal+ap) 7) = Mai + is 
Yaal+|ap@y = Vial +715 
Scal+|ap() = c 1+ 6 
Proof: 


Suppose n € Mat + fia then there exist n,n, with n; +n, =nwithn, € i Nz E ier. 


6) 6) ge a 
Then, Mot = 5, May > 6. By definition, LL(\A|+|B]) (n) = Va tno=n (iG A 1ja\(72)) =O. 


[5] c ,, [4] 


[5] [5] 
Therefore, n € Moai, igy- Hence, Ma) + Mia) S Haase: 


6 
Conversely, letn € ere Then (7) +)31)(™) = Vni+n.=n (iG A M\(2)) > 0. 


Hence, one can find n,,n2 with n, + nz = n, and pyq)(N,) A Wyg\(N2) = 6. Then, n, € AEE E 
[5] 
Hal ) 
) ,) 6 6 6 
that IsB,n=ny, Ble Nz € fit + ie: Thus, en S en + ree 


Definition 3.6: Let V € N(X) with a neutrosophic basis B. Then D(V) is the neutrosophic 
dimension of V. 


Preposition 3.7: Let B and B’ be two neutrosophic bases of a neutrosophic vector space V € 
N(X). Then, |B| = |B’|. 
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Proof: 


Both B!5°l and Bl?! are bases of V15"! for a € (0,1], b € (0,1], c € (0,1] withO+p+oa< 
1. 
Therefore, |B5?l| = |B’l6?21|_ Hence 


Hy)(n) =V {p: (6, p, 0) € [0,1] x [0,1] x [0,1]\{[0,1} with 6+ p+o<1 and [B+] > nj 
=V {p: (5, p,a) € [0,1] x [0,1] x [0,1]\{[0,1]} with 6+ p +o <1 and |[B'el| > nj 
= Mgr|(). 

Similarly, y)g)(n) = Y\a\(™), Cia)() = Cia) holds. 


Preposition 3.8: Let X be a vector space with D(X) = m and V € N(X). Then, for any 6,p,0 € 
[0,1] x [0,1] x [0,1] with 6+ p+o<2,andneN, nephl, ons<D (ul!) andne 


D(V) 
[p] [p] 
Loy en < D (i ). 


Proof: Suppose that Im(V) = {(D9, do To)» Pr V4 W1)) > Deo Wk» Tr) }, K << mM such that 
(1,1,0) = (Mo, 90. To) > 1. 9171) «+ > Der Uk Te) = (0,0,1). Then there exists a nested 
collection of subspaces of X as {A} € V!P0407! ¢ Pipa) C... € PlPederKl = X, Let By, be 


the basis of V?i%%Ti] i = 0,1, ..., k such that By, (= By, oe By. 


Let B be a neutrosophic basis and let n € es => es >d6>V fox: (5, pe 01) E 


(0,1] x (0,1] x (0,1] with 6, + p, +o, < 2and |Blovey a) > n} > 5. Then there exists 
(54, P4)01) € [0,1] x [0,1] x [0,1]\{(0,1)} with 6, + p, + 0, < 2 such that 6, = 6 and 
[level] > mn. Now, D (up!) = lus |= las” | = [Bevel] Sn. 


Conversely, suppose that n < D (uf!) = | a). Now a € (pj+1,p;], for some i. Hence | | = 
| lel = |By,| = |Blu?+4)|. Then upp) (n) =V {{o1: (51,0,,01) € (0,1) x (0,1] x 

: fon 6 6 1 
(0,1] with 6, + p, +c, <2 and [Blrl| > n}> pj >sane whl. Hencene wh, if 


and only ifn < D (ut). Similarly for, n € nae oa n<D (ul? 1 


Preposition 3.9: Let X be a vector space with D(X) = m and V,,V. € N (X : Then, we have the 
following results: 


A. For all (5,p,0) € [0,1] x [0,1] x [0,1] with +p+o<2, upip =up OUup, 


AANA 
Vien, = Ve, VV aNd Spiny, = Sp Spy 
B. For all (5,p,0) € [0,1] x [0,1] x [0,1] with +p+o<2,n0l, = pl + pl, 
Vine, = Ve + Ve, MASH ay, = Sp, + Sp 
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Proof: 


Proof of (A) is straight forward. 


or ie all (6,p,0) € [0,1] x [0,1] x [0,1] withd +p +o < 2, we have x € Vas 


Gey) A Heer} 2 6 


X=X14tX2 
© there exists x1, xz such that x; + x%2 = x and Up.) NU7~,) 2 8 


[5] 


= there exists x1, x2 such that x; + x2 = x and x, € Up Lo] 


and Xz € Ly, 


[o] [o] 


[p] 
VitV2 = V7, 


+7 [o] 


and ¢; 


Tate = eo a cl? ! are similar. 


The proof for y; ?, 
Preposition 3.10: Let X be a vector space with D(X) = m and V,,7, € N(X). 

Then, D(V; + V2) + DV, NV2) = D(V,) + D (V2) 

Proof: For all (6, p, a) € [0,1] x [0,1] x [0,1] with 5+ p+o<2, letn€ uN 47,y4n@,07,): 


Then, there exists an,,nz such that n = n, + nz andn, € ae +P) and nz € ave AP») 


a 5 
Then by preposition 3.6,n, < D (ule 5) =D (ult! ae uy) and n, <D Ca 
D (upto wht). 


[5] [5] [5] [5]\ _ [5] [5] 
Then, n s D (up + up) ale (up, 0 uy.) = (ur, ) ue (ufr, 
Then there exists n,' and n,' such thatn = n,' +n,’ andn,’ < D (Ge ) andn,’ < D (ult a) 
Vy 


[5]. 
D(V1) 


| 6 
Therefore, n = n,' +n,’ € bs tT ee See +9)" 


[6] 


Now, by preposition 3.6, n,’ < uy andn,’ < Hog,): 


[6] [6] [6] 
Thus, Mpc, +7,)+D(0,n2) | How) + Ho,): 


[p] [p] 


Saas [p] 
Similarly, Y¥57,47,)+p0,n0.) | Yow,) + Yo@,): 


Also, the reverse inclusion relationship can be proved. 


Hence, for all (6, p,0) € [0,1] x [0,1] x [0,1] withé6+p+t+o< 2, 


[5] [5] [5] [5] [5] [5] 
Hn(7,492)4D00,n02) = Hny,) + Ho)? Yo1472)+D0,n92) = Yo~,) + Yo~w,) and 


[p] _ tpl [p] 
CD(V1402)+D(04NVo) — SDVx) * SDM): 
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Thus, D(V; + V2) zo D(V;, NM V2) = D(V;) + D (V2). 
4. CONCLUSIONS 


In this article, the idea of neutrosophic dimension in a neutrosophic vector space is discussed. 
This idea can be extended by interpreting some examples which will be appended in future work. 
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ABSTRACT 


Neutrosophic Soft Set (NSS) is one of the potential mathematical model for handling parametric 
uncertainties in dynamic environment. Q-NSS is extended version of NSS which incorporates the 
features of both NSS and Q-fuzzy set in handling uncertainty. Nowadays medical diagnosis system 
is prone to varieties of uncertainty in terms of uncertain disease symptoms, processing logic, and 
even uncertain clinical decisions. Handling the uncertainties is important before arriving at 
meaningful inferences. Hence in this chapter a comprehensive survey is carried out towards Q- 
NSS in all possible dimensions of medical diagnosis system. The survey highlights all possible 
mathematical frameworks used for medical diagnosis along with their limitations which include 
fuzzy logic, evidential reasoning, and quantum & machine learning decisions. The main focus of 
the paper is to perform early diagnosis of diseases, decision making under uncertainty, solutions 
for multi-attribute decision making problems, arriving at best decisions from several alternatives, 
and many more. A comparative analysis of Q-NSS is carried out with other mathematical 
frameworks like Neutrosophic Soft Set (NSS), and Q-Fuzzy set. It is inferred that the performance 
of Q-NSS is satisfactory towards performance metrics like error rate, throughput, latency, and 
resource utilization. 


KEYWORDS: Uncertainty, neutrosophic set, neutrosophic soft set, medical diagnosis. 


I, INTRODUCTION 

Neutrosophic Soft Set (NSS) is a form of mathematical model that is used to handle parameter 
uncertainties by making use of three different types of membership functions. The membership 
functions considered are truth membership, false membership function, and indeterminacy 
membership function. In many critical real-time applications such as military, medical science, 
astrology, and so on, the incomplete input information is handled efficiently using NSS theory 
(Evanzalin et al., 2020). The extended version of NSS is Q-NSS which is a hybrid form of NSS 
it preserves the characteristics of both NSS and Q-fuzzy set. The characteristics of NSS is useful 
in handing the information uncertainty and similarly, characteristics of Q-fuzzy set is useful in 
handling the information which is in a two-dimensional format. The Q-NSS extends support for 
numerous operators which include union, intersection, OR, and AND operations. The 
mathematical definition of Q-NSS is as follows: Consider U as a universal set, the Q is taken as 
anonempty set. Suppose u’'Q — NSS(U) is the set composed of multiple Q-NSSs on the universal 
set U over the pair (I'g,A). Where Ig = A > ’Q — NSS(U), such that the '9(e) = @, provided 
e € A (Abu Qamar et al., 2019; Dalkilig & Demirtas, 2023; Qamar et al.,2020). The comparison 


New Trends in Neutrosophic Theory and Applications, Vol. HI, 2024 


67 


between NSS, Q-fuzzy set, and Q- NSS is shown in Table 1 (Ulugay, 2021; Abuqamar, & Abd 
Ghafur Ahmad, 2022). 
Table 1: Comparison between Neutrosophic soft set, Q-fuzzy set, 


and Q- Neutrosophic soft set 


SI. No | Neutrosophic soft set Q-fuzzy set Q- Neutrosophic soft set 
1 Applied to universe of | Applied to universe of | Applied to universe’ of 
discourse domain discourse domain discourse domain 
2 Co-domain of | Co-domain of application | Co-domain of application is 
application is [0,1]° is [0,1] [0,1]? 
3 Truth membership Truth membership Truth membership function 
function is present function is present is present 
4 False membership | False membership | False membership function 
function is present function is not absent is present 
5 Inderminacy Inderminacy membership | Inderminacy membership 
membership function | function is absent function is present 
is present 
Q-function is absent Q-function is present Q-function is present 
Able to handle | Unable to handle | Able to handle uncertainty 
uncertainty in the | uncertainty in the | in the computing domian 
computing domain computing domain 
8 Unable to handle | Able to handle | Able to handle information 
information in two- | information in  two- | in two-dimensional format 
dimensional format dimensional format 


Q-NSS is used to in a variety of applications which include game theory, measurement theory, 
logical rules and relationships representation, economics, medical diagnosis, agriculture, 
transportation, analysis of food grain items, pattern recognition, industrial automation, share market 
prediction, and so on. One of the promising application areas of Q-NSS is medical diagnosis, where 
the Q-NSS can handle uncertainty in every stage of diagnosis which includes patient observation, 
data preparation, data categorization, and data planning. 


2. PRELIMINARIES 


2.1. Fuzzy Logic 

Fuzzy logic is being applied in day-to-day life. It is being used in a variety of applications which 
include aerospace, highway systems, air condition systems, underwater vehicles, transportation, 
radiology diagnosis, modeling neurological findings, crime investigation, and so on. 


The literature review of works carried out for performing medical diagnosis using fuzzy logic is 
discussed below. 

Bany Domi presents a fuzzy logic-based framework that is applied for medical diagnosis 
applications. Fuzzy logic is used in a variety of applications which include Asthma disease 
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diagnosis, metabolic sickness determination, bacterial disease identification, finding irregularities 
in cell development, periodontal disease recognition, and so on. The process followed by the fuzzy 
system includes the following steps that are feeding in the crisp input, fuzzification, feeding of fuzzy 
inputs, evaluation of fuzzy rules, and generation of fuzzy outputs, defuzzification, and crisp output 
generation. The developed fuzzy logic framework is used to identify the risks of heart disease among 
individuals. The framework is tested by experts which represents an accuracy of 94%. The most 
important benefit offered by the framework is any individual patient can self-diagnose himself for 
heart disease without the need for any doctors (Khawla, 2021). 


Bartczuk, and Rutkowska (2019) discussed the type-2 fuzzy decision tree approach for medical 
diagnosis. The decision tree is composed of several attribute values which are categorized using 
type-2 soft set theory. After experimenting, the results obtained are tested using three benchmark 
datasets namely, heart disease, breast cancer disease, and Pima Indian diabetes, which are found to 
be satisfactory. The well-known method for the development of a crisp decision tree is ID3 which 
is combined with fuzzy logic for the classification of medical diagnosis. The decision tree is 
developed by considering an array of decision rules in which every rule represents a leaf node of 
the tree. The reason for using a type-2 soft set over the attribute value is words can give different 
meanings in an expert system. So, associating an expert value with each value helps in arriving at 
exact inferences (Bartczuk, &Rutkowska, 2019). 


Ejegwa (2019) described the application of an advanced Pythagorean fuzzy set in the medical 
diagnosis field. Uncertainty plays an important role in medical applications which influences on 
decision making process. Here Pythagorean fuzzy set which is one of the recently developed 
mathematical frameworks is applied for medical diagnosis which helps in quick decision making 
ability. Pythagorean fuzzy set is a generalized form of intuitionistic fuzzy set. The performance of 
Pythagorean fuzzy set overcomes the composite max-min-max relation of Pythagorean fuzzy set. It 
achieves sustainable performance while solving multiple criteria and multiple attribute, and pattern 
recognition decision making problems ( Ejegwa, 2019 ). 


2.2. Evidential Reasoning 


A high-level view of inference drawn using evidential reasoning is shown in Figure 1. Evidential 
reasoning mechanism draws an automated inference from the evidence. Meaningful inferences are 
drawn from several factors like inherent factors, internal controls, analytical procedures, and tests 
of details. It is a generic form of multi-criteria-based decision-making approach that addresses the 
computation problem considering both qualitative and quantitative parameters considering 
randomness and ignorance-related parameters. The recent works carried out for decision making 
using evidential reasoning are given below. 

Chang et al. (2021) presented evidential reasoning based on belief rule mining for diagnosis of 
medical applications. A set of multiple models consisting of belief rules with varying weights are 
initialized. During the mining of belief rules the reliability and weights of the models are determined 
and a customized set is generated. In this work thyroid disease dataset is considered and the 
correctness of medical decisions are determined. The belief rule mining approach is composed of 
several stages which include optimization of sub-model, calculation of sub-model weight, 
calculation of sub-model reliability, mining of belief rules, and validation of the results obtained. 
Initially, the beliefs generated by the belief rule mining approach are inaccurate but over a period 
of time accuracy improves (Chang et al., 2021). 
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Evidence from inherent factors 


Evidence from internal controls 


Evidence from analytical procedures 


Evidence from test of details 


Figure |: Inference from evidential reasoning 


Liao et al. (2022) presented an evidential reasoning approach based on linguistic belief for medical 
disease diagnosis. The approach is tested over the lung cancer disease diagnosis. The traditional 
evidential reasoning approach is extended using a linguistic-belief system which allocates hesitancy 
degree-based weights for the experts. It is applied to problems involving multiple criteria and 
multiple expert decision-making problems. It works in several stages which include an invitation 
for Q-experts to evaluate the alternatives, calculation of hesitancy degree for alternatives, 
calculation of weight vector, combining the belief degree of several alternatives, and rank the 
alternatives to generate utility values (Liao et al., 2022). 


Fu et al. (2021) discussed an evidential reasoning approach based on a driven drive approach driven 
by machine learning algorithms. The advantage of both evidential reasoning and machine learning 
is combined with the interpretability feature for multiple criteria-based decision-making 
applications. The hybrid approach is tested over the thyroid module of the tertiary hospital to 
achieve high-performance results. The proposed method works in several stages which include a 
collection of historical data, a comparison pf performance attained by machine learning algorithms, 
and exploratory decision-making based on evidential reasoning and machine learning algorithms. 
A set of machine learning algorithms is considered, out of which one best machine learning 
algorithm is chosen and is tied up with evidential reasoning to generate accurate exploratory 
solutions for multiple criteria decision-making problems (Fu et al., 2021) 


2.3. Quantum and Machine Learning decisions 

Quantum machine learning is one of the powerful approaches for decision making which is based 
on data constraints. The efficiency of quantum machine learning improves for episodic kind of tasks 
and decision-making games. A high-level view of decision-making using quantum enriched 
machine-learning approach is shown in Figure 2. The decisions are made using two approaches, 
namely, model-based reinforcement learning, and model-free reinforcement learning. In model- 
based reinforcement learning, the model represents the varying dynamic states of the environment. 
Here the agent is enabled with prior knowledge of the real world to develop an exact representation 
of the functional state of the computing environment. Whereas model-free reinforcement learning 
is exactly the opposite of model-based reinforcement learning, which does not use transition 
probability and reward function to solve computation-oriented problems. The recent works carried 
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out for decision-making using quantum enriched machine learning approach are given below. 


Model-based reinforcement learning 


Surrogate : Decision 
model ) ___ iteration 


Decision | 
\ / 
\. Problem / 


Learning | L Learning 


Application - \ Machine Quantum Machine 


problems 


Policy | | Decision 
1 | Gradient _ Approximation | 
i) oem Sa eee Peery ee eee a 


Model-Free reinforcement learning 


Figure 2: Decision making using quantum enriched machine learning approach 


Njafa and Engo (2018) discussed the application of quantum mechanics for medical diagnosis. 
Quantum-enhanced associative memory is useful for untrained medical staff to identify dengue, 
malaria, and many more which exhibit similar kinds of signs and symptoms. The associative 
memory can classify between single infection and poly infection. A hybrid model is designed that 
combines two algorithms linear quantum retrieving algorithm and non-linear quantum search 
algorithm which perform precise medical diagnosis. The user interface is very much friendly and 
the cost of operation is less (Njafa & Engo, 2018) 


Solenov et al. (2018) explained the potential features of quantum computing and machine learning 
which enhances the approach of clinical research and medical practice followed in modern days. 
The computational power of quantum computing combined with complexity feature of machine 
learning helps in delivering on time results in real world. Because of the availability of huge amount 
of data models enhanced with the quantum computing power, the medical expert is able to determine 
the therapy suitable for any individual patients. The treatment plan is updated to determine treatment 
response by considering various characteristics of patient including genetic, age, race, gender, and 
so on (Solenov et al., 2018). 


Kumar et al. (2021) detected the chances of heart failure among adolescents using machine learning 
enhanced with quantum computing technology. The features related to heart failure is normalized 
by combining the algorithms min-max, scalar, and pipelining techniques. The comparison is 
performed between quantum random forest, quantum K-Nearest neighbor, quantum decision tree, 
and quantum random forest. The performance of the above quantum-enriched machine learning 
algorithms is found to be better compared to traditional machine learning algorithms. The execution 
time encountered between quantum-enriched machine learning algorithms is very much less, 150 
ms (Kumar et al. (2021) 


However, the existing works dealing with the application of fuzzy sets, rough sets, evidential 
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reasoning, quantum decisions, and machine learning have several limitations in decision-making 
for medical diagnosis problems. The limitations observed with the use of fuzzy sets are, namely, 
the loss of valuable information from the available dataset, compromised accuracy of the system, 
the reasoning is not precise, and many more. Limitations with the use of evidential reasoning are, 
namely, rule-based decision-making has practical implementation limitations, decision-making 
becomes difficult under uncertainties, and many more. Limitations while making quantum decisions 
are: quantum systems are highly sensitive to noise and errors, the quality of computation degrades 
over a period of time, the error correction process is tedious, etc. Similarly, limitations of machine 
learning are: high chances of errors in results interpretation, lack of trust over the inference drawn, 
complex and difficult interpretation, and so on. 


3. MAIN FOCUS OF THE ARTICLE 


The main focus of the article is the design and development of Q-NSS framework for medical 
diagnosis application. The medical diagnosis domain is composed of four important components 
planning phase, patient observation and measurement, data interpretation, and data categorization. 
The decision-making under uncertain medical diagnosis problems becomes easier with the use of 
Q-NSS framework, as it involves four important components that are Q-function, false-function, 
truth-function, and indeterminacy-function. A high-level view of Q-NSS and its application in 
medical diagnosis is shown in Figure 3. 


Patient observation 
and measurement 


False- Planning 
function phase 
-function categorization 


Figure 3: High level view of Q-NSS and its application in medical diagnosis 


3.1. Blurred and Hazed Information: Three different Perspectives of Human 

Disease 
Many times, the decisions taken by clinical experts fail as they fail to handle uncertainty caused 
because of the blurred and hazed information associated with patient records. The hazed information 
in the medical system is broadly classified into five types. They are disciplinary, ontological, 
conceptual, epistemic, and vagueness. The probable reasons for the haziness of medical information 
are medical systems' lacks of precise boundaries, inability to manage indistinct phenomena, 
availability of uncertain knowledge about the diseases, and a wide variety of fact-value interactions 
between the patient and doctor. The blurred and hazed information is obtained because of the three 
perspectives of the human disease diagnosis process which is shown in Figure 2. It is observed from 
Figure 2 that the symptoms exhibited by illness, disease, and sickness are overlapping in nature. 
This creates lot of ambiguity while processing the patient information and arriving at particular 
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clinical decisions. 


Figure 2: Three different perspectives of human disease 


Comparatively, the overlapping between illness, disease, and sickness is high for chronic diseases 
and critical diseases like diabetes, heart disease, stroke, cancer, variation in blood pressure, asthma, 
and many more. Whereas the overlapping between illness, disease, and sickness is low for non- 
chronic diseases like fever, diarrhea, headache, acute illness, gastric, and many more. The inability 
to handle the overlapping characteristics of three different perspectives of human disease leads to 
wrong clinical decisions. 


3.2. Uncertainty in Medical Diagnosis System 

Medical diagnosis systems are inherently prone to a variety of uncertainties in the field of 
medicine. There are several sources of uncertainties which include incompleteness in the voice of 
medicine suggested, ambiguity in the symptoms conveyed by the patients, inability to arrive at the 
best decision that works well for the patient, and complexity that arises from collaborative 
communication between multiple clinical hospitals. Out of all sources of uncertainty, uncertainty 
that arises from patient symptoms is the most common. In most of the cases the patient exhibit 
symptoms which cannot be differentiated from one another concerning time. Because of 
undifferentiated symptoms, doctors/clinicians find it difficult to precisely identify the disease and 
give suggest proper medicine. The uncertainty in diagnosis is associated with lot of other diagnostic 
variations which include unnecessary hospitalization of patients, increased treatment cost, conflict 
between patient and clinician, overutilization of healthcare resources, excessive contribution to 
generation of diagnostic errors, and many more. According to a recent survey, it is predicted that 
one among twenty patients suffers from diagnostic error which causes fatal consequences. If the 
diagnostic uncertainties are handled with less care it results in significant effects on both the 
diagnosis system and outcomes generated by the patients. Aggregating multiple QNSSs is found 
to be one of the promising mathematical frameworks to arrive at accurate decisions by handling a 
variety of uncertainties (Alizadehsani et al., 2021). A pictorial representation of decision-making 
framework using QNSS over a patient exhibiting uncertain symptoms is shown in Figure 3. 
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An patient with uncertain symptom 
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QNSS for Disease-B 


QNSS for Disease-N 
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Figure 3: Decision-making framework using QNSS 


QNSS for Disease-A 


| 


Sorting the similarity of diseases from 
big to small 


Example: One of the useful applications of QNSS in the medical system is decision-making under 
uncertain situations. Consider the situation in which a patient is exhibiting uncertain symptoms, 
then aggregation operation combined with the QNSS is very useful in arriving at exact decisions. 
N observers will be spooled across the patient and each observer will employ a QNSS then 
aggregation operation is employed over the set of QNSS outputs generated by the N observers. 
The QNSS towards all probable diseases from disease-A to disease-N is generated based on the 
similarity matching factor. Further, the diseases are sorted from bigger values to smaller values 
based on their similarity index. Finally, the disease with the biggest similarity is output. 
3.3. Early Detection of Disease 
For chronic diseases like cancer, HIV, tuberculosis, influenza, and heart disease, a special diagnosis 
is required to identify the disease in its early stages even though symptoms are present or absent. 
Early detection of disease offers several advantages in terms of early treatment and intervention, 
improving the quality of life of the patient, longer survival of patients, changing the treatment plans, 
preventing the spread of disease to various parts of the body, saving lives, preventing the 
complications in the disease, and many more. Hence there is a necessity to identify the disease in 
early stage and prevent it from propagation to further parts of the body. 
Nowadays vast amount of medical data is available over the Internet for analysis purposes. Several 
machine learning algorithms are available in the literature which are extensively used for disease 
prediction. However, for properly assessing the available patient’s data, early detection of disease 
is possible. Many mathematical frameworks like probability theory, rough sets, fuzzy sets, and soft 
sets are used to deal with parametric uncertainty. However decision-making system based on Q- 
NSS aids in processing huge amounts of available patient data for proper diagnosis and prediction 
of disease. As the Q-NSS offers many advantages in terms of denoising the gathered information, 
proper segmentation of the large volume of preprocessed information, and precise classification of 
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segments (Abbosh et al., 2020). 
3.4. Solving Multi-Attribute Decision-Making Problems 


Developing an ideal decision-making system for the medical field in real-life scenarios is very 
challenging in nature. First, the complex medical form is examined carefully, and all characteristics 
in terms of uncertainty, conflicting objectives set, inappropriate perspectives, and varying interests. 
The multi-attribute decision process is composed of several factors that are different scenarios, 
criteria, actions, and alternatives. These factors are interdependent hence they need to be handled 
with care for choosing the best alternative among the available alternatives of treatments. 


The Q-NSS uses truth membership, falsity membership, and Indeterminacy membership functions 
combined with the Q-function to precisely evaluate the group of alternative treatments available for 
the disease. Then select the best treatment that satisfies the requirement exhibited by the multiple 
attributes of disease associated with the patient. The application of Q-NSS aids in proper treatment 
selection because of several advantages which include prioritizing the decision attributes, 
establishing the tradeoff between the conflicting attributes, performing proper decision analysis, 
choosing the appropriate utility function for parameter selection, analysis of the applicability of 
various solutions, and many more (Ullah t al., 2020) 


3.5. Prediction of best treatment using O-NSS 

The Q-NSS is useful in choosing the best treatment action to improve the quality of treatment and 
improve the life expectancy of the patient. The multiple valued Q-NSS are capable enough of 
precisely extracting the inherent rules and useful patterns from the historical data which increases 
the prediction accuracy of the model. The useful information is not lost even when a fluctuating 
pattern appears in the time series model. Even when different neutrosophic sets exhibit the same 
values, a similarity measure is applied over the sets using different distance functions to arrive at a 
meaningful conclusion. The characteristic function of Q-NSS with hyper compositional structures 
expands Newton's mechanics with a neutrosophic set to choose the best course of action among the 


available set of actions Samshidi, 2020). 


3.6. Performance analysis 

Three different mathematical frameworks are Neutrosophic Soft Set (NSS), Q-Fuzzy Set (QKS), 
and Q-Neutrosophic Soft Set (QNSS) for medical diagnosis purposes. Table 2 provides a 
comparison of performance achieved in handling medical diagnosis uncertainty. The performance 
of QNSS overtakes other two popular mathematical frameworks that are QFS and NSS. 


Table2: Comparison of performance achieved by three potential mathematical frameworks L.e. 
Neutrosophic soft set, Q-fuzzy set, and Q-Neutrosophic soft set. 


Mathematical Error Throughput | Latency | Resource 
Frameworks rate utilization 


NSS High High | Medium 


QFS High Low Medium | Medium 
QNSS Less High Low High 
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4. FUTURE RESEARCH DIRECTIONS 


In future work, all probable sources causing uncertainty in high computing domains like healthcare 
and the military will be discussed. Further in-depth analysis of all probable applications of QNSS 
to other application areas like transportation, education, academics, and entertainment will be 
carried out. Mathematical modeling of QNSS is performed by considering various performance 
metrics like latency, delay, jitter, and throughput. 

5. CONCLUSION 


This chapter considers the medical diagnosis system as one of the uncertainty-prone applications. Q- 
NSS is considered as a potential mathematical framework to handle the uncertainty in the medical 
diagnosis domain. The sources of uncertainties are identified and useful applications of Q-NSS like 
early disease detection, multi-attribute decision-making, and handling hazed information are 
discussed in detail. 
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ABSTRACT 


This chapter presents a practical method for evaluating the performance measures of 
non-preemptive neutrosophic priority queues with uneven services, labeled as 
NM/NM/1. This system comprises a solitary server, where both arrival and service 
rates are expressed using a single-valued trapezoidal neutrosophic number (SVTNN). 
The queueing model involves exponentially distributed service times, arrivals following 
a Poisson process, and the presence of only one server. To simplify the neutrosophic 
queueing model into a more straightforward form, the (a, f, y)-cut approach along 
with Zadeh’s extension principle are employed, and the results are presented. 
Moreover, a concrete example is offered to elucidate the analytical methodology 
established within this study. 


KEYWORDS: Neutrosophic set, single valued trapezoidal neutrosophic number, 
on-preemptive priority queue with uneven services, queueing models, arrival rate, 
service rate. 


I. INTRODUCTION 


Fundamental queuing systems consist of orderly queues where the sequence of 
waiting and the rates of client arrival are carefully managed. However, in real-world 
circumstances, the majority of queueing models involve priority discipline since the 
most important activity must be given preference. The usage of priority queueing 
models is beneficial in many different contexts. In priority queues, clients receive 
service according to the priority of their requests. Customers with the highest priorities 
receive service first, while those with lower priorities receive service with less urgency. 
Priority queues are used in communication, and engineering to examine networks with 
varying levels of service quality. 


Preemptive priority and non-preemptive priority are both common types of 
priority control. Consider a queueing system with two types of customers: when a first- 
class client arrives at the server and discovers that the server is serving a second -class 
customer, he squeezes the customer-in-service out and obtains service at once. 
Customers belonging to the same class follow the FCFS discipline at the same time; this 
method is known as preemptive priority queueing. If a first -class arriving customer 
discovers that the server is serving a second-class customer, he should wait until the 
customer-in -service finishes its service before beginning to receive service; customers 
of the same kind obey the FCFS discipline; this mechanism is known as non-preemptive 
priority queueing. 
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The inception of queueing theory can be dated back to the early 1900s through the 
examination of the Copenhagen telephone exchange by Agner Kraup Erlang, a Danish 
engineer, statistician, and mathematician. Erlang's thorough investigations into wait 
times in automated telephone services and his suggestions for enhancing network 
efficiency gained widespread acceptance among telephone companies. By 1963, his 
work had led to the exploration of preemptive priority queues involving K-class clients, 
as well as preemptive repeat and preemptive resume techniques. 


The concept of fuzzy sets (Zadeh, 1965) which makes an element belongs to the 
set partially using the membership function that takes the value in the range [0,1]. The 
applications of M/M/c model are in decision making for reducing the waiting time for 
the customers in the queue (Zadeh, 1965). 


Atanassov introduced the concept of intuitionistic fuzzy sets in 1986, which 
expands upon Zadeh's fuzzy set notation. In intuitionistic fuzzy sets, elements are 
characterized by degrees of both membership and non-membership. 


The notion of neutrosophic probability, set, and logic was pioneered, presenting 
a broader framework beyond fuzzy logic and intuitionistic fuzzy logic, known as 
neutrosophic logic. When the parameters of a queueing system are represented by 
neutrosophic numbers, it qualifies as a neutrosophic queue (Smarandache, 1998). 


Pardo and De La Fuente (2007) explored the optimization of a priority- 
discipline queueing model utilizing fuzzy set theory, incorporating both preemptive 
and non-preemptive priority systems. Additionally, Rashad and Mohamed (2021) 
conducted a case study investigating neutrosophic theory and its utilization across 
different queueing models. 

In their study, Parimala and Palaniammal (2014) concentrated on the single- 
server delayed vacation aspect of the M/M (a, b)/1 queueing system, specifically 
examining the switchover state. They derived steady-state solutions and analyzed the 
system's characteristics, providing numerical illustrations for various parameter values. 

Smarandache (2016) provided a critical examination of neutrosophic numbers, 
where he introduced the methodologies for subtracting and dividing neutrosophic single- 
valued numbers. Furthermore, he elucidated the constraints associated with these 
operations for neutrosophic single-valued numbers, along with those for neutrosophic 
single-valued over numbers, under numbers, and off numbers. 


Sumathi and Antony Crispin Sweety (2019) introduced a novel method for 
handling differential equations using trapezoidal neutrosophic numbers. Neutrosophic 
Little's formulas played a crucial role in addressing queueing system challenges within 
a neutrosophic framework, as observed in the Erlang service queueing model with 
neutrosophic parameters (Zeina, 2020b). 


Zeina (2020a) presented a neutrosophic event-based queueing model. An interpretation 
of a non-preemptive priority queueing system in a fuzzy environment with 
asymmetrical service rates was presented by (Karupothu et al., 2021). Heba and 
Mohame (2021)] examined the performance metrics of the neutrosophic NM/NM/1, 
NM/NM/s, and NM/NM/1/b queueing systems (Zeina, 2020c). 


In their research, Zeina and Hatip (2021) put forth an extensive characterization 
of neutrosophic random variables, exploring their characteristics and applications 
across various fields like quality control, stochastic modeling, reliability theory, 
queueing theory, decision-making, and electrical engineering, prioritization 
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mechanisms determine the sequence in which tasks or requests are handled. They also 
advanced the concept of linguistic single-valued neutrosophic M/M/1 queues, In this 
context, the rates of arrival and departure are represented using single-valued 
neutrosophic numbers denoted by A = (T, I, F), with T indicating truth, I representing 
indeterminacy, and F signifying falsity. 


Aarthi et al. (2022) undertook a research endeavor that involved evaluating the 
efficiency of non-preemptive priority queueing systems by examining both fuzzy 
queueing and intuitionistic fuzzy queuing models across a range of service rates. In 
parallel, Suvitha et al. (2023) delved into exploring neutrosophic priority discipline 
within queueing models. 


2. PRELIMINARIES 


Definition 1 


A neutrosophic set ( Smarandache, 1998) N is given as N= {r, (TA(7), IA(r), FA(r))/r € 
r}where TA(r), IA(r), FA(r): r > J0,1°[ are the degree of truth value, indeterminacy 
value and falsity value such thatO < sup TA(r) + sup IA(r) + sup FA(7) < 3* 


Definition 2 


A single valued neutrosophic set (SVNS) ( Wang et al., 2010) N in ris stated as N = {7, 
(Ta(r), Ia), Fa(r)) /r € r}, where, T(r), Ia(r), Fa(r) € [0,1] and 0 < sup Ta(r) + sup 
Ta(r) + sup Fa(r) < 3. 


Definition 3 


A single valued trapezoidal neutrosophic number (SVTNN) (Sumathi et al., 2019) 


A is defined as 


Ta (r) = 


Ta (r) = 


Fa (r) = 


r™—q! 
G2— qi 
1 
q4—r! 
qi — 43 
0 
q2—T 
q2 — 94 
0 
r'—q3 
qi — 43 
1 
q2—T 
q> — 91 
0 
r —q5 
qi — 95 
1 


forgs =r" =a5 
forqi <r’ <qi 
otherwise 
forgq, <r' <q} 
forq, < ri <q} 
forq, <r' <q) 
otherwise 


re, =r =a, 


otherwise 


Definition 4 (Sumathi et al., 2019) 


forgq) <r’ <q} 


where qi <q) < qi <q) 


where qi <= qh <= qh < qh. 


F F F F 
where q; = 45 = 43 = qj. 
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(a, B, y)-cut of aSVTNN is defined as follows: 


Ba py = [B1(a), B2(a)]; |B, (8), B,(B)];[B, ), 2 ), 0s at+B+y 


= 3 


[B, (a), B,(a)] = [(q? + a(q? — g7)), (a2 + (ql — 2). 
[B; (8), B;(B)] =I(as — B(ad — 24)),C 4+ B (qh — a4). 


[B; (vy), Bs (~)| =e — v(@b — a7) as +y (ai — af]. 


Definition 5 (Sumathi et al., 2019) 


Consider two closed and bounded real intervals denoted as [ci, c2] and [c3, 


c4]. If * represents addition, subtraction, multiplication or division, then [c1, c2] * 


[c3, c4] = [a, Bf]. For division, it is presupposed that the divisor does not belong to 


the closed interval [c3, c4]. Utilizing fundamental operations, the development 


proceeds as follows: 


iil. 


iV. 


[e,,€2] + [¢3,c4] = [cy + €3,c2 + 4] 
[c, cz] -_ [c3, C4] = [cy — C4,C2 — c3] 
[c, C2]. [c3,c4] = 


[min{c,c3, C1 C4,C2C3, C2C4}, Max{c,C3,C1C4,C2C3z,C2C4}] 


[c1.C2] (ie & co Cc C1 Ci GC 
= — min { = = 2} max {= = = <2} 


, , , , , , 
[cz.C4] Cz Cy Cz Cy _ fe Ca Cy 


3. NEUTROSOPHIC NON PREEMPTIVE PRIORITY QUEUEING MODEL 


The following section discusses the examination of a single server queue 


with non-preemptive priority within a neutrosophic framework. 


3.1 A standard M/M/1 queue with a non-preemptive priority scheme: 


Take into account a queue with a single server, where non-preemptive priority 


is applied. In this scenario, two distinct client arrival streams are observed: one with 


higher priority and the other with lower priority. These streams adhere to separate 


Poisson processes characterized by parameters 41and Az, respectively. A single 


server tends to these clients, and service times follow an exponential distribution 


governed by rates w, anduw,. Clients with higher priority are granted immediate 


service precedence over others. The system's capacity is infinite, and a first-come, 


first-served principle is upheld within each priority group. 


Several aspects of system performance measures include: 
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A (24423) 
e The mean queue length for higher-priority tasks: Lz, = wt 42) 


q (1-p) 

w(t) 

e Mean queue length for lower priority: Ly, = ee 
Lay 


e Mean waiting duration for the higher priority queue: W,, = ; 
1 


a ; a L 
¢ Mean waiting duration for the lower priority queue: W,, = a 


where A = A, + A; and traffic intensity p,; = = p2 = = P= pi, + p2 
1 Z 


High Pros ay 


al a 


a tt 
an ae 


io ww Pato eit 
Low Priority Queue to wail nea the Eigh Low Priority Queue 


Priority Queueing System = — Priority Queueing System 


(a) Customers with higher priority being served (b) Customers with low priority being 
served 


Figure 2.1: Priority queue structured as M/M/1 system 


3.2 The construction of an NM/NM/1 queue model with non- 


preemptive priority and dynamic service rates 


Consider a non -preemptive priority queueing system with a single server, 
operating under an NM/NM/1 configuration, where service times are uneven. The 
inter-arrival times for units with neutrosophic characteristics, denoted as A,,, n=1,2 
as well as the service times aa, n=1,2 for units with first and second priority ,are 


approximately determined and expressed as follows: 
A, ={(a Tz, (@),14,(@), F;,(a)) /a€ u} 59 n=1,2 


= {(s, T< (s), 1g, (s), Fs, (s)) /s€ V}in an 
where U and V are the universal crisp sets of the neutrosophic inter arrival and 
neutrosophic service times and pj (a);n = 1,2 Hg (s);n = 1,2 are the 
corresponding membership functions. The (a@,f,y)-cuts of A,, n=1,2 andS,, 
n=1,2 are 

A, (a, B,y) = fa € U/T;, (a) 2 a,1z, (a) = B, Fz, (a) = y}in =42 

Sn(a,B,y) = {(s €V/Ts (s) 2 a,1z (s) = B, Fs, (s) S y)/};n=1,2 
where the A,(a@,8,y) and S,(a,B,y) are the crisp subsets of U and V 


respectively. By employing (a@,f,y)-cuts, it's possible to represent neutrosophic 
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interarrivals and service times through various confidence interval levels. 


Consequently neutrosophic queue can be simplified into a series of crisp sets ,each 
with unique (a, B, y )-cuts. 
{A,(a, B,y):0 <a<=10<B<10<ys 1} and 
{S,(a,B,y):0<a<10<B<10<y<1} 
In this proposal, a non-preemptive queueing model is introduced where 
both inter-arrival time A,,, n=1,2 and service times S,,, n=1,2 are depicted as 


SVTNN. Confidence levels for these parameters are denoted by of A,, and S,, by 
Li, (a8) Man(apy)) and [ls (0,8.y) 8 ,(aby) | 


The performance metric, symbolized as p(A,,, S,) can be articulated 
employing Zadeh's extension principle where in membership functions for 


truth, indeterminacy and the falsity of p(A,, S,,) and are defined as follows. 
Ty (Ap S,) % )= sup{Minyex p'ey (Hay Ts (wy): = p(b, b’)} 
and 
Iy (4,6) ) = inf {mingex yey (M4, (0) TS,(0')): x = PCL, bY} 
and 
ly (4,8,)) = inf {mingex yey (M4, (py T,(0')):* = PCB, b’)} 


We can define the lower and upper boundaries of the (a, f8,y)-cuts of A,,S, 


as follows: 


ly(aBy) = minp(b, b‘) such that li (apy) => = Us apy) 's(apy) = = 


Us, (a.B.Y) (1) 


Up (a,B.y) = max p(b, b’) such that li (aBy) <b< Uj, (a.B.y) ls (apy) <b’'<s 


Us, (a.B,y) (2) 
where b € A,,(a,B,y) and b’ € S,(a,B,y). 


If both Ly¢a,g,y) and Up(eg,y) are reversible with respect to (@,B,y) then the left 
and right shape functions are L7(x) = (In(egy)) > and Rr(x) = (Up(a.gy)) * 
respectively ,the resulting in the the truth membership function (z) as fy 4, ¢)) 
is expressed as 


LG); sf 52535 
Ty (An S,) 0) = \Rr@); xP Sx xf 
0; otherwise 
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where x? < x <x] and L7(x!) = R7(x7) = 0 for the SVTNN. 


LG); <i=222 
Ip (An Sp) OO) = RQ); x4 Sx Sx} 
0; otherwise 


where x < x <= x} and L,(x/) = R,(x4) = 0 for the SVTNN. 


Lda a = xx 


Fry (dn Sq) %) = Re(x); xf Sxsxi 
0; otherwise 


where x¥ < x < xf and Lp(x¥) = R-(x*) = 0 for the SVTNN. 


By employing the (@, 8, y )-cut approach, the suggested NM/NM/1 priority queue 


can be simplified to the conventional M/M/1 queue with non-preemptive priority. 
4. NUMERICAL EXAMPLE 


In this section, a practical example is presented to clarify the introduced 
NM/NM/I1 queueing concept with non-preemptive priority. The arrival rates and 


service rates of first and second priority are denoted by SVTNN. 
A, = [(3,4,5,6), (2,5,8,11), (2,4,6,8)], 

A; = [(4,5,6,7), (3,4,5,6), (5,6,7,8)], 

$, = [((16,17,18,19), (18,20,22,24), (17,19,21,23)], 


S5 = [(17,18,19,20), (16,17, 18,19), (18,19,20,21)] per hour respectively. 
The (a@, 8, y)-cut of A,,,n = 1,2 and S,,n = 1,2 are 


A, = [(3 + a,6-—a), (5 — 38,8 + 38), (4— 2y,6 + 2y)], 

A, =[4+a,7—a@),(4—B,5+B),(6-y,7+yY)I, 

S, = [G16 + a, 19 — a), (20 — 28,22 + 28), (19 — 2y, 21 + 2y)], 

S, = [417 + a, 20 — a), (17 — 8,18 + B),19 —y,20+ y)] 

The formulation of parametric programming problems to derive the membership 


Wa, 


functions L, ,L W,,is based on equations (1) and (2), and their 


41’ “2? 


computation is outlined below. 


The performance metrices of 


i. Lg,- The mean length of a higher priority queue. 


ii. L,,- The mean length of the queue for tasks with lower priority. 
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ii. W,,- The average time spent waiting in the queue with higher priority 
Iv. W,,- The mean waiting duration in the queue with lower priority is 


determined by the corresponding parametric programs. 


These variations are solely distinguished by their objective functions and are 
outlined as follows: 
ey (f+ 3) e (4+ %) 

L (a) = min| —;—___ ] 4. (a) = max | ———__ 
bay (@) fii — e1) tq) fii - e1) 
such that 

3+a<e,<6-a 

4+a<e<7-a 


16+a<f,<19-a (3) 


17+a< f,<20-a 
where 0 < a@ = 1. Le @ is found when e,, e2 approaches its lower bounds 
(. b) and f;, f2 approaches its upper bound (u. b) and Uzq, (@) is found 


whene),e2 approaches its upper bound (u. b) and f;,f approaches its lower 


bound (1. b).Therefore the optimal solution for (3) are 


21156 —4228a —201a? +41a? +2a* 


l me Sand 
Lay ( ) 11837440+5979648a +1163232a7 +115050a? +6198a* +174a°+2a° 
_ 7932 +4111a+276a? —65a° +2a* 
uz, (a) 7 = ie 3 A 5 6 
qa 43897600 —16808160a +2582784a2—206166a7+9078a*—210a° +2a@ 


Lr); [bg @|_sxs[h.,@] 
mc) — \Rr(x); [HO] <x< PO] 
0; otherwise 
which is estimated as 


Lr(x); 0.00018 <= x <= 0.00041 
a in= eo 0.00178 = x = 0.00087 
0; otherwise 


oe Gee) uz, (6) = max a(t) 
Lay - hn = €1) »“La,y = AG — 2 


such that 


4—B<e,<5+8 
5 —3B <e,<8+3f 
(4) 
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20 — 26 < f, <224+26 


17-B<f,<18+8 
where 0 < f = 1. lias (f) is found when ej, ez approaches its lower bounds (I. 


b) and f;, f2 approaches its upper bound (u. b) and uz,, (B) is found when 


€,€2 approaches its upper bound (u. b) and f;,f5 approaches its lower bound 


(1. b). Therefore the optimal solution for (4) are 


17780—152886 +189787+49087+218* 
L, (B)= B B B B nd 
qi 


Ss Ss SSS SSS a 
586491844+39761568 6 +10033496f67 +1258640 62 +84384 B*+28968°+408° 


34496+176966 +553 B2-40687+218* 
27744000 —231472008 +673552087 —949264 82 +70504 B+-26568>+408° 


UL, (B)= 
The indeterminacy membership function is 


L(x); NG) <x< [li >), _, 
Iz, QD ~ )R (x); [a 6, SxS a ) 


0; otherwise 
which is estimated as 


L; (x); 0.00004 <= x < 0.00030 
Ir, ,@& = oy 0.00124 = x = 0.00501 
0; otherwise 


ae oR) uz, (Y) = max afta) 
Lg, \Y) = fiGi-e) |’ Am 4 doe as 


such that 
4—2y <e, <6+2y 
6-—y<e,<7+y (5) 
19 —2y < f, < 21+ 2y 
19-y<f,<20+y 
where 0 < y = 1. lias (vy) is found when ej, ez approaches its lower bounds (I. 


b) and f,, f2 approaches its upper bound (u. b) and U4,” is found when 


€1,€2 approaches its upper bound (u. b) and f;,f5 approaches its lower bound 


(1. b). Therefore the optimal solution for (5) are 


16984-10800y +610 y7+248y> +12y* 


2 3 5 6 and 
62974800 +39107880y+ 9385677y7+1134346y"? +73420y* +2424y°+32y 


lie :. (y)= 
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28158+11324y—62y7-200y? +12y* 
UL, (Y= 


The Falsity membership function is 
Le; [b,,M] sx [L.,0| 


Fr, @) = R-(x); ue, (y)| “7 < UL, (y)| 
y=0 1 y=1 
0; otherwise 
which is estimated as 
Lr(x); 0.00006 <= x = 0.00026 


Fr, @) = jR-(x); 0.00087 <= x < 0.00273 
0; otherwise 


For different values of a, 8,y € [0,1], the mean length of queue for higher priority 


Lg 


representation that illustrates the concepts of truth, indeterminacy, and falsity 


concerning the mean queue length of higher priority is shown in figure 4.2, 4.3 and 


4.4. 


Table 4.1 a, 8, y-cut for L,, 


[in |] g [AD] OY) [hy [a0 

x0 | ele? x 10~ | x 107% x 107° | x 10° 
o | 181 | 1.78 | 0 | 3032 | 124 | 0 | 27.00 | 087 
01] 198 | 166 | 0.1 0.97 
02| 216 | 155 |02 1.09 
03| 235 | 144 |03 1.22 
04} 256 | 134 |04 1.37 
05| 278 | 125 |05 1.53 
0.6| 3.02 | 116 | 0.6 1.72 
07| 3.28 | 108 |07 1.93 
08| 355 | 101 |08 2.16 
09| 384 | 0.94 |09 2.43 
1| 416 | 087 | 1] 446 | 5.01 | 1] 626 | 273 


32189287 —234577 80y +6399447y"—-864234 y> +61788 y*—2232y°+32y® 


_ 1s calculated and shown in table 4.1. Moreover, there is a graphical 


86 


New Trends in Neutrosophic Theory and Applications, Vol. III, 2024 
Figure 4.1 Truth value for L,, 


{=) 
_ 
N 
W 
1°) 


«10-3 


«10° 


Figure 4.3 Falsity value for L,, 


The performance function of Ee of a is listed as follows. 


a (6) 
0-A)0-F-#) 


7 air a ay (7) 
(1-F)0-F-¥) 


Equation (6) and (7) with (3) give the following results: 
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: tH 10576+4600a +205 a?—63a*+2a* and 
Lq2\"* 78080-36384a +5424a7-310a7 +6a* 


24682+4345a—254a? +39a7+2a* 
uy (a)= 2 3 4 
a2 98604+11562a@+2958a7+238a°+6a 


Lr(x); 0.13545 < x < 0.32723 


T;,, (x) = eo 2.50324 < x < 0.81725 


0; otherwise 


The performance function of La of B is listed as follows. 


fe 
(1-A)(1-#-¥) 


uz, (B) = max (1 -%)(1-4-2) 
fi fi he 
Equation (8) and (9) with (4) give the following result: 


14224-72528 +22487+147B87 +7p* 
l,,,(B)= = sar and 
q2 667084603528 + 1617987+13548°+358 


u, (8)= 21560+72876 -17587-11987°+7B* 
Laz? 21216-31916 +12327B? -121482+35B4 


L,(x); 0.05082 < x < 0.21322 


Iz,,) = oy 1.01621 < x < 63.75 


0; otherwise 


The performance function of La, of y is listed as follows. 


L(y) = min| -—__2-_~ 
oe N\G-9)0-4-9) 


UL, (y) = max 7. €1\(.. €,. €2\ 
DED 
( fi fi oh, 
Equation (10) and (11) with (5) give the following results: 


; Hie 25476—7708y—239y7+100y?+6y* ana 
Lap - 72760+56789y+13178y7+1006y*+24y* 


* 3285 1+6954y—503y2 —76y? +6y* 
Laz YI= 28158—33364y+10304y2-910y7+24y* 


(8) 


(9) 


(10) 


(11) 
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Lr(x); 0.12266 = x = 0.35013 


Fr, («) =jRr(x); 1.16666 <x < 9.31433 
0; otherwise 


For varying values of a, 8, y € [0,1], the average length of the queue for tasks 


with lower priority La is determined and shown in table 4.2. Additionally, a 


graphical depiction illustrating the concepts of truth, uncertainty, and falsehood 
concerning the mean queue length of lower priority is presented in figures 4.4, 


4.5, and 4.6. 


Table 4.2 a, B, y-cut for L,, 


c [,@ la, Ob [ig Ola] 7 [hg [07 
0 | 0.1354 | 2.5032 | 0 | 0.2132 | 1.0162 | 0 | 0.3501 | 1.1666 
0.1 1.2281 | 0.1 | 0.3144 | 1.3457 
0.2 1.5022 
0.3 1.8656 | 0.3 | 0.2543 | 1.8313 
0.4 2.3624 


2.5 


Figure 4.4 Truth value for L,,, 
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4.1F T T T T T r T T T | 


0 2 = 6 8 10 12 14 16 18 


Figure 2.7 Falsity value for L,, 


The performance function of W, _ of a is listed as follows. 


- La, (a) 
lwa, (a) = min a (12) 
L 
uy, (a) = max bq, (a) (13) 


ey 
Equation (12) and (13) with (3) give the following results: 


7932+4111a+276a? —65a? +2a* 


l ee 
Wa, ( ) 263385600—144746560a +32304864a2 —3819780 a? +260634a* —10338a°+222a°-2a7 
and 
_ 21156—4228a—201a*+41a* +2a* 
uy, (a)=— 3 3 at 5 ra 7 
a1 355123 20+29776384a +9469344a7 +1508382a? +133644a* +6720a°+180a°+2a 
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L7(x); 0.00003 <= x = 0.00008 


Tw, (*) = ao 0.00021 < x < 0.00059 
0; otherwise 


The performance function of Wy, of B is listed as follows. 


Iw, (B) = min (“a2 (14) 
q1 e; 
L 
uw,, (B) = max (=) (15) 


Equation (14) and (15) with (4) give the following result: 


lw, (B)= 


17780-—152888 + 189787+49087+21p* 
469193472 +4940400968 + 199552672 B2 +40169608 8° +4450992 B*+2763208°+90088°+12087 


and 


Uw, (B)= 


34496+176968 +553 B2-4068°+21 6+ 
138720000—1989680008 + 103119200 82 -—24952880 8° +3200312 8*—-224792B8> +8168 B°-12087 


L(x); 0.000004 < x <= 0.00003 
lw, 0) = fri 0.00024 < x < 0.00250 
0; otherwise 


The performance function of Wa, of y is listed as follows. 


lw. (vy) = min (= oz (16) 
q1 ey 
uy, (y) = max (=) (17) 
41 ej 


Equation (16) and (17) with (5) give the following results: 


lw 7 (y)= 


16984—10800y +610y? +248y? +12y* 


2 3 5 sand 
377848800 +360596880y +134529822 y* +25577430y*+2709212y7*+161384y> +5040y°+64y 


Uw, (Y= 


28158+11324y —62y?—-200y?+12y* 
128757 148-158209694y +72513348y2— 16255830 y? +1975620y*—132504y°+4592y°—64y" 


Lr(x); 0.000007 <= x <= 0.00004 
Fw, (x)= breco 0.00021 = x = 0.00136 
0; otherwise 
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For varying parameters of @,f,y € [0,1], The typical waiting duration in the 


queue with higher priority W, 


a1 is calculated and shown in table 4.3. Moreover, 


there is a graphical depiction illustrating the concepts of truth, uncertainty, and 
falsity regarding the mean waiting time in the queue with higher priority, as 


depicted in figures 4.7, 4.8, and 4.9. 


Table 4.3 a, B, y-cut for W,, 


lw, (a) Uw, (a) lw, (P) Uwe, (2) 
x107° | x 1074 x 107° x 1074 


«10-4 


Figure 4.7 Truth value for W,, 


On 
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1+ 


0.9F 


0.8} 


0.7} 


0.6} 


0.5; 


0.4} 


0.3} 


0.2} 
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Figure 4.9 Falsity value for W,, 


The performance function of W,., of o is listed as follows. 


lw. (a) = min (“2 


2 


Uw,, (a) = max (=) 


2 


Equation (18) and (19) with (3) give the following results: 


10576+4600a+205a? —63a? +2a* 


l = Ee 
We, ) 546560—332768a + 74352a2—-7594a°+352a*-—6a> 


and 


(18) 


(19) 
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24682 +4345a —254a7 +39a? +2a* 


Uu QQ e_ ee _————————_— 
Wa> ( ) 39440 +56108a +23394a7+3910a" +262a* +6a°> 


Lr(x); 0.01935 =x <= 0.05453 
Tw, (*) = ao 0.16362 <x < 0.62581 
0; otherwise 


The performance function of W,, of B is listed as follows. 
_ (hq, 8) 
Iw, (8) = min (=) (20) 


Uy, (6B) = max (=) (21) 
q2 ez 


Equation (20) and (21) with (4) give the following result: 


ly. (B)= 14224-72528 +224B7+14787+7 Bt 
Wap 333540+368468 6 +14124787 +2294987 +1529 B++35p° 


and 


uy (B)= 21560+72878-17587-11987+7B* 
Wa  84864-1488808 +8122482 -17183 B2 +1354 84-3585 


L,(x); 0.00847 <= x <= 0.04264 
lw, (X) = fro 0.2540 < x < 21.25 
0; otherwise 


The performance function of Wy, of y is listed as follows. 


lw, (vy) = min (2) (22) 


€2 


a ee (2) (23) 
q2 e> 


Equation (22) and (23) with (5) give the following results: 


bw 25476—-7708y —239y7+100y?+6y* 
Wa, YI 509320+470346y +149044y7+20220y24+1174y*+24y> 


and 
oe 3285 14+6954y—503y?—76y?+6y* 
War <- 168948 —228342y+95188y? -15764y?+1054y* —24y> 
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Le(x); 0.05001 = x = 0.15333 


Fy, (x) = jR,r(x); 0.19444 <x < 1.86286 
- 0; otherwise 


For varying values of a, 8,y € [0,1], the mean waiting duration in the queue with 


lower priority queue W, , 1s determined and shown in table 4.4. Additionally, there 


is a graphical depiction illustrating the concepts of truth, uncertainty, and falsity 
regarding the mean waiting time in the queue with lower priority, as displayed in 


figures 4.10, 4.11, and 4.12. 


Table 4.4 a, 8, y-cut for W,,, 


AONE ig 
0.6 
8 
Ae) 


0.7 | 0.0139 1.7841 | 0.7 | 0.0217 | 0.7401 


1 | 0.0084 21,25 1 | 0.0153 | 1.8628 


0 0.1 02 03 0.4 0.5 0.6 


Figure 4.10 Truth value for W,, 
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1+ 


0.9; 


0.8 


0.7; 


0.6 


0.5 


0.4; 


0.3; 


0.2; 


0 1 2 3 4 5 


Figure 4.11 Indeterminacy value for W,,, 


Figure 4.12 Falsity value for W,,, 


4. FUTURE RESEARCH DIRECTIONS 


As a future work, other important performance measures can be analysed. 
Ranking technique could be employed with this proposed work for analysing 


decision -making problem. 


5. CONCLUSIONS 


Models of queueing with priority find application in various real-world 
scenarios, including urgency management in hospitals, communication networks, 
and other scenarios. The parameters used in queueing decision models may often 
be uncertain, leading to imprecise system performance measures. This paper 


introduces and outlines a single-server queueing model employing a non- 
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preemptive priority discipline. The model's service time and arrival time are 


articulated through a_ single-valued trapezoidal neutrosophic numbers. An 
illustration is given to demonstrate the efficiency assessment of the proposed 
model, integrating the membership degrees of truth, uncertainty, and falsehood of 


SVTNN. This method illustrates enhanced efficiency. 
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ABSTRACT 


In the changes in the economy and dynamic market environment, franchisee business partnership 
is an important factor in the growth and strengthening of businesses. Technological developments 
and uncertain conditions are increasing this importance. We are faced with uncertainty in solving 
real life problems. Interval-valued neutrosophic set is an effective method used to solve problems 
with uncertainty and complexity. The aim of this study is to determine the criteria that affect 
franchisee selection in the global cafe chain business. Franchisee selection problem has been 
investigated with interval-valued neutrosophic AHP. In the research, the priorities of the criteria 
and the scoring of the experts were taken into consideration. According to the results of the 
analysis, while the location was found to be the most important criteria, personal condition was 
obtained as the least important one. 


KEYWORDS: Franchisee selection, cafe chain, interval-valued neutrosophic set, interval- 
valued neutrosophic AHP. 


I. INTRODUCTION 


The number of cafe businesses in the service sector is increasing day by day. This increase, 
especially in cafe chain businesses, attracts the attention of investors in this direction. Investors 
who want to become dealers of chain businesses with the franchisee system become a problem 
that needs to be carefully decided in terms of franchisor businesses. Because the right choice of 
business partner eliminates the negative monetary and strategic effects on the brand and increases 
success. At the same time, franchisee partner selection is an important issue in the growth and 
strengthening of businesses. 


We have to struggle with many uncertainties in the decision problems we encounter in daily life. 
Scientists have presented theories such as mathematics, probability and fuzzy sets from past to 
present in solving such problems with uncertainty. Fuzzy set theory developed by Zadeh (1965) 
has been frequently used in solving problems involving uncertainty. Zadeh defined a fuzzy set as 
a membership function taking values in the interval [0,1], which is a set different from the empty 
set. Later, fuzzy sets appear in different structures such as intuitionistic fuzzy sets proposed by 
Atanassov (1986) and neutrosophic sets proposed by Smarandache (1998). In intuitionistic fuzzy 
set theory, uncertainty is analysed with membership and non-membership functions. Neutrosophic 
sets are a general version of fuzzy sets. In the case of neutrosophic sets, the uncertainty function is 
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considered a separate term, and each element x is characterized by a truth membership function 


T(x), an uncertainty membership function I,(x), and a falsity membership function F(x). 
Wang et al. (2010) defined single-valued neutrosophic sets. Single-valued neutrosophic sets can 
be used feasibly to deal with real world decision problems. Neutrosophic sets were later included 
in the literature with different extensions. One of these extensions is interval valued neutrosophic 
sets. 


The purpose of this article is to present a model for identifying important criteria for franchisors 
to select the most suitable franchisees. Decision makers often have to make their choices under 
the influence of multiple conflicting criteria. In such cases, multi-criteria decision making gives 
the opportunity to choose the best among multiple alternatives. AHP is one of the multi-criteria 
decision making techniques. In this study, interval-valued neutrosophic AHP multi-criteria 
decision making approach is used to analyze the franchisee selection problem. The study was 
conducted in a global cafe chain. The study is structured as follows. The second section includes a 
literature review on franchisee selection. The third section includes the preliminary part consisting 
of fuzzy, intuitionistic fuzzy, neutrosophic, interval-valued neutrosophic sets and the application 
technique interval-valued neutrosophic AHP technique. The fourth part of the study covers the 
analysis of franchisee selection criteria with IVN-AHP. The study concludes with findings and 
conclusion. 


2. LITERATURE REVIEW 


Various studies on franchisee selection have been observed in the literature. Franchisee, which 
basically means concession holder, also appears with different words such as dealer and 
distributor in studies. Tatham et al (1972), examined the franchisor and franchisee selection 
processes. It has taken the criteria in the educational background, personality (the ability to meet 
the public and win respect), health, past work experience, credit, or financial standing, the 
franchisee would personally manage operations at the restaurant franchisor's selection. In the 
selection of franchisees, it has taken the franchisor’s capital requirements, franchisor’s training 
program, franchisee agreement’s fairness, franchisor’s reputation and progressiveness, 
franchisor’s demonstrated profitability, recognized demand for the franchisor’s product criteria. 
These criteria were analyzed with testing the hypothesis, Kolmogorov Smirnov One Sample 
Test. Watson et al., (2016) studied franchisee selection theory. Criteria namely franchisee age, 
number of franchisees and sector were examined by hypothesis test. Ramirez-Hurtado et al 
(2011), identified the franchisee profiles that franchisors prefer. Characteristics related to 
franchisee profile in terms of the review of literature can be stated as follows: shrewdness, self- 
esteem, management ability, human relations ability, entrepreneurial character, ethical 
behaviour, creativity, need of achievement, willingness to work hard, communication, age, 
emotional stability, marital status. Brookes and Altinay (2011), determined how different 
selection criteria affect the selection process with data analysis. Ramdhani et al. (2021), analyzed 
the franchisee selection process, capital, sales points, BEP (Break even point), franchisee fees 
and profit criteria with the smart technique. Traneva and Tranev (2022), considered franchisee 
selection problem by using intuitionistic fuzzy sets. Studies on franchisee selection are 
summarized in Table 1. 
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Table1: Literature on franchisee selection 


Author(s) 


Clarkin and 
Swavely 


Method(s) 


Statistical analysis 


AHP 
ENTROPY 


and 


Objecives 


Determine the criteria 
for franchisors to 
evaluate franchisees 


Determine the 
essential criteria 
releated to franchisee 
selection 


101 
Criteria 
Financial net worth, general business 
experience, industry experience, formal 


educations, psychological profile, personal 
interview. 


Personal location, personal background, 
financial situation,business ability, location 
condition, area, traffic, consumer. 


selection 


franchisee selection 


Faradillah et | AHP, decision | Franchisee outlet | Franchisee fee, continuing franchisee fee, 
al support system selection franchisor size, franchisor reputation 
Sivakumar Social and | Application analysis | Financial net worth, business experience, 
and commercial of commercial | formal education, local market knowledge, 
Schoormans_ | franchisee impact | franchisee — selection | personal profile, 

on franchisee | criteria in social 


ELECTRE I, 
TOPSIS 


Dealer selection 


Prestige, Location, professionalism, potential 
customer, financial status, Service area 
adequacy, Experience in the sector, Land 
situation 


Urevic 


Literature review 
and proposal 
selection model 


Examined fit between 


franchisor and 
franchisee. 

Determine the 
franchisee — selection 


criteria for restaurant 
businesses 


Internationalization fit, interpersonal fit, 
objective fit 

Brand name/_ reputation, brand age, 
recognition, Franchisee support, training, 


consultancy, call centre availability, scaling, 
geographical suitability, regional agreements, 
growth options, Operational processes, 
quality, monetary conditions 


Kiran et al. 


Content analysis 


Determine the factors 
that franchisees take 
into account in the 
selection of the 
franchisor 


Product diversity, bilateral relations, brand, 
company potential, professionalism, product 
and service standard, suitability of investment 
conditions, profitability rate, logistic support 


Calderon- 
Monge, 
Sariz 
Garcia 


and 


TOPSIS 


Determine the models 
and criteria used in 
internationalisation 
Design a model 
proposal that 
franchisors can 
objectively evaluate 
franchisees in a 
selection process. 


Cost, time, support, trust, ease 


Talent, respect for the customer (friendship), 
good public relation, Behaviour, belief in the 
product concept, motivation, interest in 
healthy lifestyle, Past experience, location, 
commercial vision, sectoral experience, 
management ability, business capacity, 
entrepreneurial spirit. 


Besides studies related to MADM in interval neutrosophic set environment can be summarized as 


below: 


Mondal et al. (2018) proposed tangent similarity measure of interval valued neutrosophic sets and 
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presented a MADM strategy based on this similarity measure namely the selection of a suitable 
sector for money investment of a government employee for a financial year. Dalapati et al. (2017) 
defined a new cross-entropy measure namely IN-cross entropy under the interval neutrosophic set 
environment and developed a novel MAGDM strategy. Dey et al. (2016) examined an extended 
grey relational analysis method for MADM problems under the interval neutrosophic uncertain 
linguistic environment. Pramanik and Mondal (2015) introduced MADM based on interval 
neutrosophic sets and extended the single-valued neutrosophic grey relational analysis to an 
interval neutrosophic environment. 


3. PRELIMINARIES 


In this section, we will give basic definitions of fuzzy set, intuitionistic fuzzy set, neutrosophic 
set, single-valued neutrosophic set, interval-valued neutrosophic set, interval valued neutrosophic 
AHP. 


3.1. Fuzzy set 


Let E be a universal set and let x be a general element in this set. Fuzzy set A defined as: 


A= {(x,ng@)):x € X} (1) 
The degree of the membership function t1z(x) is also called the degree of accuracy. The degree of 
membership function takes values between O and 1 and is defined as pg(x): X—[0,1] 


(Bhattacharyya et al. 2018). 
3.2. Intuitionistic fuzzy set 


Let E be a universal set and let x be a general element in this set. Intuitionistic fuzzy set A defined 
as: 


Al = {(x, wg(x), vg(x))| x € X} (2) 


The degree of membership 1,7 and the degree of non-membership vj take values between 0 and 
1 , and they are defined as : 1: X — [0,1] ve vaiXx — [0,1]. 
3.3. Neutrosophic Set 


Let E be a universal set and let x be a general element in this set. The neutrosophic set A defined 


in E is characterized by truth Ty(x), indeterminacy I (x) and falsity F4(x) membership 
functions. These membership functions take values Tg: E —]0, 1*[, Ig: E —]0, 1°[, Fa: E 


—]0, 1*[ and sum of them ; VX E,07 = Ta(x) + Ia(X) + Fa(x) = 3° | A neutrosophic set is 
defined as: 


A = {(x,T,(), I(x), Fa(x)): x € E} (3) 
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3.4. Single Valued Neutrosophic Set 
Wang et al. (2010) developed single valued neutrosophic sets to be applied to real life problems. 
Single valued neutrosophic set is characterized by, truth-membership function Ts (x): X—[0,1], 
indeterminacy-membership function I,(x):X-—>[0,1] and _ falsity-membership function 
F(x):X—>[0,1]. There is not restriction on the sum of T, (x), Ia (x) and Fa (x), 
0 = T,(x) +I,(«) + Fax) = 3 
The single valued neutrosophic set is defined as: 


A = {x,T,(), I(x), F,(x)): x € E} (4) 


3.5. Interval Valued Neutrosophic Set 
Let E be a universal set and let x be a general element in this set. The interval-valued 
neutrosophic set A defined in E is characterized by truth Ta(x), indeterminacy I,(x) and 
falsityF (x) membership functions. Where with the condition; 
Ta(x) = [T(@X), T7 @)] S [0,1], 
I,(x) = [IF @),14'@)] & [0,1], 
F,(c) = [FE (x), EZ (c)] © [0,1] the interval-valued neutrosophic set is defined as: 
A= {x, [Ti (%), T7 @&)1, G@),1@)1, [Er @), FP @)] x € E} (5) 


3.6. Interval Valued Neutrosophic AHP 

Saaty (1998) developed the Analytic Hierarchy Process (AHP) method. It is one of the most 
inclusive methods in solving multi criteria decision making problems. This method deals with 
problems in a hierarchical structure. At the top level of the hierarchy is the goal and at the bottom 
level are the different alternatives that need to be decided (Arquero et al. 2009). The AHP method 
is then used to solve different problems with different structures of fuzzy sets. One of these is the 
interval-valued neutrosophic AHP. 

Interval- valued neutrosophic AHP method is similar to AHP method and is simple to implement. 
In the following the steps of the interval-valued neutrosophic AHP method are presented (Ricardo 
et al., 2021): 


Step 1: The pairwise comprasion matrix (P) is constructed. To construct the matrix, the linguistic 
terms given in Table 2 were used. 


Step 2: (P) pairwise comparison matrix is converted into the interval -valued neutrosophic 
comparison matrix constructed using Table 2. 

TT) d FF) (Th) FF) i Tin) te lin) [Fie Fin] 
g)-| TAL AIP Pe) (rh. TELUEIPE PS) a 6) 


[Tra-Tral Una ma) Fre Fr) (Tz Ta2) Un2-Ina)Fn2Fr2] -- Titne Trm]) Ete Ltn) Fite Firm] 
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Table 2: Scale of Interval-Valued Neutrosophic AHP 


Linguistic Term FU 
smear ono 
esheets 
More important 0.7 0.15 | 0.25 0.2 0.3 
hee I hd 
Equal importance 0.5 
Weakly less important 0.4 0.5 0.55 | 0.65 0.5 0.6 


Absolutely less important 0.2 0.9 rari 0.9 


Step 3: P is deneutrosophicated to check for consistency. The neutrosophic matrix is evaluated as 
consistent only if the deneutrosophicated matrix is determined to be consistent. 


N is deneutrosophicated as below (Bolturk and Kahraman, 2018): 

TE(x)+ TH (x) rh (x)+ 18 (x) (x)+ Fy (x) 
p(W)=(BOXWO 4 C1¢R)y) (a — BEE ) _ (1 — ee) RE) (7) 
Step 4: i criteria Be are — 


Be ata eg ei a ‘ 
ne b> Os Ao OE Ae bs a = 74 Ye-aFny’ Lk=1Fij 


Where n indicates the number of criteria. 


one 


Step 5: The neutrosophic weight vector (Wy; J) is determined by taking the mean of each row. 


" L U 

1 se Te ye=1 7a K=1 7 4 er _i_ 7 be ae yir=1 sine 
= k=1 pa Fd Tj thas Te Pk Paka ley 1 Fi; pe Fy; 
‘i n : n n : n . n 
(9) 


Step 6: The criteria weights are determined as given in Equation 7. 
Step 7: The weights are normalized to determine final weights. 
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4. CASE STUDY 


105 


Main criteria and sub-criteria that are considered for this study are shown in Table 3. 


Table 3: Main criteria and sub-criteria 


Main Code References Sub-criteria Code _ | References 
criteria 
Tatham et al. 1972; Hsu and Chen, 2008 
Financial Cl Karaman and ili C12 Valeri, 2020 
Condition Yildiz, 2021; | Covering the | C13 Valeri, 2020 
Valeri, 2020; Hsu | franchisee fee 
and Chen, 2008 
Hsu and Chen, | Accessibility C21 Valeri, 2020 
Location C2 2008; Calderon- | Geographical C22 Valeri, 2020 
Monge, Sariz and | suitability 
Garcia, 2021 Closeness to center C23 Karaman and Yildiz, 
2021 
Sivakumar and | Education Hsu and Chen,2008 
Personnel C3 Schoormans, 2011; | Knowledge Hsu and Chen,2008 
and Chen, | Social relationship Hsu and Chen,2008 
Pern ee Valeri, 2020 Awareness Valeri, 2020 
Reputation C4 Trustworthiness C42 Metin, 2020 
Hsu) and _ Chen, | Fiscal status Hsu and Chen,2008 
Personal 2008 Famousness C52 Valeri,2020 
condition C5 Education level C53 Hsu and Chen, 2008; 
| Gaul, 2014; Valeri, 
2020 


Experience 


C54 


Hsu and Chen, 2008; 
Caldeon-Monge, Sariz 
and Garcia, 2021 


Pairwise comparison of main criteria for DM1 are given in Table 4. 


Table4: Pairwise comparison of main criteria for DM1 


C3 


C4 


C5 


WMI 


WMI 


MI 


Similarly, pairwise comparisons of the main criteria for other DMs are given in the following 


tables. 
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Table 5: Pairwise comparison of main criteria for DM2 


Table6: Pairwise comparison of main criteria for DM3 


DM3 


Cl C2 


WLI 


106 


All CR values are smaller than the threshold so consistency of pairwise comparisons related to 
main criteria is consistent. Following to that interval valued neutrosophic evaluation matrix by 
taking linguistic terms given in Table 2 into the account. Interval valued neutrosophic evaluation 


matrix of main criteria for DM1,DM2 and DM3 are given in Tables 7,8 and 9 respectively. 


Table7: Interval valued neutrosophic evaluation matrix of main criteria for DM1 


Cl 


C2 


C3 


C4 


[0.50,0.50], 
[0.50,0.50], 
[0.50,0.50] 
[0.60,0.70], 
[0.25,0.35], 
[0.30,0.40] 
[0.40,0.50], 
[0.55,0.65], 
[0.50,0.60] 
[0.40,0.50], 
[0.55,0.65], 
[0.50,0.60] 
[0.30,0.40], 
[0.65,0.75], 
[0.60,0.70] 


[0.40,0.50], 
[0.55,0.65], 
[0.50,0.60] 
[0.50,0.50], 
[0.50,0.50], 
[0.50,0.50] 
[0.40,0.50], 
[0.55,0.65], 
[0.50,0.60] 
[0.30,0.40], 
[0.65,0.75], 
[0.60,0.70] 
[0.30,0.40], 
[0.65,0.75], 
[0.60,0.70] 


[0.60,0.70], 
[0.25,0.35], 
[0.30,0.40] 
[0.60,0.70], 
[0.25,0.35], 
[0.30,0.40] 
[0.50,0.50], 
[0.50,0.50], 
[0.50,0.50] 
[0.60,0.70], 
[0.25,0.35], 
[0.30,0.40] 
[0.30,0.40], 
[0.65,0.75], 
[0.60,0.70] 


[0.60,0.70], 
[0.25,0.35], 
[0.30,0.40] 
[0.70,0.80], 
[0.15,0.25], 
[0.20,0.30] 
[0.40,0.50], 
[0.55,0.65], 
[0.50,0.60] 
[0.50,0.50], 
[0.50,0.50], 
[0.50,0.50] 
[0.40,0.50], 
[0.55,0.65], 
[0.50,0.60] 


[0.70,0.80], 
[0.15,0.25], 
[0.20,0.30] 
[0.70,0.80], 
[0.15,0.25], 
[0.20,0.30] 
[0.70,0.80], 
[0.15,0.25], 
[0.20,0.30] 
[0.60,0.70], 
[0.25,0.35], 
[0.30,0.40] 
[0.50,0.50], 
[0.50,0.50], 
[0.50,0.50] 
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Table 8: Interval valued neutrosophic evaluation matrix of main criteria for DM2 


[0.50,0.50], [0.30,0.40], [0.70,0.80], [0.60,0.70], 
[0.50,0.50], [0.65,0.75], [0.15,0.25], [0.25,0.35], 
[0.50,0.50] [0.60,0.70] [0.20,0.30] [0.30,0.40] [0.10,0.20] 


(0503s) ((esn0s01 saz asain [0.80,0.90], 


[0.80,0.90], 
[0.05,0.10], 


[0.15,0.25], [0.50,0.50], [0.15,0.25], [0.05,0.10], [0.05,0.10], 
[0.20,0.30] [0.50,0.50] [0.20,0.30] [0.10,0.20] [0.10,0.20] 


[0.30,0.40], [0.30,0.40], [0.50,0.50], [0.60,0.70], [0.80,0.90], 
[0.65,0.75], [0.65,0.75], [0.50,0.50], [0.25,0.35], [0.05,0.10], 
[0.60,0.70] [0.60,0.70] [0.50,0.50] [0.30,0.40] [0.10,0.20] 


[0.40,0.50], [0.20,0.30], [0.40,0.50], [0.50,0.50], [0.70,0.80], 
[0.55,0.65], [0.75,0.85], [0.55,0.65], [0.50,0.50], 


[0.15,0.25], 
[0.50,0.60] [0.70,0.80] [0.50,0.60] [0.50,0.50] [0.20,0.30] 


[0.20,0.30], [0.20,0.30], [0.20,0.30], [0.30,0.40], [0.50,0.50], 
[0.75,0.85], [0.75,0.85], [0.75,0.85], [0.65,0.75], [0.50,0.50], 
[0.70,0.80] [0.70,0.80] [0.70,0.80] [0.60,0.70] [0.50,0.50] 


Table9: Interval valued neutrosophic evaluation matrix of main criteria for DM3 
Cl C2 C3 C4 
[0.50,0.50], [0.40,0.50], [0.60,0.70], [0.40,0.50], [0.60,0.70], 
((osoas0 ((o3s0cs1 (0350351 ((oss0csi asass 
[0.50,0.50] [0.50,0.60] [0.30,0.40] [0.50,0.60] [0.30,0.40] 
[0.60,0.70], [0.50,0.50], [0.80,0.90], [0.50,0.50], [0.90,0.95], 
(0350251 ((osoas0 ((os:0:01 ((ssn0s01 aoaos 
[0.30,0.40] [0.50,0.50] [0.10,0.20] [0.50,0.50] [0.05,0.15] 
[0.40,0.50], [0.20,0.30], [0.50,0.50], [0.30,0.40], [0.60,0.70], 
((oss0csi ((o7s0asi ((esn0s01 ((oss0751 asa 
[0.70,0.80] [0.50,0.50] [0.60,0.70] [0.30,0.40] 


[0.50,0.60] 
[0.60,0.70], [0.50,0.50], [0.70,0.80], [0.50,0.50], [0.80,0.90], 
[0.25,0.35], [0.50,0.50], [0.15,0.25], [0.50,0.50], [0.05,0.10], 


[0.30,0.40] [0.50,0.50] [0.20,0.30] [0.50,0.50] [0.10,0.20] 


[0.40,0.50], [0.10,0.20], [0.40,0.50], [0.20,0.30], [0.50,0.50], 
[0.55,0.65], [0.90,0.95], [0.55,0.65], [0.75,0.85], [0.50,0.50], 
[0.50,0.60] [0.80,0.90] [0.50,0.60] [0.70,0.80] [0.50,0.50] 


After that normalization process is applied for main criteria. The normalized pairwise comparison 
matrix for main criteria in terms of DM1,DM2 and DM3 are given in Tables 10,11 and 12 
respectively 
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Table10: The normalized pairwise comparison matrix for main criteria in terms of DM1 


[0.17,0.17] 


(eae 
[0.18,0.18] 


[0.17,0.22] 
[0.17,0.20] 
[0.16,0.19] 


[0.20,0.23], 
[0.11,0.15], 
[0.12,0.17] 


[0.20,0.23], 
[0.10,0.14], 
[0.12,0.17] 


[0.19,0.22], 
[0.09,0.16], 
[0.11,0.17] 


[0.23,0.27] 
[0.09,0.12] 
[0.11,0.14] 
[0.19,0.22] 


((sssnas 
[0.18,0.21] 


[0.22,0.22] 
[0.15,0.15] 
[0.16,0.16] 
[0.17,0.22] 
[0.17,0.20] 
[0.16,0.19] 


[0.20,0.23], 
[0.11,0.15], 
[0.12,0.17] 
[0.17,0.17], 
[0.22,0.22], 
[0.21,0.21] 


[0.23,0.27], 
[0.06,0.10], 
[0.08,0.12] 
[0.13,0.17], 
[0.23,0.27], 
[0.21,0.25] 


[0.19,0.22], 
[0.09,0.16], 
[0.11,0.17] 
[0.19,0.22], 
[0.09,0.16], 
[0.11,0.17] 


[0.15,0.19] 
[0.19,0.22] 
[0.18,0.21] 
[0.22,0.26] 


(oz2a20 
[0.21,0.25] 


Cl 


[0.13,0.17] 
[0.20,0.23] 
[0.19,0.23] 
[0.13,0.17] 
[0.20,0.23] 
[0.19,0.26] 


C2 


| 


[0.20,0.23], 
[0.11,0.15], 
[0.12,0.17] 
[0.10,0.13] 
[0.28,0.33] 
[0.25,0.29] 


| 


[0.17,0.17], 
[0.21,0.21], 
[0.21,0.21] 
[0.13,0.17] 
[0.23,0.27] 
[0.21,0.25] 


C4 


[0.17,0.19], 
[0.16,0.22], 
[0.17,0.22] 
[0.14,0.14] 
[0.31,0.31] 
[0.28,0.28] 


Cs 


Table11: The normalized pairwise comparison matrix for main criteria in terms of DM2 


[0.17,0.17] 
[0.17,0.17] 
[0.28,0.32], 
[0.05,0.08], 
[0.07,0.10] 
[0.12,0.16], 
[0.22,0.25], 
[0.21,0.24] 
[0.16,0.20], 
[0.18,0.22], 
[0.17,0.21] 
[0.08,0.12], 
[0.25,0.28], 
[0.24,0.28] 


((osraan 


[0.16,0.21] 
[0.18,0.20] 
[0.17,0.20] 
[0.26,0.26], 
[0.13,0.13], 
[0.14,0.14] 
[0.16,0.21], 
[0.18,0.20], 
[0.17,0.20] 
[0.11,0.16], 
[0.20,0.23], 
[0.20,0.23] 
[0.11,0.16], 
[0.20,0.23], 
[0.20,0.23] 


| 
| 
| 
| 


[0.24,0.28], 
[0.06,0.10] 
[0.08,0.12] 
[0.24,0.28] 
[0.06,0.10] 
[0.08,0.12] 
[0.17,0.17] 
[0.20,0.20] 
[0.20,0.20] 
[0.14,0.17], 
[0.22,0.26] 
[0.20,0.24] 
[0.07,0.10] 
[0.30,0.34] 
[0.28,0.32] 


aK 


)I 


[0.19,0.22], 
[0.12,0.17] 
[0.14,0.18] 
[0.25,0.28] 
[0.02,0.05] 
[0.05,0.09] 
[0.19,0.22], 
[0.12,0.17], 
[0.14,0.18] 
[0.16,0.16], 
[0.24,0.24], 
[0.23,0.23] 
[0.09,0.12], 
[0.32,0.37], 
[0.27,0.32] 


| 


[0.20,0.22] 
[0.05,0.10] 
[0.07,0.14] 
[0.20,0.22], 
[0.05,0.10], 
[0.07,0.14] 
[0.20,0.22], 
[0.05,0.10], 
[0.07,0.14] 
[0.17,0.20], 
[0.14,0.24], 
[0.14,0.21] 
[0.12,0.12], 
[0.48,0.48], 
[0.36,0.36] 
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Table 12: The normalized pairwise comparison matrix for main criteria in terms of DM3 


[0.17,0.17], 
[0.20,0.20], 
[0.20,0.20] 


[0.20,0.25], 
[0.16,0.19], 
[0.15,0.18] 


[0.18,0.21], 
[0.14,0.19], 
[0.15,0.20] 


[0.18,0.23], 
[0.17,0.20], 
[0.16,0.19] 


[0.16,0.19], 
[0.19,0.26], 
[0.18,0.24] 


[0.21,0.24], 
[0.10,0.14], 
[0.12,0.16] 
[0.14,0.17], 
[0.22,0.26], 
[0.20,0.24] 


[0.25,0.25], 
[0.14,0.14], 
[0.15,0.15] 
[0.10,0.15], 
[0.22,0.25], 
[0.21,0.24] 


[0.24,0.26], 
[0.02,0.05], 
[0.05,0.10] 
[0.15,0.15], 
[0.27,0.27], 
[0.25,0.25] 


[0.23,0.23], 
[0.15,0.15], 
[0.16,0.16] 
[0.14,0.18], 
[0.20,0.23], 
[0.19,0.23] 


[0.24,0.25], 
[0.00,0.04], 
[0.03,0.09] 
[0.16,0.19], 
[0.19,0.26], 
[0.18,0.24] 


The neutrosophic importance weights related to main criteria in terms of DM1,DM2 and DM3 are 


[0.21,0.24], 
[0.10,0.14], 
[0.12,0.16] 
[0.14,0.17], 
[0.22,0.26], 
[0.20,0.24] 


[0.25,0.25], 
[0.14,0.14], 
[0.15,0.15] 
[0.05,0.10], 
[0.26,0.28], 
[0.24,0.27] 


[0.21,0.24], 
[0.08,0.14], 
[0.10,0.15] 
[0.12,0.15], 
[0.30,0.35], 
[0.25,0.30] 


computed and given in Tables 13, 14 and 15 respectively. 


[0.23,0.23], 
[0.15,0.15], 
[0.16,0.16] 
[0.09,0.14], 
[0.23,0.26], 
[0.23,0.26] 


Table13: IVN importance weights for main criteria in terms of DM1 


[0.21,0.24], 
[0.04,0.07], 
[0.06,0.12] 
[0.13,0.13], 
[0.37,0.37], 
[0.30,0.30] 


DMT er 
C1 | 0.19213 0.21971 0.16472 0.14019 0.17442 
C2. | 0.21518 0.24176 0.10053 0.13695 0.11757 0.15249 
C3 | 0.16444 0.19305 0.21311 0.17352 0.20656 
C4 | 0.16352 0.19213 0.17198 0.20613 0.17442 0.20746 
C5 | 0.12360 0.15333 0.24907 0.27906 0.22878 0.25905 
Table14: IVN importance weights for main criteria in terms of DM2 

DM? | T4 r i iad FL FU 

C1 | 0.19735 0.22602 0.11438 0.14706 0.12632 0.16341 
C2 | 0.24690 0.27305 0.06342 0.09249 0.08174 0.12001 
C3 | 0.16756 0.19733 0.15238 0.18373 0.15722 0.19321 
C4 0.23767 0.18850 | 0.22340 
C5 | 0.09459 0.12626 0.30919 0.33902 0.27025 0.29995 
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Table15:IVN importance weights for main criteria in terms of DM3 


DM3 r a ye r FE FY 

C1 0.17814 | 0.20844 0.16979 | 0.20737 0.16892 0.20355 
C2 0.23189 | 0.24733 0.10597 0.10262 0.13274 
C3 0.13627 | 0.16759 0.21856 | 0.25333 0.20749 0.24013 
C4 0.22067 | 0.23878 


0.10337 0.12959 0.11868 0.14880 
0.27586 0.30372 0.24425 0.27476 
Crisp weights for main criteria in terms of DM1, DM2 and DM3 §are obtained via Eq.(7) and 


shown as Table 16. The main criteria weights for all DMs are aggregated via geometric mean. 
Then normalization process is applied and final weights related to main criteria are computed. 


C5 0.10596 0.13783 


Table16: The weights related to main criteria 


Main criteria DM1 DM2 DM3 Final weight 
C2 0.234731 0.256496 0.233400 0.241236 
C4 0.193661 0.187992 0.230392 0.203114 
C5 0.163108 0.139990 0.149402 0.150487 


According to Table 16 while location (C2) was found as the most important criterion having with 
the value of 0.241236, personal condition (C5) was acquired as the least important one with the 
value of 0.150487. 


Similarly, all the above steps are applied for each sub-criteria and crisp weights related to sub- 
criteria in terms of DM1, DM2 and DM3 are given in Table 17. 


Table17: The weights related to sub-criteria 


DM3 Final weight 
0.310343 0.311659 
0.397909 0.303963 
0.285838 0.384379 
0.308992 0.351303 
0.379211 0.327461 
0.308992 0.321236 
0.308992 0.315105 
C33 0.412249 0.397909 0.379211 0.399458 
C42 0.545238 0.500000 0.590415 0.547638 
C52 0.245700 0.236291 0.244616 0.241935 
C54 0.220591 0.254794 0.281586 0.250832 
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After that local and global importance weights of criteria/sub-criteria are obtained and shown in 
Table 18. 


Table18: Local and global weights of criteria/sub-criteria 


Main Weight Local Sub- Global Rank 
criteria criteria weight criteria weight 
C12 0.303963 | C12 0.065646 | 9 
Cl 0.215966 C13 0.083013 | 4 
C21 0.351303 | C21 0.084747 | 3 
C2 0.241236 | C23 0.321236 | C23 0.077494 | 6 
C31 0.059617 | 10 
C32 0.054004 | 11 
C3 0.189196 | C33 0.399458 | C33 0.075576 | 7 
C42 0.547638 | C42 0.111233 | 1 
C4 0.203114 
C51 0.036171 | 15 
C52 0.036408 | 14 
C5 0.150487 C53 0.040161 | 12 
C54 0.037747 | 13 


According to Table 18 while trustworthiness (C42) was found as the most important sub-criterion 
with a value of 0.111233, fiscal status (C51) was acquired as the least important one having a 
value of 0.036171. The ranking of other sub-criteria can be stated as: 


C41> C21 > C13 > C22 > C23 > C33 > C11 > C12 > C31 > C32 > C53 > C54 > C52. 
5. CONCLUSIONS 


As explained earlier, the purpose of this study is to provide a perspective on the criteria that are 
important in franchisee selection. The study presents the criteria that are important in the selection 
of franchisees of a global cafe chain business by taking into account the criteria in the context of 
the studies in the literature. 


The study has three specific purposes: 1-to identify the criteria for franchisors to evaluate the 
franchisee, 2-to rank the importance of the criteria considered by the franchisors, 3-to demonstrate 
the use of the IVN-AHP technique in determining the selection criteria. In the analysis, it is 
concluded that location (C2) is the most important criterion for decision makers in franchisee 
selection. The second most important criterion is financial condition (C1). These criteria are 
followed by reputation (C4), personnel (C3), and personal condition (C5). 


The analysis of this study is limited to the franchisee selection of a global cafe chain business. 
However, the study reveals that other criteria apart from the financial criteria are taken into 
account in the selection criteria as in the studies of Valeri (2020), Hsu and Chen (2008) etc. 
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Franchisors' selection of franchisees based on these and similar criteria will allow them to avoid 
future problems and make a quality selection. 


Researchers and decision makers can consider the selection criteria in more detail in their future 
studies and determine the selection criteria in different sectors and fields. In addition, [VN-AHP 
and other multi-criteria decision analysis methods can be used effectively in similar and different 
selection problems. In the future, researches specific to different businesses that examine 
subgroups of the service sector can also be conducted. 
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ABSTRACT 


In this paper, we define pentapartitioned number and the geometric aggregation operator. Some of 
their basic properties are established. Then, we develop a decision making strategy to solve multi- 
attribute group decision making under the pentapartitioned neutrosophic number environment. An 
illustrative example of multi attribute group decision making problem is solved to show the 
applicability of the developed strategy. 


KEYWORDS: Neutrosophic set, Single valued neutrosophic set, pentapartitioned neutrosophic set, 
pentapartitioned neutrosophic number, geometric aggregative operator. 


I. INTRODUCTION 


Smarandache (1998) defined the Neutrosophic Set (NS) by extending the Fuzzy Set (FS) 
(Zadeh, 1965) and the Intuitionistic FS (IFS) (Atanassov, 1986). Single Valued NS (SVNS) ( 
Wang et al., 2010) was proposed as a simple form of NS. Based on our-valued logic (Belnap, 
1977) and multi-valued refined neutrosophic logic (Smarandache, 2013), Quadripartition SVNS 
(QSVNS) ( Chatterjee et al., 2016) was introduced. Pramanik (2022) presented the Interval 
Quardiparitioned NS (IQNS). In 2020, Mallick and Pramanik (2020) defined the 
Pentapartitioned Neutrosophic Set (PNS) using multi-valued logic (Smarandache, 2013) by 
replacing indeterminacy with three independent components. Pentapartitioned neutrosophic graph 
was developed by Das et al. (2022) and Quek et al. (2022). Pramanik (2023a) developed interval 
PNS (IPNS) using PNS and Interval NS (INS) (Wang et al., 2005). Broumi et al. (2018), 
Pramanik (2020), and Pramanik (2022) presented an overview of NS, rough NS, and SVNS 
respectively. Ye (2014) developed the Single-Valued Neutrosophic (SVN) Weighted Averaging 
(SVNWA) and SVN Weighted Geometric (SVNWG) operators. Liu et al. (2014) developed the 
SVN Hamacher weighted averaging (SVNHWA), SVN Hamacher ordered weighted averaging 
(SVNHOWA), SVN Hamacher weighted geometric (SVWNHWG) and SVN Hamacher ordered 
weighted geometric (SVNHOWG). Peng et al. (2016) characterized the operations of SVN Set 
(SVNS) and developed the SVN Ordered Weighted Average (SVNOWA) and SVN Ordered 
Weighted Geometric (SVNOWG) operators. Nancy and Garg (2016) proposed the Frank norm- 
based weighted averaging and geometric operators namely, SVN Frank weighted averaging and 
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geometric operators denoted by SVNFWA and SVNFWG respectively. Pramanik (2023) 
developed pentapartitioned neutrosophic average operating operator. 

Multi-Attribute Decision Making (MADM) (Ye, 2013; Dey, Pramanik, & Giri, 2015; 
Pramanik, Dalapati, Alam, & Roy, 2018; Pramanik, Dalapati, Alam, Smarandache, & Roy, 2018, 
Mondal, Pramanik, & Giri, 2018a, 2018b; Pramanik, Dey, Smarandache, & Ye, 2018; Mallick & 
Pramanik, 2019, 2020, 2021a, 2021b, Pramanik & Mallick, 2018, 2019; Pramanik & Mondal, 
2015b; Smarandache & Pramanik, 2016, 2018) is a branch of operational research that deals with 
the structure of decision making involving conflicting criteria and chooses the best alternative 
from a set of feasible alternatives. To deal with group decision making, MADM is extended to 
Multi-Attribute Group Decision Making (MAGDM). There exists a vast literature on MAGDM 
(Pramanik, Banerjee, & Giri, 2016; Dalapati, Pramanik, Alam, Smarandache, & Roy, 2017; 
Mondal, Pramanik, & Giri, 2018c; Pramanik, & Dalapati, 2018).) in neutrosophic environments. 
Different weighted average operators were defined in different fuzzy and neutrosophic 
environments to solve the MAGDM problems. PNS ( Mallick & Pramanik, 2020) is a newly 
developed set and its number, and aggregation operators are to be developed. Das, Shil, and 
Pramanik (2021) developed the Grey Relational Analysis (GRA) based MADM strategy in the 
Pentapartitioned Neutrosophic Number (PNN) environment by extending the GRA (Biswas et al., 
2014a, 2014b) based MADM strategy in the SVNS environment. Das, Shil, and Tripathy (2021) 
presented the tangent similarity based MADM strategy in the PNN environment by extending the 
work of Pramanik and Mondal (2015a). Saha et al. (2022) presented the Dice similarity-based 
MADM strategy in the PNN environment. Das, Shil, and Pramanik (2022) developed the 
hyperbolic sine similarity measure based MADM strategy in the PNN environment. Majumderet 
al. (2023) presented the hyperbolic tangent similarity measure based MADM strategy. Pramanik 
(2023b) presented the ARAS strategy based on the PNN weighted averaging operator in the PNN 
environment. 


Research gap: PN Geometric Average (PNWGA) operator is not proposed in the literature and 
MAGDM strategy based on the PNWGA operator is not developed . 


Motivation: To fill the research gap, we initiate to study the MAGDM strategy using PNNWGA 
operator. 


The main contributions of this work are outlined as follows: 


(1) Pentapartitioned Neutrosophic Number (PNN) is introduced using five independent 
components. 

(2) PNN geometric average operator is introduced and its desirable properties are established. 

(3) MAGDM strategy using the PNWGA operator with PNNs is developed. 

(4) Applicability of the developed strategy is shown by solving a green supplier selection 
problem. 


The remainder of this paper unfolds as follows: Section 2 presents the PNN, operation laws for 
PNNs. Section 3 presents the PNGWA operator and their basic properties and proofs of the 
related theorems. Section 4 develops a MAGDM strategy based on the PNGWA operator under 
PNN environment. In Section 5, a green supplier selection problem is solved. Section 6 presents 
the future scope of research band concluding remarks. 
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2. PENTAPARTITIONED NEUTROSOPHIC NUMBERS 


We introduce the notion of PNN and study some of their properties. 
A pentapartitioned neutrosophic number is defined as follows: 


Definition 1: An element of [0, i? , denoted by 7 = ass Bes lhs f,) , where 1, denotes the truth - 
membership degree of 7, c, denotes contradiction membership degree, g, denotes an ignorance 
membership degree, u, denotes unknown membership degree and f, denotes a falsity membership 
degree such that for each peP, t,,c,,g,,u,,f, €[0,1] and 0<1,(p)+c,(p)+8,(p)+u,(P)+f,(P)<5- 


This collection of elements is said to be Pentapartitioned Neutrosophic Number (PNNs). 
Definition 2: Assume that 7,,7, ¢ PNN . Then the addition and multiplication of two PNNs are 


defined as follows: 
Th the =(t, +8, = f, Cn, TC, Te pee ae (1) 
le. = (1, fh, i On Cry % Sn, er En, ~ Sn, Sn 0, ; Un, 4, U,, 2 a a Jy > Sn Sn, ) (2) 


Proposition 1: For any 7,,7,,7, ¢ PNN , the following operations hold: 
1 m+, =m,+m, 
ii, (™+m)+n, =m, +(M +75) 
Wl. 77.7, =, 
Iv. (7-7), = (7-75) 
Vv. sy=(1-(-t,)’,1-d-c,)’.(g,)'G,) fy) se EN 
vi. 7° =((¢,)’.(c,)'.1-G-g,)°.1-C-u,)'.1-d-f,)").s €N 
Vil. s(77, +7) = 87) +57,,5€N 
Vili. = (5, +5, ) = 5,9 +577, 5,8, EN 
Proof: Assume that, 7, Snes, Sy 2Un > ar 1 = (ree ae 
(i), +7, 


a (1, Bs by a by t,, Cy, =p On — Cn Cn if §n, ‘Sn, Uy, Uy, i Tn Sr ) 


. f,, )and 7); = Ce a See 


3 is +b, he t, Cn, +O, On Cn $n, ‘En? U,- Uy, 5 a3 
=), +1, 
1 +1, =, +, (proved ) 
(ii), +77.) +773 
(1, hy th f, rae one ~ op, On? 8 Bn Un Fy A eee cae Le 


: (1, +1, — —(t, +1, —t, t, Ve wee +C, —C, C), )+e,, -(c, +0, —C, Lp, iis 
(g,, &n,)- ie OR ed 
: ‘ +t, tty, —ty, Sa Aaa) A SR A SM ON iad ESA EAT A Oe SO ON COE Oo : 
88g Sng Mn, Un, Ung? SnD fr 


-(" HE Si Sti ote a de ee eC Oe ae Ce ie ee eee o 


Sn, ‘Sn, 8,24 m* och ee 
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7 +, +73) 

= (1, Cy +8, Uno Sn, )+ e +t, ba ben + — Mp Mn Sn, Sn, en, Uy? Fe hy ) 
ty + (ty, +a — tay ty, )— by (by +E btn 0 + (Cm +n Sn nn In (Sn Sn mw Mn > 
em (8, By ).u, (u,, U,, ), Je (fh, Fy ) 


Ey bay Tb Eg Lay — bo Eng — En bing, FE Ey Ey nF Oy F ng ~ Oy Hg ~ —m Ey — Ey TF Ey ay? 


Sn ‘Sn, SU ny u,, Uy. Sn Sn, Sn, 

L, ete a a oe fh, mle £,, 7 boy t +f, , Lh. Ch, +C,, +C¢,, = Cy Ln, — ln, Ln, ~ ny <n, eG, Cy, Lay? (4) 

§n, ‘Sn, By, Un u,, Un.» Sn Sn, . 

Therefore, from (3) and (4), (7, +7,)+7; =7, + (7, +7;)(proved) 

(iii)7,., = ied Liha pa Spot Be 8 seals Uy my Un sty ee a S) 

= (3 bn Bn, +8 ~ 88m, Un, t YU, ~ Un, Un, slg td, ai a) 

= 11), 

=> 7,0, =1,.7, (proved) 

(iv) Ny) Ny = (1, bln ne 8, + 8m — 8-8 Un, TU, — Un, Un» Sn, ae sane He (eae ee ee 
(1, 4 Jt, AG, Ly Ve, (8, Se ea ere )+ can -(g, 2s eee er a Bn : 
(u, +U, —U,, Uy, )+u,, —(u, +U, —U,, Uy, Jie, oF cat fia a )+ fy -(f, cad aes ee ia 


Ln f, f, : Cn Cy Cn 2 Sn, T gn Bs §n, = Sn, ‘Sn, _ Sn, ‘En, = Sn, ‘En, at Sn, ‘Sn, ‘Sn, ? 


= U,, TU, TU, ~ 4, Uy, — 4, Uy, as Uy, TU, Uy, Uy, 
oe tee, ae ens Toit ba, Hdd Bi ey a 


by t, L, ? Cn Cy ny ? Sn a Sn, a Sn, ~ Sn, Sn - Sn, ‘En, ~ Sn, Sn, om Sn, ‘Sn, ‘En, @ 


U,, TU, TU, —4,, Uy, =e U,, oh Hu, TU, U,, U,, (5) 
Sn aa saat = Jade adn la aa ee es 
7, (175-13) = 
a Cy, ? Sn, Uy, sym ys (1, Lr o€ 3 m? Om 7 Sn, = Sn ‘Sn, Uy, TU, —4,, U,, i dis +t Tig = Tig Si ) 


t, xcs aa ee HC c ie os aes fey a a )-g,,(8,, ea te ee } 
U,, +(u,, +U,, —Uy, Uy, )-u, (u,, +U, —U, Uy, Pee +(f, aah tags Pe )-f, (Gs a2 trae on ty) 
7 Fe UA GO NC IO GB OR ALR By = Be dR aR ae eee AR aes, s 
By PU, Ue AU Ue Ld oh Id adn dnd ped es 
Therefore from (5) and (6), (7,.77,).7; =1,-(7)-1,)( proved ) 
(v)Let77 = CAR cee eee ) <= PNN 
By definition, 
In =(1—-1,)',1-d=c,)'.(g,)' (4) f,)') 
Suppose that the result holds for s=x,k en . Therefore, 
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n= (1-(1-t,)*,1-=c,)*,(g,,)" uf) ) (7) 
w(k+1)n=kn+n 

S052) Ide) Gy @) ae) + eee et) 

= a +{1-(1-1,)*}-2, {1-d-1,)'},¢, +{1-d-c,)* }-c, {1-—c,)' } (8) )*-8qs Uy) ty fy) 
ada.) 16 ie) ee) 8) 
Thus, from equation (7) and (8), by principal of mathematical induction, 

7 =(1--,)',1--¢,)' (8) Gy)’ fp") Ve EN 

(v)Let7 = (seca silt, | € PNN 
By definition, 

=(¢,)',(¢,)'.1-G-g,).1-G-u,)',1-d-f,)'} 

Suppose that the result holds for 7, =x,4 en. Therefore, 

a ea (9) 


1 

“inte (2,) MGs)! TS) ae eng) 

=(,) 1 (c,)*",1-d-g,)' +8, -d-d-2,)*).8,.1-d-u,)* +u, -d-(-u,)*)u,,1-0- f,)* + f, -(I- d=) )5,) 
=((, Hie J 1=0=8,) 1-0-4)" 1-d- ae (10) 

Thus, from equation (9) and (10), by principal of mathematical induction, 

m =(G,) ¢,)' 1-d-8,)'.1-d-u,) 1-d-f,)').8 eN 

(vil) 7,+7, = (G ht Oe, Ce Gk Ae i ay 2 7 

LHS 

s(], +7) 


= (1-1 (by +h, tan )f AI (Gy +6 Ean) on) oly tn) (fafa) ) 
R.H.S 
ST], + ST), 


= (1-(I-1, ) A-(I-, ) (8, ) s(x, ) (fh, y }+(1-(-s, ) -(I-c, ) (s,, ) s(u, ) (yf, )) 
1-(1-1, ) +1-(1-2,) -I-(1-1, }i-(s, y}a-(1-<, ) +1-(I-c, ) 


7 | (11) 
-1-(I-¢, ) {1-(1-¢, (8, i (8, ) ‘(u, ) (4, ) Af, (Th, ) 


Now, 


1-(1-1,) +1-(1-1,,) -{1-(1-1, J Ht-(1-4, 


=1-f1-(1, +t, t,t, ) 


Similarly, 
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I-(lee J H-U-6,) f(a) ffi) 
S2a(io6.) a (16) -I-(I-¢, ) -(1-¢,) +(I-¢,) (I-6, 
ix 2-(1-<, ) -(1-c, ) -1+(1-c, iy +(I-c, ) -{I-(,, ee. c,,)} 


=1-{1-(c, sat Pe e): 


R.H.S 


-f-(, as ee )} 1-{1-(, Hie =e, c,)} (g, a ) (uy, 2, ) (ae) 


=LHS 
(viii) R.H.S 


T/L 


=(1-(1-1,) dallee), 1g): (u,) ee i }+(1-(1-1,)" ASE): (gy) (u, is Cae 
th +1-(1-4,)" -{1-(1-4,)" }1-(1-4,)"b1-(1-6,)" oe) 

; -{1-(1-¢, ) \1-(I-c, y \.(8, y (g, y s(u,) (u, ii 16 ) G i 

= (tein 1-00 lag) la) AA) ) 


=(s,+5,)7 
= L.A.S 


Ss 


3. PENTAPARTITIONED NEUTROSOPHIC NUMBER WEIGHTED 
GEOMETRIC AGGREGATIVE OPERATOR 


Definition 3.1. Let 7, = (1, Me Se ee )(i =1,2,....m) be a collection of PNNs. A Pentapartitioned 
Neutrosophic Weighted Geometric Aggregation (PNWGA) operator is defined by: 


PNWGA(1,.735---57%n) = | [(7,)" (12) 
i=l 


where w=(w,,w,,.....w,) 1S the weight of 77,(i=1,2,.....m) with O<w, <1 and }iw, =1 
i=l 


Theorem 1: Assume that 7, = (G: See ae je )(i =1,2,....m) 1s a collection of PNNs and 


w=(w,,w,,.....™,) is the weight vector, where 0<w,<land >) w, =1. Then 
i=] 


PNWGA(1),.1)5++-5My ) =T](n, y 
=(n,)" ®(7,)” ®....@(n,)" 
=(FIG) Tle)" 1-T10-2,)" s-TI0-4)" Eta") 08 


Proof: By definition, for w,<wand 7, ¢ PNN 


(n)" =((6)" Ae)" A(lHeg JP A(t C2 )") 


New Trends in Neutrosophic Theory and Applications, Vol. HI, 2024 120 


Thus, the expression trivially holds for n=1. Similarly, for w, €wand 7, ¢ PNN 
(7) 
- (1, iy ses ie ieee, y" (ia, y" asf, i 


Therefore, we can write, 
PNNWGA(77,.77,) =(7,)" ®(77,)” 


Z e i («, yh ACG, y (<, )"\ (1-2, ) |+{1-(1-8, )"}-H-(1-g, y |{1-(1-8, "} - (=u, "| 
H1-(1-u, yh -f-(1-u, )"|{1-(1-a, yh (4, "fat-(- 8, "}-H-(1- Ff, "fat-(-4, "| 
(ee («,,) Y (6) m "(¢, - Bn, i (1-8, }f1-(-a, y ear) 
n (14) 
u,)"}, H1-( 1-f,)'(I-Ff,) 
Thus, the expression holds true for n = 1, 2. Further suppose that the expression holds forn=k , 


keN. Then it follows that, 
PNWGA(1),,7)5-+-5M; ) 


: (Tl )" T(é, ie 1-T](-«, i 1-T] (1-4, y" AT]0-f, ") (15) 


Now, for n = k+1, we obtain, 
k+1 


PNWGA (1), 73 5-++-5Me>Meat ) = [1 y" 
i=l 


1 T10- 4) hf (1-f, }-f-TT0-4,) \ G27) 
- (i, ‘i Tl, i 1-T(-s, y" 1-T](1-«, y Ip-(-4, )’ (16) 


Hence, in general, by mathematical induction, the expression 
PNWGA(1,.7)35--++s7In ) 


Z (Tl )" TI Ne 1-[[G- g,) AT] (0-4, ) 1-T](1- i) (17) 


holds true VneN. 
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This completes the proof. 
Theorem 2. The PNWGA operator satisfies the following properties: 
i. Consistency: PNWGA(1,,77,,....-.7,) €PNN 
ii. Idempotency: PNWGA(n,7.......7)=1 
Lil. PNWGA(19,.7))5-+++-57y) = PNWGA(1,, 57) 5-++-57 ) 
iv. Let g be the permutation on (1, 2...., m) then 
PNWGA( Mgc1)+%pc2) eer Ts) = PNWGA(1, .7)55.-+-s7Im ) 
Proof: Proof: (i) Assume that 7, =(1,, .¢,,.8), ly >Sy, )(i= 12...) © PNN 


Since 
PNWGA( 1, .7]55-+++5 In ) 


n 


(TH y TI, yi re i (I-g, \ ea (1-u, y I-T](1-s, ") 


i=l i=l i=l 


Obviously PNWGA(1,.7),----+%,) € PNN 
(ii) 
PNWGA(7,7,....77) =1 


PNWGA(77,.77,...17) =| [(7)" =(77)" @(7)" ®...@(7)" 


m 


= (TT) TT)" ¢-T1 05)" 1] (1-#,)" A] 1-4)" } 
(6) ea) A(t ay) (lo 1 -e") 


t Re ee Since)’ w; = 


U] 
(111)Since 


PNWGA (1,755) = | [(7,) 
i=l 
=(n,)" @(n, y” @...+(77,, ie =(77, ifs @(n,.) @...@(7,)" 
= PNWGA(1),,57%y-19+-97 ) 
(iv) Suppose that g is a permutation on (1,2, ....,m). Then, 


m 


PNWAA( cy ’ 19(2) peers Nimp(d) ) x L1(% ) 


i=l 


= (ass pe @ (ie aie ®..® (Moen yee 


=(n,)"' @(4,)" @...@(y,, )" (using (vi) of proposition 1) 
= PNWGA(7, .77,+--577,,) 
This completes the proof. 


(npc) 


Theorem 3. (Monotonicity) Consider sequence of PNNs (7,,77,,.....7,,) and (7,,75,-..7,,) Such that 


SiC SO se, 28,0. 2u, and: 7, > f, Vi(i=1,2,....m). Then, 


PNWGA(1), ,7)35-++-37Im) < PNWGA((,5Y 9500-3 %n)* 


Ian 
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Proof: We know 


m m m 


PAWGA( >a) =(THl PTY)" ATT -ae)"aL fa Ja TL 6 ) i 


i=l i=l 
PNWGA(Y,.7o00%y) = TH, i He, )' IT] (-g, y" AT] (t-x, J’ TT (-s, : (19) 


Case 1: Suppose that 1, <t,,c, <c¢,.8, >8,,.U, >u,,and f, >f, 


Then 
H+, ) | <I (t, | (20) 
L(<, ) | . i(¢,,) | (21) 
81, < 8, 
a a i lees 
or.1-TI (1-8, y s1=TI(x, y (22) 
Similarly, one obtains, 
111%," <1ST1(1a, )" (23) 
I=, y eg Other Ny (24) 
From (15), 


Sc(PNWGA(1,,7735-.%n)) 


se (TI a TI(«, yd i (I-g,) J- j (I-u, )" I-T](I-s, I ) (25) 


L = na i=l i=l 
and 
Sc(PNWGA(7,,775-%n)) 


= se (TT, ‘ TI (¢, y tT] (1- g,). 1-[](I-u, im 1-T](I-¥, I } (26) 


From equation (18)-(25), we obtain, 


Sc( PNWAA(1),,77)4--+.s!y,)) < Sc( PNWAA( 7,75 5--+%n)) (27) 
Finally, from equation (27), we obtain 
PNWAA(1), 73 5++++5 Im) < PNWAA( 15% 5+++3%m ) (28) 


Case 2: Assume that, #, =1,,c, =¢,,8, =8,,-u, =u, and f, =f,. 


Therefore, t, >t, , for each i, 


Ns, )" = N(¢, i (29) 
Similarly, 
I(<, i 2 N(¢, Ne (30) 
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Te) =1-[I(1-g, ) (31) 
I-[]I(1-w ,) =I M(1-u » (32) 
1- [(1- a =1- (1 al (33) 
From equation (29) and (33), 

PNWGA (1, ,7)35++++57Im ) = PNWGA(,,795+-5 Yn) (34) 


Therefore, finally, we obtain from equation (27) and (34) 
PNWGA(I1, 573 5-+++3!I,) < PNWGA(Y, 5% 95-03% mn ) 


This completes the proof. 

Theorem 8 (Boundedness) Consider sequence of PNNs (7,,77),..-:7,,)(i =1,2.....m) then 
1) S PNWGA(1},,1))5+-57),) S17 

where, 


in (min(, ).min(c, _),max(g,, ).max(w,, )max(f, ))and 
7 =(max(,, )-max(c, ).min(g,, )-min(u,, )min(f, 


Proof: 

By definition vi =1,2,...,.m 

by Sly Cy S Cy 1Bq 2 Bq oly 2 Uy and ss and 

P21 Co PCS 252s, and jo = 7, 

PNWGA(7), 7,.....71) < PNWGA(7),,77,5+-++577,) < PNWGA(7,7,....,77) 
>1 < PNWGA(1), 175 5+-+517,,) £7 


~~ 


4. MAGDM STRATEGY FOR SELECTION OF THE MOST SUITABLE 
ALTERNATIVE USING PENTAPARTITIONED NEUTROSOPHIC 
WEIGHTED GEOMETRIC AGGREGATION (PNWGA) OPERATOR 


Let, T ={7,,7,,....,7,} and C ={C,,C,,....,C,,} be a set of | alternatives and m attributes. Suppose that the 
“!” alternatives are subjected to the judgement of m number of decision makers based on the 
prefixed judging parameters. The weight vector of the decision makers v={v,,v,,.....,v,} Further 
suppose that the weight vector assigned to the attributes is w(C) <[0,1Jand ¥w(C,)=1. 
i=l 

Step-1: Define the decision matrix. 
Suppose that A’ =(a’),,,,is the p-th decision matrix where information about the alternative T. is 
provided by the p-th decision maker with respect to the attribute C,. The p-th decision matrix is 
defined as follows: 

ay ay, Gin 

as, as, 3 Ay, 
Av=(a’), =| io (35) 


P P 
Gy Ayr? Any, 
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where p = 1, 2, ...P. 


Step- 2: Standardize the decision matrix. 


rating value of alternative L, provided by the p-th decision maker with respect to attribute E, such 
that 0< 6,5 105¢, S10s¢, S10S6 pte, 53 


To remove the effects derived from different physical dimensions, the decision matrix (n?),,.. 1s 


standardized. To obtain the standardized decision matrix X” = (x?) 


S 7 yXxz? 


in which the component x? 


i. For benefit criterion 

1 = (bq Gq Bay Ma, Sy, )E = 125-202) (36) 
ii. For cost criterion 

1. = (Fi, May Bq 2%y ote, (E1252) (37) 


Here k* = max{n?* 


r=1,2,....,y} and k, = min{n?' |r =1,2.....,y} fors =1, 2, ..., z. 


Then we obtain the following standardized decision matrix: 


WM Th. Nm 
No Me Nom 
TH ie =|. 3 - (38) 


p P 
My M2? Mn 


Step-3: Aggregate the decision matrix using the weights of the decision makers 
PNWGA(1,,75----57, ) 
(11) Lea)! ALL 0-24)' AFT) 1-T10-4,)"} (39) 
The decision matrix reduces to 

me 2 Mm 

Tp Mah Man 
OG Nee Se (40) 
lie ie. ae ie 


Step-4: Construct the final decision matrix using weights of the attributes 
PNWGA( 1}, «1735-5, ) 


ss (It y’ Tle, \ 1-T](- g,) A j (I-u,)" 1- i (1- Ff, 1 (41) 
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mh, Ny Tim 
Ny, Nyy. Nyy 

a (ee fe ie (42) 
My Mgt Nip 


Step-5: Calculate the score value and accuracy ( Pramanik, in press) value of the final decision 
matrix. 
bets. ' PU ghey 6 
Sc n — 2 n 4 n n n 43 
(nt) =f Se Se Pl Me (3) 

t,tCrt+g.—-Ur—fa 
- 2 
Step-6: Rank the alternative using the score value and accuracy value of the alternatives. 


Step-7: End. 


Ac(n”) (44) 


5. ILLUSTRATIVE EXAMPLE OF SUPPLIER SELECTION PROBLEM 


This section uses a green supplier selection problem adapted from (Wan & Dong , 2015) to 
demonstrate the applicability of the proposed method. Shanghai General Motors Company 
Limited (SGM) is planning to incorporate environmentally friendly features into the product 
design stage to protect the environment and achieve sustainable development of the social 
economy. For this reason, SGM wishes to select the most appropriate green supplier for one of the 
key elements in its manufacturing process. After pre-evaluation, four suppliers remain as 
candidates for further evaluation. They are Howden Hua Engineering Company (7,), Sino Trunk 


(7,), Taikai Electric Group Company Limited(7,), and Shantui Construction Machinery 
Company Limited (7,). SGM employs four experts to form a group of DMs coming from four 
consultancy departments: DM (Ff) is from the production department; DM(P,) is from the 
purchasing department; DM (P,) is from the quality inspection department; DM(P,) is from the 


engineering department. The attributes for evaluating suppliers are important because they 
obviously influence the selection result. Utilizing principal component analysis, the experts 
choose the following three independent criteria as evaluation principles: product quality (C,), 


pollution control (C,), and environment management (C,). According to historical data, the 
weight vector of the three criteria is w=(0.4,0.35,0.25) and weight of the decision maker is 
v =(0.38,0.30,0.32). 


Step 1: Decision matrix 
C, C, C; 


T, (0.580,0.320,0.450,0.210,0.370) (0.430, 0.520, 0.480, 0.560,0.340) (0.840, 0.750, 0.560, 0.450, 0.230) 
A'=|T, (0.740,0.520,0.420,0.470,0.280) (0.450, 0.320, 0.710, 0.580,0.290) (0.540,0.750, 0.560, 0.480, 0.310) 
T, (0.710,0.530,0.800,0.670,0.750) (0.730,0.450, 0.750, 0.580,0.590) (0.740,0.527, 0.621, 0.320, 0.480) 
T, (0.410,0.570,0.640,0.520,0.480) (0.620,0.450,0.620,0.710,0.550) (0.870,0.425, 0.358, 0.690, 0.340) 
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Vetine decision matricesx 


Figure 1. MAGDM strategy based on PNWGA operator 
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C, GC, C, 
T, (0.680, 0.720, 0.350, 0.410, 0.360) (0.450, 0.720, 0.520, 0.620, 0.240) (0.640, 0.820, 0.920, 0.550, 0.430) 
A= i (0.640, 0.480, 0.580, 0.750, 0.280) (0.850, 0.620, 0.820, 0.520, 0.390) (0.740, 0.550, 0.850, 0.230, 0.410) 
T, (0.610, 0.870, 0.580, 0.370, 0.350) (0.360, 0.710, 0.420, 0.580,0.400) (0.740, 0.553, 0.560, 0.420, 0.260) 
T, (0.520, 0.620, 0.440, 0.890, 0.250) (0.820, 0.560, 0.780, 0.500, 0.320) (0.650, 0.560, 0.348, 0.230, 0.340) 
C, Cc C; 
T, (0.780, 0.650, 0.450, 0.310,0.270) (0.530, 0.620, 0.430, 0.260, 0.320) (0.740, 0.820, 0.420, 0.250, 0.330) 
A’ =| T, (0.840, 0.560, 0.250, 0.370, 0.380) (0.850, 0.520, 0.210, 0.380, 0.390) (0.840, 0.650, 0.560, 0.380, 0.310) 
T, (0.810, 0.620, 0.560, 0.270, 0.350) (0.530, 0.650, 0.330, 0.380, 0.290) (0.640, 0.827, 0.521, 0.320, 0.280) 
T, (0.610,0.770, 0.240, 0.320, 0.220) (0.920, 0.750, 0.520, 0.410, 0.250) (0.670, 0.725, 0.458, 0.290, 0.340) 


Step-2: Because all the criteria are of the benefit type, the decision information does not need to 
be normalized 
Step-3: Evaluating decision matrix using PNWGA equation (69) 
C, C, C, 
T, (0.6688, 0.5120, 0.4217, 0.3069, 0.3364) 0.466 1, 0.6065, 0.4772, 0.5027, 0.3048) (0.7434, 0.7927, 0.71 18, 0.4281, 0.3271) 
p= (0.7378, 0.5198, 0.4284, 0.5529, 0.3136) 0.6675, 0.4558, 0.6536, 0.5048, 0.3538) (0.6837, 0.6528, 0.6814, 0.3811, 0.3417) 
y Bs (0.5330, ,0.6466, 0.6784, 0.4835, 0.5479) 0.5330, 0.5804, 0.5588, 0.5242, 0.4521) (0.7064, 0.6176, 0.5728, 0.3517, 0.3585) 
T, (0.5000, 0.6436, 0.4780, 0.655 1,0.3392) 0.7650, 0.5658, 0.6524, 0.5714, 0.4002) (0.7332, 0.5477, 0.3890, 0.4690, 0.34) 


—S ~~~ SOS ~~ 


Step-4: Construct the decision matrix using attribute weights. By equation (71) the decision matrix 
1S 

ie (0.6052, 0.6060, 0.5310, 0.4119,0.3232) 
, | T (0.6990,0.5256, 0.5855, 0.4973, 0.3349) 
" “| T,  (0.5718,0.6155,0.6144, 0.4688, 0.4722) 


3 


T, (0.6385, 0.5909, 0.5290, 0.5854, 0.3614) 
Step-5: Evaluated score value and accuracy value using equation (73) and (74) 


T, 1.0276 T, 0.2014 

5 T, 1.0849 5 T, 0.1955 
Sc(n’) = Ac(n’ ) = 

7. APi22 Ee OFA 

T, 1.1067 T, 0.1623 


Step-6: Ranking of the alternative 
ihe esi Be st 
Therefore 3" alternative is the best option. 
Step-7: End. 
Table 1.Comparison between the results that are obtained from two strategies 


Operator Name Rank of the alternative 
PNWAA operator (Pramanik, 2023b) i Bead! eed Hew B 
PNWAG operator ( proposed) | is ines Bie U 


Ranking order of the alternatives are different for these two operators ( see Table 1). Best 
alternative is same for both the operator. Using PNWAA operator the best alternative is 3“ 
alternative and using PNWAG operator the best alternative is also 3". 
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6. CONCLUSIONS 

In this paper, we have defined pentapartitioned neutrosophic number and aggregated operator. A 
decision making strategy is developed to solve MCGDM in PNN environment. A green supplier 
selection problem is solved to show the applicability of the strategy. Though the green supplier 
selection example is used to illustrate the application and validation of the proposed methods. 
The proposed method is are very suitable for the decision-making problems in many areas, 
especially in situations where the problems involve multiple different attributes with different 
dimensions and neutrosophic information. It is expected that the developed strategy is applicable 
to the water resource assessment, risk investment, performance evaluation of military system, 
engineering management, library and information science (Sahoo, Panigrahi, & Pramanik, 2023; 
2023, Sahoo, Pramanik& Panigrahi, 2023), etc. 
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ABSTRACT 


This paper aims to develop an aggregation operator in the triangular fuzzy neutrosophic number 
environment as a breakthrough in aggregation operators by utilizing Einstein operations. This 
paper proposes the Triangular Fuzzy Neutrosophic Number Einstein's Ordered Weighted Average 
(TFNNEOWA) operator and Triangular Fuzzy Neutrosophic Number Ordered Weighted 
Geometric Average (TFNNEOWGA) operator and we prove some basic interesting properties of 
the proposed aggregation operators. Using Shanon’s entropy, the weights of the criteria and 
decision makers are determined. We develop two Multi-Criteria Group Decision-Making 
(MCGDM) strategies using the TFNNEOWA and TFNNEOWGA operators. Lastly, by utilizing 
the newly introduced aggregation operators, a sales manager selection problem is solved. 


KEYWORDS: Entropy, fuzzy set, neutrosophic set, triangular fuzzy neutrosophic number, 
multi-criteria group decision making, triangular fuzzy neutrosophic Einstein’s ordered 
weighted arithmetic operator, triangular fuzzy neutrosophic Einstein’s ordered weighted, 
geometric operator. 


1. INTRODUCTION 


Smarandache (1998) grounded indeterminacy as an independent membership function and 
grounded the Neutrosophic Set (NS) by extending the Fuzzy Set (FS) (Zadeh, 1965) and 
Intuitionistic FS (Atanassov, 1986). To easily understand NS, Single-Valued NS (SVNS) (Wang 
et al., 2010) was proposed. The development of NSs and their extensions and applications have 
been depicted in (El-Hefenawy, 2016; Smarandache & Pramanik, 2016, 2018; Pramanik, 
Mallick & Dasgupta, 2018; Broumi et al., 2018; Nguyen et al., 2019; Pramanik, 2020, 2022; 
Peng & Dai, 2020). NSs and their extensions have a huge contribution to several research topics 
like medical diagnosis (Ye & Ye, 2014; Ye, 2015), Multi-Criteria Decision Making (MCDM) 
and Multi-Criteria Group Decision Making(MCGDM) (Ye, 2013, 2014a, 2014b; Biswas et al., 
2014a, 2014b, 2015, 2016a, 2016b, 2016c, 2016d, 2016e, 2018a, 2018b, 2019a, 2019b; 
Majumder, Paul, & Pramanik, 2023; Mondal & Pramanik, 2014, 2015a, 2015b, 2015c, 2015d, 
2015e, 2015f; Mondal, Pramanik, & Giri, 2018a, 2018b, 2018c, 2018d; Mondal, Pramanik, & 
Smarandache,2016a, 2016b, 2016c, 2016d, 2018; Mallick & Pramanik, 2019, 2021a, 2021b; 
Mallick & Pramanik, & Giri (2023,in press); Sodenkamp et al., 2018; Liu &Wang,2014; 
Kharal,2014; Sahin & Liu, 2015; Das, Shil, & Pramanik, 2021, 2022, Das, Das, & Pramanik, 
2022; Dey et al. (2015a, 2015b, 2015b, 2016a, 2016b, 2016c, 2016d, 2016e; Banerjee et al., 
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2017; Pramanik, Biswas, & Giri, 2017; Pramanik, Roy, Roy & Smarandache, 2017, 2018a, 
2018b; Pramanik et al., 2018a, 2018b; Deli & Subas, 2017, Zavadskas et al., 2020; Stanujki¢ et 
al., 2021; Pramanik & Dalapati, 2023; Pramanik, Das, Das, & Tripathy, 2023a, 2023b; Pramanik 
& Mallick, 2018, 2019, 2020a, 2020b), conflict resolution (Pramanik and Roy, 2014), education 
(Pramanik, 2013, 2023a, 2023b), etc. 
In dealing with practical problems, the aggregation of different scores presented in terms of 
Neutrosophic Numbers (NNs) is very important for MCGDM. Ye (2014a) presented the strategic 
conception of the “weighted arithmetic mean operator” along with the “weighted geometric mean 
operator” under the Single-Valued NN (SVNN) environment. Later some important simplified 
neutrosophic aggregation operators like “simplified neutrosophic number weighted geometric 
averaging operator’, “simplified neutrosophic number ordered weighted arithmetic averaging 
operator” and the important hybrid operator “hybrid arithmetic ordered weighted operator” were 
introduced (Peng et al., 2016). In some critical neutrosophic MCGDM problems, DMs may not be 
able to express their ratings using SVNNs. To deal with the issue, the combination of triangular 
fuzzy numbers with SVNS is a great help. Biswas et al. (2016b) developed the aggregation 
operators for the Triangular Fuzzy NNs (TFNNs) and employed them to solve an MCGDM 
problem. 


Wang and Liu (2012) introduced Einstein's aggregation operators for aggregating triangular IFS 
information. Li et al. (2018) presented Einstein's operators and investigated the properties of 
these operators for SVNNs. Different decision-making strategies have valuable contributions to 
MCGDM problems. MCGDM problem tackles the problems of logically selecting the best 
alternative in the prevailing environment of many conflicting criteria. Extensive research in the 
domain of MCGDM in the NS environments has been done. Jana et al. (2021) presented Dombi 
aggregation operators for the MCDM strategy using Single Valued Trapezoidal Neutrosophic 
Numbers (SVTrNNs). Several important types of research have been conducted by several 
researchers in MCDM fields exploring several operators in the domain with the introduction of 
different methods like entropy (Biswas, Pramanik, & Giri, 2014a), cross-entropy (Pramanik et 
al., 2018), similarity measures (Pramanik, Biswas, & Giri, 2017), etc. Sahin et al. (2018) 
explored the generalized single valued TFNNs and applied them to solve MCDM problems. Fan, 
Jia, and Wu (2019) used Dombi prioritized Bonferroni mean operator with TFNNs for green 
supplier selection. Irvanizam et al. (2020) investigated the extended MABAC method based on 
TFNNs for MCGDM problems. Meng et al. (2020) presented the TFNN preference relations and 
utilized it software selection problems. Fan, Jia, and Wu (2020) solved a new MCGDM model 
based on TFNNs and the EDAS method. Zhang, Zhou, Pan, and Wei (2022) investigated the 
MCDM method with TFNNs based on regret theory and the catastrophe progression method. 
Yao and Ran (2023) studied the operational efficiency evaluation of Urban and rural residents’ 
basic pension insurance system based on the triangular fuzzy neutrosophic Grey Relational 
Analysis (GRA) strategy. Xie (2023) presented the modified GRA strategy under the TFNN 
environment for blended teaching effect evaluation of college English courses. Wang, Yan, 
Wang, and Ouyang (2023) presented the cross-entropy strategy for MADM under the TFNN 
environment. 


Research gap: 

However, no such strategy to solve MCGDM problems using Einstein’s operations in the TFNN 
environment is reported. We find a research gap in with dealing MCGDM problems in the TFNN 
environment, especially under Einstein’s operations. In this chapter, we have proposed Triangular 
Fuzzy Neutrosophic Einstein's Ordered Weighted Arithmetic (TFNEOWA) operator and 
Triangular Fuzzy Neutrosophic Einstein’s Ordered Weighted Geometric (TFNEOWG) operator to 
aggregate information expressed in TFNNs to deal with MCGDM problems. 


The objectives of the study include: 
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1) to present the aggregation operators namely, TFNEOWA operator and TFNEOWG operator. 
2) to prove some of the basic properties of the TFNEOWA Operator and TFNEOWG operator. 
3) to develop two MCGDM strategies based on TFNEOWA operator and TFNEOWG operator 
4) to discuss the developed strategies for solving MCGDM problems with illustrative examples. 


The rest of the chapter is organized as follows: Section 2 presents the preliminaries regarding 
TFNSs. Section 3 presents the formulation of TFNEOWA and TFNEOWG operators. Section 4 
presents the entropy formulation for TFNNs. Section 5 deals with MCGDM strategy based on 
TFNEOWA and TFNEOWG Operators. Section 6 presents a numerical example of MCGDM 
strategy of sales manager selection in a pharmaceutical company. Section 7 includes the chapter. 


2. PRELIMINARIES 


Vital definitions of TFNS with their basic operational underlying principles are elaborately 
discussed in this section. Some basic Einstein principles of operations are also mentioned. 


2 .1 TFNSs ( Biswas, Pramanik, & Giri, 2016b) 


Definition 2.1. Let Y be a finite domain of definition (a fixed set) and é [0,1] is a set of all 
TFNNs on [0, 1]. A TENS 6 in the set of real numbers is expressed as: 


6={0 (&(),7(0),5,(0) |e € VY } 

where 2 @): ¥ > [0,1], 7@: ¥ > [0,1], 

6,0): ‘P — [0,1], where 20 =(G°O,&°O .&°@) 
iT (O) = (FXO) 5 THO) 470) )s 


where 6,°°(0), 5,°(@), 5,°(@) respectively represents the “degree of truth”, “ degree of 
indeterminacy” and “degree of falsity” and 0 <2 @) +7%t@) + 5,°(@ < 3. For other membership 
degrees, we have similar results. 


For symbolical convenience, we take (3°@ ,5°@) ,4°@) = (H,,H5,H3) 


( i750) ) i750) 9 ig (8) ) = (V,,V>5V3) and (53,°0) ’ 650) ’ 55° (9) )) = (AyA55A3) 


Soo = ((fi,,i,,0,), (¥,,V¥),V3)5 (A,.4,,4;)) 18 a TENN. 

Definition 2.2. Hamming distance between two TFNNs (Wang, Yan, Wang, & Ouyang (2023) 

Let A and A® be two TFNNs presented as 

A == ((pa',pb', pe'), (pé', pf", p&'), (pr'. ps", pt')) & A* = ((pa”, pb*, pe”), (pe*, pf, p&”), (pi. ps”, pi”)) | 

The “normalized Hamming distance” (Wang, Wei, & Lu, 2018) is presented as: 

§,,(A', A”) = 5 lp —pa”|+ |pb' — pb? | +|pé' — pé?|+ |pé! —pé?|+|pf —pf?|+|pa! — pa’ |+|pi" — pi?|+|ps" — ps?|+ [pt — pt’ |] (1) 


3. TFNEOWA AND TFNEOWG OPERATORS 


In this part, we define Einstein’s operations for TFNN. We formulate two operators namely, 
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TFNEOWA and TFNEOWG operators and establish some of their necessary properties. 


Definition 3.1. Let ©, =(i,,¥,,A,) and &, =(fi,,0,,A,) be any two SVNNs. A>0. Einstein 
operations (Li et al., 2018) are defined as follows: 


1a, @ Ce ae MN. es (2) 
1+(-f,)d-f,) 14+V,.v, 1+A, A, 7 
ae Ga ees eg 3) 
1+, 0, t+d=v)d=v3) 140—4,)d—A,) 
x eh) 0a) 20)" 2(r,)" 
sng, Ath —d-ay 26) Yd “a 
(1+ ft) + (fy) (2-¥,) AVG) Gah) + (Ay) ae 


(2-fi,)* +(f,)* +9, ++," +4,)* + +4,) 
Let A =< (i,,i1,,f,),(V,.V,.V3),A,.A5.4;) > B =< (i, 04,4), (V1.V4.04),(A1,45,44)) be two TFNNs. Then, 
we define the following, mathematical operations with the equivalence symbolic representation 
as: (Hl, fly.) = (pa, pb, pe) 4 ¥,,¥2,¥5 = (pe, Pf P8,) (A,.A,,A,)= (pi, ps, pt), 

(H).H),H,) = (Pa, pb), pe,), (V,,V;, V5) = (PE, Pf, PEs )s(1.05-44) = (Pi, PS, Pt,) - 

Then, 

5.A> @ Az = (( pa,-pa, pb, .pb, pc, pc, pe, pe, pf, pf, pg, Pg, 


ah 1+(1—pa, )(1—pa,) 1+ (1—pb,)(1—pb,) 1+ (pe, )(1-pé,) “1+ pé,.pé, 14+ pf,.pf, 1+p&,.p&, 
pr, pr, Pps, -ps, pt,-pt, 


Eee RR RRR TE RESET EAT (6) 
1+pr,.pr, 1+ps,.ps, 1+pt,.pt, 
6 @A, (Pmt, pb +pb,__ pe, +Pe>_) pepe, Ph ph, (PB PBs) 
1+(pa,.pa,) 1+(pb,.pb,) 1+(pc,.pe,) 1+d—peé,)d—pe,) 1+0—pf,)d—pf,) 1+d—-pg,)d—-pg,) 
(pr, pr, ) (ps, ps, ) Dh pt, 7 (7) 
1+{(—pr )U—pr )} ((1—p8,)—p8,)} +1 (= pt, )(—pi,)} +1 a a ae 
TK (Cpa hepa ey) SS PPL ED) = ee 2(pé,) aS 
(1+ pa,)* +(—pa,)”  (+pb,)*+(1—pb,)’ +pé,)* +(-pé,)* (2-pé,)* +(pé,)* (2—pf,)* + (pf,)” 
2(ps,)* 2(pi, )’ 2(ps, )* 2(pt,)* ) (8) 
’ (—pf, +2)" + (p,)" (pi, +2)* + pi)” ” (—pS, +2)* + (pS,)* (—pt, +2)* + (pt,)” 
2(pa, )” 2(pb, )* 2(pé,)* (1+pé,)* —(—pé,)* (1+ pf,)* -d—pf,)” 


8).(A,)* = ~ zr ~ \r? ~ x ~ Fe? ~ \r ~\7? ~\r ~\hr? in: Pe 
(2—pa,)” +(pa,)” (2—pb,)*+(pb,)* (2—pe,)" +(pe,)" (+ pé,)" + —pé,)” +pf,)* +d—-pf,) 

(1+ pg,)* -d—pg,)*, d+pr,)*-(1+pr,)” +ps,)* —d—ps,)* d+pt,)" —d-pt)") a 50 (9) 

(1+ p&,)* + —pg,)*” (+p) + —pi,)* ’ (1+ps,)* + —ps)* “(1+pt,)* +d—-pt,)* 


Definition 3.2. ‘Score Function’ and ‘Accuracy function’ of TFNN 


Let A =((ii,,1,.1,),(¥,,V).V,),(4;,45,4,)) be a TENN. Its score function Scr (A ) is defined as: 
er. When? Aes ch Sh * oko on aoe OEk Ast fee 

Scr(A) = gee +H, +H,)—-(V, +V, +V3)-(A, +A, +A; )] (10) 

and Scr(A) €[0,1]. 


3.1. Some properties of score function and accuracy function 


3.1.1. Boundedness. 


Max value of Scr(A) = 5 {6 +max(f, +f, +2,)—min(v, +V, +V,)—min(A, +A, +A,)] 
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1 
—[6+3-0-0 
“3. ] 


Similarly, Min of Scr(A~) = 5{6 +min(fi, +1, +,)—max(V, +V, +V,)—max(A, +A, +A,)] 


= 5{6 +0-3-3] 

=0 
So, Scr(A) €[0,1] i.e. boundedness property of the Scr(A) is proved. 
Accuracy function of TENN is denoted as H (A ) and is presented as: 


~ 1 = — — 
H(A) = 218, +i: +H) Oy +p +As)] (11) 


and H(A)€ [-1, +1] 
Maximum value of H(A )= 


1 Se pe ee LoS eS 
a nei +H, +H,)—min(A, +A, +A,)] 


1 
abv 
=a 


Similarly, minimum value of H (A )= slmin( + 1, +f,)—max(A, +A, +A,)] 


1 
= ml = 
=-1. 
SHCA EI a1 
So, the boundedness property of H (A ) is also proved. 


3:12 Monotonicity 

Let 

AY = (a , Tie : Tia ), we : vy : yp? ), A ; 4,2) : RO) 

A” _ a ; a é Wi ¥ ‘Ce : yi? ; y® ); OS : Wc , a) )) 


If, A? < A, wehave p” < 7 fp? < pp < pg 
PY > 7! 7% > pO 7® > P/@and, 7 > JZ! , TZ > J/@ FZ > F/O 


~ 1 ay = = 
So, Ser (A = 516+) +H + By) OP VO $V) — Og +29? HAO) 


1 ; 
(1) /(2) /(3) ~ /d) — /(2) — /(3) /() /(2) /(3) 
< ri (BW, +H +B HW FV +V5 HA FAS FAS OI 


= Scr (A) 
#Ser'( A” )< Sear ( A); 
So, monotonicity of Scr(A) is proved. 


Similarly, H(A“) = le” oy i eG kee 


SFG! + +75!) - Gh +E 4 Fy) 
=H(A”) 

- H((A%)< H(A”) 

So, monotonicity property for the H (A) is proved. 
3.2. Aggregation of TFNNs 


We first remind few important definitions of Arithmetic Operations (AOs) applicable for “real 
numbers”. The weighted averaging operator of a “collection of real n umbers” pa, (i=1, 2, ..., n-1, 
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n) is defined as: WAi (pa,,pa,,p4,,....pa, )= > ps, Pa (12) 
Here, ps, =(pd,, .pd,, .Pd,,,...Pd,,)” represents the” weight vector” of pai, pd, € [0,1] 

and > pé,, =1. In similar way, assuming pd, : (Re)” — Re and for an assemblage of real numbers 
pai can 2,...,n-1, n), we can define the weighted geometric operator WTGp as 

WTGn pa,.pa,,pa,,... pa, )= [1 (pa) (13) 


3.3. TFNEOWA 

Let A,=<(p,, pb, .pé,), (pé,. pf, pS). (pz. ps,.pt,) > G=1, 2, ..., n-1, n) be an ordered collection of 
TENNs in the fixed set or well-defined accumulation of “real numbers”. Then TFNEOWA 
(A,,A,,A,,....A,_,,A, ) is defined in the following way: 


n-l? 


TFNEOWA( A,,A,,....A,.A,) =(pd, JA, (pd, JA, @(p5,, )A, ©... (pd, JA, = @(p5,,A\) (14) 
where p8, €[0,1] is regarded as “weight vector “of A, and ¥ pd, =] 
i i=l 


Theorem 3.3.1. Let A, = <(pa,,pb,, pé,), (pe, pf,, pg, ), (pz. ps,, pt,) > (i=1, 2, 3...n-1, n) be an ordered 
collection of TFNNs in the well-defined accumulation of “real numbers”. Then TFNEOWA 
(A,,A,,...,A, ) can be written in the following way: 


TFNEOWA (A,,A,,A,....A,) =pw,A, @pw,A, @pw,A, ©...Opw,A, = @(pw,A\) (15) 


T(pa, +1)" —11—pa,y™ Tp, +) ~T1d—pb,)™ T1(pé, +1)" - Td —pe)™ 
=< (— — , — : — - ‘ — — 
[1(pa, +)" +110 pa," (pb, +)" +1 —pb,)" TL (pé, +)" + Td —pe,)" 
i=l i=l i=l i= i=l i=l 


), 


211 (pé,)?™ 211 (pf) 211 (pai) 
( = n > fh sae n is ae st = n 2 
I1(2—pé,)™ +11 pe)" TL2—pey™ + Te) 2 — pg)" + TPs) 
ql (pi)? 211 (ps,)”" tT (pi,)?™ 


)), (16) 


( n n on n >on n 
I1(2— pi)" + TTF) I](2—ps;)™" Tes IT(2— pt)" + Then 
where for symbolical simplicity for representation, we represent the “weight vector” as follows: 
pd,, =PW,,pd,,, =Pw,,Pd,, = PW;,...,Pd,, = PW; 


Proof: We make use of the mathematical induction method to prove the theorem 
1. Take n= 1, the case is trivial. 


TENEOWA (A, )= 
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(pa, +) - 1] dpa)" [](p6, +)™ -[]d—pb™ Ts, +)" -[Ld—péy™ 


< (= =l = - = - : = a. ), 
[1 (pa, a) i +Td- pa;)’"' [] (pb, +1)?" +] ]d—pb,)’"  [] (pe; +?" +] Td —pe, )™ 
i=l i=l i=l i=l 
1 ‘a 1 
21 (ps, za (pf; )P za (pg) 
( n = n oon 2 n we oon = n ? 
I (2apea. Il (pe, )P™" I (2 pr je I (pf)? I Zape er I (pg, )P™ 
i= il 1= 1= 1 1= i= 1 7 i= 
il (pr)? au (ps, )?™: au (pt, )P™ 
(G - Fj - )), 
I (2=pr e+ I (pi, )P™ 1 (2—ps; )P™ + 1 (ps, )™" I (2—pt,)?"' + I (pt, )P™ 
=pw,A, ‘(16) 
2. Forn= 2, then we have 
i=2 


oe) = pw,A, ® pw, A, 
(1+pa,)?"' —d-—pa,)™ (1+pb,)?"' -—d—pb,)'"' (+pe,)P"" -d—pe,)™ 


wi A =U SAW enw ~ ~ ’ = Spw BoA WER? 
om" (1+pa,)?"" +(1—pa,)""" (1+ pb, )P" +(—pb,)™" d+pé,)P" + —pe, 
2(pe, ae 2(pf, ye 2(pg, aa 
(2—pé,)"" + (pé,)""  (2—pf,)™ + (pF) (2— ps.) + (PE) 
2(pi, )P"' 2(ps,)""" PU Sl 


(2—pi)’™ + (pi)? | (2—ps,)”" + (ps) (2—-pt,)’™ +(pt,)™ 
(1+ pa,)’"? —(1—pa,)’"? (1+ pb,)’"? —(—pb,)" (1+ pé,)"? -(—pé,)?” 


pw,A, = KG ~ \PW> x \pw. ” 1. \pw  \PWo ” ~ \ pW ~ \Pw2 7” 
(1+ pa,)"* +(—pa,)* (1+pb,)"* +(—pb,)"* (+pe,)""* —d—pe,)" 
2(pe, )P" 2(pf, )P"? 2(pg,)""* 
(2—pé,)P"? +(pé,)P"? (2—pf,)"™" + (pf, (2—pg,)P" + (ps, )™ 
2(pr, )"” 2(ps,)P" 2(pt, jh" 


(2— pt)" + (pz) | (2—ps,)?"? +(ps,)"" (2—pt,)"? +(pt,)"” 
(1+ pa,)’"' —(1—pa,)™ (1+ pb,)’"' —(1—pb,)"™" (1+ pé,)’"" —(1—pé,)™ 


pw, A, ®pw,A, = (( ~ \pw ~ \pw, ” 1. \pw 1. \pw, ” ~ \pw ~ \pw, 7” 
(1+ pa,)?" +(—pa,)P" (1+pb,)P"" + —pb,)™" (1+ pe,)P" + —pe, 


ape 2(pf,)?"' 2(pg,)P"" 
(2—pé,)’" +(pé,)’" ° (2—pf,)?" + (pf) (2-p&,)P" + (ps) 
2(pi, )P™' 2(ps,)P™" 2(pt,)P" 


Ww Wire? Ww w,? We - )) ® 
(2—pr,)? + (pr, )” Q=ps,) ot (ps, )* (2=pt,)* +(pt,)? 
(1+ pa, )P" =(1= past - (1+ pb, )”? ==(l pbs)" (Pepe): —(l=pe,)"" 
(1+pa,)’"? +(1—pa,)”” ‘(1+ pb,)"*"? +(1—pb,)?" (1+ pé,)?"* +(1—pé,)P"* 


2(pé,)™ 2(pf,)”” 2(pé, )P" a7) 
(2—pé,)"? +(pé,)"*" (2—pf,)" + (pF) ’ (2—ps,)" + (ps)? 
2(pr, )P"? 2(ps, )?"? 20)? 


(2=pt)" (pn)? =p)" (ps) pt) ph) 


We use the following abbreviations. 


(1+ pa, ye" =a,,(- pa, +1)! =a) .(pa, +1)?"? =8,,(- -pa, +1)? =6,',(pr,)™ =,, (ps; Pop = 
(1+pb,)”' =B,,(1—pb,)”™ =B, (+ pb, yp"? = 8,(1—pb,)P”? =o. (pe) "SX, rh yr" = A5, (ps)P"! = 15 
(1+ pc,)P" =y,,d—pe,)P"! =y, ‘d+pé, "2 = 6, Oe pe, gre =o',(2- pé,)P"! =a, (2-pf, jai =}! 
(2p)! =A", (2— ph)" =, (2—p5)P™" =, (2— pty" =", (2— pe)? = o1,(2— phy" =o 
(2—pg, ie =$5,(2- pr, hee =1,,(2—ps, ree =N ",Q2- pt, es = 3 (pé, )P" = >, (pf, ype =, (ps5? )=03 
(pr, )"? =€,,(ps,)" = S2(Ph, yr = j ; 

“wi A, @w,A, =(4 —o1,' B, - Be vi ed -)s ( 2X5 2X3 ans x, 


0 +04 "B,+B, yy, +y,/ a MMT” om n i, rian 
5-3; 5-8! o-o! 20, 26, 203 2é 2€, 2é, 
6, +6, +8 o+0' b+, b5+0, 65+4, mts nite, 1 +8; 


O(( )) 
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a, — a, , 3-8, B,-B; , 5-8 WN oo! 
a a, +a, 548 B,+8) 5+8 = y,+y, oto! 
ae el ~ a OF -8, 1+ (Pia Bi é- oe eee —y' o-o! 
+ chy 5, +5; B, +B; 8 +5! y, ty, o+0° 
2h, 20, 2h) 20, 2h; 20, 
( A+A, O, +4, M +A, 05 +0, mM +25 544, ) 
2 / / / a 
ee le are janes rT arees, 
A+A, +4, M+ 65 +6, ni 5 +0, 
Zh . 26; Diy . Ze, 2h . Ze, 
( NtA, +e, +h, n +8, +h, nN, +8; )> 
Dn b} ° 
PG ye a a yy gs ees 
N, +A, YN, + &, Y +h» Nh + &, Y +h, 1 + &, 
a6, = Aco Bd <3 B,'8! Yio— yo 2nd, 2256, 224, ) 


gl? 


a0, + a,'5) B,o+ B,'5’ Yoyo 
2h; 2hsb5 26: 
nn, +A,€, nn; +1, nn, +138; 


= (( 
(1+ pé,)?" (1+ pé,)?"? —(1—pé,)’"' (1-pé,)?” 


AO, +A, A/O5 +5, 04 +040, 


(1+ pa,)?"'(1+ pa, )?"? —(1— pa, )P"'" 1— pa, )P"” 
(1+ pa,)P"' + pa,)?"? + (1—pa,)P" d-pa,)?” 


(1+ pb, )?" (1+ pb, )’"? —(1— pb, )" (1— pb, )?” 


(1+ pb,” (1+ pb, )?"? +(1—pb,)’" (1— pb, )P"? 


2(pé,)P"" (pe, )?”? 


(1+ pé,)?" (1+ pé, )P"? +(1— pe," (1— pe,” 
2(pt,)r “(Ey 


*(2—pé,)P"'(2—pé,)P"? + (pé,)?"' (pé, Ph" 


2(pg, as (pg, ee 


(2—pf,)" (2—pf,)"” +(pf,)’" (pf,)"" | (2—p&,)P" (2— ps)? + (ps) (ps, )P? 


2(pr, yee (pr, ye 


2(ps,)P™" (ps, )P™? 


Qe pi, yPw O= pi,)?”? 7 (pz) (pr, )?”? ? (2 —ps,)" O —ps,)P”? a (ps,)°™ (ps)? 2 


2(pt, )”"' (pt, )?” )) 
(2—pt,)?"(2—pt,)’? + (pt,)’" (pt, )P” 


2 - 2 = 2: 2 
[Ld +pa, yn -Tld- pa;)""" ye ate i Ua [TG +e)" —I1d—pe,)™ 


=(5 - 2 = 2 a b) 2 2 b) 
[1+ pa, e +11d- pa,)?" “‘T1d+pb,)™ +F1d—pb,)™ [1d +pé,)P" +]T[d—pe, )™ 
i= tal is] i=l 
2 a 2 

211 (pé,)°" 2] 1 (pf, )™ 211 (pg,)P" 
IT(2—pe;)" FIT Pe): IT(2—pf;)” +1 (pf,)" IT(2—pg;)" +118)" 
1= 5) 1= 2 1= 1= 9 - 1= 

271 (pi,)”" 2TT (ps, )*™" 2TT (pt; )?™" 
( i=l i=l i=l )) (18) 


2 2 
TT@-pr "+11 (en) 
i=l i=l 


Assume that the result is valid for i= n, i.e. 


T1(pa, +1) 


TFNEWAA(A,, A, A) =(= 


i= 


TT d.+ pe; )’™ -T[d- pe)" 
=) et +, 
(eepe,) +Td- poy 


21 (pi, os 7 


is 1 


i=l 


2T1 (ps; )?™" 
( i=l 
Iie — pi)" +11 A) 


"a 2 
IT(2— ps,)"" pe 


d+ pa, + [1d-pa)™ j 
211 (ps) 
11(2—pé,)™ +T1(é,)™ 


IT(2—ps,)™" +11 (ps) 


ae) = Ds 
IT(2 pt)" + TT (pt, )?™ 
i= i=l 


-Td—pa,)”" [1+ pb))™ - TT G=pb,)™ 


Td +pb,)™ +11 d—pb,)™ 

211 (ph, )™ 2118)" 

TH-piy™ + Thy 
21 (pi) 


Se 
I1(2 pai)" +11 (8) 


ae (19) 
I Q—pt) + IT(pt;)"™" 


Therefore, TFNEOWA ((A,,A,, A; 
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Then, for i= n+1, we have, 


TFNEWA(A,,A,,A5,...,A,,,) =(pw,A,) ®(pw,A,) ®...® (pw,,,A,,,) 


= TFNEWA(A,,A,,A,,....A,) @pw,.,A 


n+l* “n+l 


T+ pa,)™ -[Td—pa,)™ T[d+pb,)™ —T1pb, +) 
Pe ea ae ee 
I+ pa, : an pa pa,)?" TT@+pb,)" gut Os +1)" 


TI +pé, yer “1d pe)” 21 (pé, )”" 21 (pf) 211 (pé,)™ 


Ts |i 


),(= - ‘ee * ae i ), 
[1d +pé,)"™ pues pey — T2—pay™" +11 eT —phy™ +f Tl 2—p gy" +g)" 


21 (pi)? ATT (pS; i au (pt,)P™ 


fice 


n n on n 2 on n )) 
I (—pr, + 2)P" + I (pr, )P™ I (—p§, + 2)?" + I (ps)? I (—pt, +2)?" + I (pt,)?™ 


el (1+ pa, )PW net 2 je pa, PW net (I+ Pb st )PWnat =e ire Pb st )PW net (1+ pe.4 )PW net = (le fein )Pw nat 
(1 Ba Pana er + (dl a pa. ‘ac (l 5 pb. yea 2 (1 -_ pb. yen ae (1 + PC, 1 eo + (dl = PC 1 pees 


2(pé,,,)P"™ 
(2 pes) ag (peso 
2, J" 28.1)" 20%." 2005)" 
(2- ae a MF +(pf,, PY ac (2=pe.g) pen) pri) (pr) (2=ps,.4)° (8.9) 
2b) )) (20) 
(2 Pie ea (pig) 


Therefore, the theorem stands valid for i= n+1, when it is assumed that the theorem is true for n= 
m. 


Therefore, by mathematical induction, the theorem is proved. 


3.4. Some properties of TFNEOWA operator 
Property 3.4.1. TFNEOWA (A;,A;,Aj,....A7) 18 a TFNN. 
Proof: 


As, iH (1+ (pa; yyrni 1 (1—(pa, yr} > (11 (1+ (pa, ))?™' 7 iN (1— (pi, Py 
L(+ (pa,))""* - TL (pa) 


so, = <<] 


1+ (pa, ))™ +P d—(a,))”™ 
Again, TI(2—pé,)?" > TI (pé,)”" 
i=l i=l 
So, []2—pa,)" +1108)" > 21168)" 
- i=l =i 


211 (pe; )P™ 


<1 


“fle- pe; )P™' +1108, ae 


211 (pr, )"" 


similarly, ————_——_______ <] 


[(2- pi)" + TL (pi a 


[1+ pa, ids pa, )P™' 211 (Pé, yp? 211 (pi) 
so, +} ________ + — TS 


———— (21) 
[1d +pa,)"™ +11 —pa,)™ I@- pe; +118, ae I@2- pi)” +11 (i jai 


5,..,A°) is definitely a TFNN. 
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Property 3.4.2. Idempotency 
TFNEOWA(A, i A) = pw,A©@pw,A® pw,A ®...@pw, A =@", pw,A 


=A," > pw, =1 
i=l 


[L(+ pa) -[]d—pay™ [1d +pb)"' ~ 11d —pb)™ 


TFNEOWA(A, A.,..., A) = (24 —____4>#—___, © - = - 
Td +pay”™ ag pay’ [[](+pb)"" +][d—pb)™ 
i= i=l 


25: (ps) 25: (pf) 25: (pg)™ 
n SI n oy - n 12 )s 
[1(2—pa)™ +118)" [1(2—phy™ +11 FY” 

2>:(pi)™ 20, (ps) 2 (pi)? ) 


rae os ‘Tie-pi™ ~ 


( 2 on = n fe 
 T1@-phy™ + Teh) 


a 
Le pry I (pr)""' 
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n 


[1 (1+ pe)" [Td -pa)” 
2 ______11_______) 


2 on 


d+ p@y™ + [1d —pey™ ) 


a+ paye 4a—paye” rae ae S oF ae 
\ age" iF ap 
one - goer es (2—pt Aye" - 6h . (2-pae™ +a 
o-pne™ vat pat” 4@at pitt” + (pie 
L+pa-1+pa L+pb-1+pb l+pe-1+pé) __2pé__ pf 2p Opi 


1+pa+1—pa 1+pb+1—pb 1+pé+1-pé 
2ps 2pt 

2—ps+ ps “25 pt+pt 

= ((pa, pb, pé), (pé, pf, p&), (pi, ps, pt)) = A 


which is a TFNN. 


Hence property of idempotency is proved. 
Property 3.4.3. Boundedness 


Let 
A = ((min, (pa, ,pb, ,pé,), max, (pé,, pf, pe, ), max, (pr, ps, pt, )) 
and, A” = ((max, (pa, pb, pé, ), min, (pé,, pf, p&; ), min, (pr, pS, , pt, )). 


Then 
A’ <TFNEOWA(A,,A,,A,.....A,,,A,) <A” 


Proof: We already have 


“2-pé+pé 2-pf+pf 2-ps+pe& 2-pr+pi’ 


(22) 


(23) 
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F1(max, (pa,) +1)” > a+ (pa,))?"' > T(- max, (pa,) +1)?" 
also, [] (—min, (pa, ))"™ > [1 ~(pa,))""" = [1 —max,(pa,))"", 
and, [] (Imax, (pa,))"™ < T1(~(pa,))""" < [1 0—min, (pa, ))"™ 
sonTT( +max, (pa,))"' > 1 +(pa,))™ > 1 +min,(pa,))?”' > 1 — min, (pa,))”™ 
> 11d — (pa, ))™ = [1 max, (pa,))”™ 

[1(1+max, (pa; ))P™" == max, (pa, ))?™" : Td + (pi, )) a ld (pa;))P™ : 
dma +T[(d—max, (pa) T(+(pa,))"™ +T1d-(@a,))™ - 
[1 +min, (pa,))"™ —[[(d—min, (pa) 


T1d+ min, (pa, ))””' +T[(—min, (pa,))”™ 
i=l i=l 


Ww: 


(1+ max, (pa, a athe agin d+ pay oe iW (1+ pa; )?™" 


Or, 
Pw Y pw 


1+pa,)’' +]]d.+ pa, )?" 
(1+max,(pa,))" = +(—max, (pa, ))" IT pa; ) I pa, ) 


IV 
US )s |r F)s 


; 7 Pw : 2 Pw 


ere se Met eae 
(min, (pa,)+1)"  +(—min,(pa,)+1)" 


i=] 


[1d +pa,)™ -T1—pa,)™ 


or, max, (pa, ) > + 2 min, (pa, ) (24) 


n 


LC Pa ai +Td- pa; )"" 


Similarly, we can prove, 


[1+ pb.) -T1d—pb,)" : 
or, max, (pb, ) > —1______="_______ > min, (pb, ) (25) 
[11+ pb, Vik +Td- pb, )™ 
TT(pé, +1)" - 11 —pé,)™ 
& max, (p¢,) > = > min, (pé, ) (26) 
10%, + Le +T1d- pe, )P™ 


i=} 


211 (pé,)"™ : 
Now, — a 
I@- pe, )P"" +T1(p8, ee. eee al 
i=l pe, 
2 2 2 
now, ————— 2 — = ———__ 
min, (pe; ) ay max, = ) 
2 
—__—__ —] —- —] 
min. i(Pe) Je CG D2 (pe; ) ) 
2 2 
1+ —1)P" >14],(—-) 214+ — yr" 
me Genrer, munney ) ee i) ) Nema ) 
or, — 5 7 cS 3 < —— 5 - 
—1)P"' +1 ie —1)P" +1 0 [J (——— -))™ +1 


i=l min, (pé, ) i=l (pe, ) i=l max, (pe; ) 


1 


New Trends in Neutrosophic Theory and Applications, Vol. HI, 2024 143 


1 1 1 
or, ——————————_ < 7. a 


oe CoP PY ge oe ad 
min, (pe; ) , 1 Z max, (pé, ) 
Te -pe st 
ist pe, 
211 (pé,)”” 


= = ‘ é. . . 
[l(2—pé,)" +1 See Similarly, we can 


show, 


or, min, (pé, ) < 


211 (pé,)”" eee 
ETT < max, (pé, ) eh i Z Il (pf; ) 
oe aa T2-piy” +118)” 


min, (pe, ) < 2 
AED < max, (pf; ) 


Similarly, min, (pg,) < el < max, (p&, ) (28) 
M(2- pg)" + TTC, Ne 


Same type of proof of inequalities can be shown for other falsity components also. 
Combining the results (24)-(28), it follows, 
A©® <TFNEOWA(A,,A,,...,A,) <A” 


Value of scr( A ) 

=Ser(A®) = 516 + (min, (pa, ) + min, (pb, ) + min, (pé,)) — (max, (pé, ) + max, (pf,) + max, (p, ) 

—(max, (pf) + max, (pS; ) + max; (pt ;))] 
< 516+ (pa + pb + pe) —(pé + pf + pB) — (pF + ps-+ pd) 
< eax: (pa, ) + max, (pb, ) + max, (pc, )) — (min, (pé, ) + min, (pf,) + min, (pg, )) — (min, (fF) + min, (S, )+ 
+min(t,)) +6] 


So, Scr(A™) < Ser(A) < Scr(A™ ) 


Property 3.4.4. Monotonicity 
Let A, and A,” be two TFNNs in the defined set of “real numbers” and 


A) © A (2) 
A, SA, for, Vi=n,n—-1,n—2,...,3,2,1. 


Then we have, TFNEOWA(A,”,A,”,A.”,..., A.) <TENEOWA(A,?, A,?,A,,..., A.) 


Proof: 
Let, AY = ((pay”, pb,p co); (pe, pf.p a), (pr’.p s pt?) 


A® = (pi a2) (pee) pee, ‘DBE? p 7 pi)) 
for, A <A; 


Weassume a? <a”, 6? >é? £0 >F for,i=n,n-L...,3,2,1 (29) 
T1d+ pa;?)™ < [] (+ pay”) 
i=l i=l 


&T[— pa?) > TP d—pa®)™ , Vi = n,n -1,n -2,...,3,2)1 
i=l i=l 


And [](+ pa) > [7+ pa?)™ > T1d— pa?) > []d—pa?)™, Vi =1,2,4,...m 
i=l i=l i=l i=l 
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and, [] (1+ pa)?" —[[(— pa?) > [T+ pa”) -[Td— pa?) 
i=l i=l i=l i=l 

also, [[(1+ pa?) +] (1— pa)” < [d+ pa?) +] —pa?y™ 
i=l i=l i=l i=l 


Td+ pay)" ~Hd— pay)" [1 (+pa?)™ ~Hd-pa,?)™ 


i=l > i=l 
T1d+ pa)" +T1d- pay — TE + pal)" +] = pas?)™ 
i=l i=l i=l 
x(1) yes 2 
now, pe; = pe; ST ZO) 


~ pe pe; 
dns De aoe ee 
«Gee <TC ago 


onl = ~1)" sI+TC wa 


- ss 1 
ne. 2 a. tte e 
aie Sy 14 
i=l pe; isl pe; 


i=l 


or, 


27 (pet?) 2TT (pe?’)™ 
or, A > 
TT (pe) +11 —pe)™ TT (pe,")" +112 —pe,)™ 
Boss ~(1) ~(2) 
Similarly, for pr’ = pr, 
2r1 (pr? ym 211 (pr ake 
i=l 


=a e 
Il (pr pri 4 II (2 od, pr’ yew “Ti (pr ae op iW G2 pe yPwi 
i=l i=l 


Now, let A” =TFNEOWA(A\), AQ, A®...., AP) = (pa, pb pe), (pe, pf, ps 


[1+ pa?) -[1d—pa?)* 211 (pe?) 

where, pa” = SE = SSS 
Td +pa”)™ +[[d—pa?)™ 118)" +11 2—pe”)™ 
i=l i=l i=l 


Now score function value of two aggregated TFNNs A® andA™ are computed. 
Using relations eqn (29), we redefine { AY =((n fp, f°), VV, V), AP, 


A” =n rie Tha we vy! yi?) vO 4/2 Ny) 
Sor(A") = [64 i" 4° +) = 49% $V) — (AP 40% $2)], 


Sor(A®) = 16+ +f 4 f/)- GO 49 49) — HO 4:7 47/0) 


and, Ser(A“) = 5{6 + (f° +2 +9%)-@® 49% 49%) -AP 420 +2) 8 


{6+ a? +n 7/2) rs a!) — (Cae yi ae voyS Ge? i a) ss V')) = = scr(A ) 


IfScr(A) < Ser(A”) ,we intend to prove 


TFNEOWA(A,””, A, Aj, A,,...,A,”) < TFNEOWA(A,”, A,” , A,” A, ,...,A 


The following cases are considered. 
Case 1: If Scr(A) =Scr(A™) then it follows, 
L6 + +p +0°)- (eae py) = ee 4,2 +2.)] 


= 64 +7? +7) (VO 4 yl 4 y= OOO 4/5 


so (a + no + bp) = (9 +0 +0/°), (VO 4y 499) = (Ve yi 4 vy), 
(oO ay ey Oy ae 


: * 
Now for accuracy function of A“ , we 


144 
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have, H(A"”) = ta” 2. 40 jo eh eh le a" sn an ja? 4) a SHA) 
Therefore, TENEOWA(A A.A... A) = TFNEOWA(A®,A®,A®,,. 22 (30) 
Case2: if Scr(A") <Scr(A™), we have 

glOt +m +B) iy sag) +y"")= (AM 5) +2)] 


< 16+" +R +p )— Gray poy PVA tg GO? my eau 


Ge LS a Sa SV SV ay Sy ete forviel234..n ia 
H(A”) < H(A”) ; 
So, TFNEOWA(A;”) < TFNEOWA(A)” for, Vi =1,2,3,4,....9-Lm - 
or, TFNEOWA(A, A? A”, AQ,..., A”) < TFNEOWA(A\™”, AY’, A? A® A”) 
So, we have 
TFNEOWA(A\, A, A”, A®,...A®) < TFNEOWA(A”, A? A? A? A?) (31) 
So, monotonicity is proved. 


Theorem 3.4. 1. TFNEOWGA (A,,A,,A,,A,,...A,) =A?” @A,"™ ®...@A (32) 
2TT(pa,)" 21 (pb,)™ 21196)" FLd+pé,)"" -[1d—pé,)”™ 
=< ( i=l : i=l ; ), ( i=l i=l : 


[1(2-pi,)" +1109)" [12-pb)” +11(06)" fe- pi” +1100)” [+p “+ TTd-pe" 
[14+ pf)” ~T1d-pf" T+ pe.) -1d—pa)" [d+ pk)": -F—pay™ [1+ ps.) -11-ps,)™" hese 
os" 5 
[1+ pi.) +d- pi)" [1d-+pa,)" +11d-pa,™  Td+pe)™ +11d—pey™ [1+ ps," +11 ps) [+ ply +11d-pi™ 


i=l i=l i=l i=l i=l i=l i=l 1 
Proof: Wakes inductive method is used to present the proof of the theorem. 
Casel1. For i=1 


TFNEOWGA (A,) = 
211 (pa,)" 211 (pb,)" 211 (pé,)" [1 +pé,)"™ -[](—pé,)”™ 
=< ( i=l i=l : i=l = i=l 


F@-pa,)" +11(pa)" [2-pb,)™ +[1(pb,)" [12-pé,y™ + 11s)" T+ pa)™ +1]0-p6)™ 


i=l i=l i=l i=l a i=l i=l 
1 1 


rd-+pi)" -F1d-pi)" F1d-+pa,)":-[1d-pg)™ [d+ pe) -11d—pé)™ [d+ ps)” -[1d—ps)™ 1+ pi)”: - 11 d-pty 


i=l i=l : i=l i=l me i=l : i=l a , i=l = ) % 
1 ni 1 ~ i 1 1 1 1 1 

I](+pf;)" +T10-pi)” I](1+ pg)" *TT—pg,)"" I (+ pi)” a pr) I1(1+ ps; ee +Tl0- ps,)P" (+p, e +0 ply” 

— pA 

Case2. For i= 2, we have, 

TFNEOWGA 


((A,,A;) 
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AP" @AP =<( 


(1+ pf,)’"' -(—pf,)’" 1+ pg.) —(1—-pg,)™ 
(1+ pf)’ +(1—pf,)" 


2(pa, )P"' 
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2(pb,)”*' 2(pe, )™" (1+ pé,)?"" — (= pe)" 


(2 = pa, Vile a (pa, ile (2 > pb, ie ts (pb, bis (2 = pe, ee F (pc, es d at pe, ae + d _ pe,)P" 


), 


(1 g,)P" a (= e" 


(4 pry == pry eps) Gps) apt) = Capt) 
(1+ pf)" +(1—p&)"' + ps,)P" +1 ps)" “(1+ pt)?" + —pt,)™ 


2 


(pa, )P"? 


2(pb,)P" 
(2= pa,)”” + (pa) ’ (2—pb, )™* +(pb,)”"* " (2—pé,)"™" + (pE_)™” 


2(pc, )P" (1+pé, ial = (Lepe;, aie 


(1+ pé,)"? +(1—pé,)”? 


b) 


(1+ pf,’ —(—pf,)’" (1+pé,)" —(—ps,)P" 


Gept yy ed=pi yy dpe spe) ; 
(1+ pr)?" -d—pr)" +ps,)""" -d—ps,)"  (1+pt, )P" —(—pt, 


(1+pi,)?"? +(1—pz,)P"? (1+ ps,)?"? +(1—pS,)? (1 +pt,)’"? +(—pt,)” 


a a J 77) 
(2—pa,)P" (2—pa, )"* + (pa, )"" (pa, )P"* (2— pb, )P"(2—pb, )"* + (pb, )"" (pb, 
2(pC, )?"! (pe, )P"? ), 
(2—pé,)?"" (2—pé,)?”? + (pe,)”" (pé,)?™” : ; : : 
(1 a pe, is (1 + pe, a Zz (1 = pe, Pr" (1 a pe? (dl + phy (l + pf.) = (l =p) (l = pi)" 


2(pb,)”"' (pb, )?"? 


(1+ pé,)" (1+ pé,)?"? +(1—pé,)™' (1—pé,)?" (14 pf)?" (1+ pf)? + (— pf)?" —pf,)P” | 


(+ pe))'™ (ps,)""? =d=p)e)P "= pe.) 


(1+ pi)?" + pi, )?"* — — pi)" pr 


(1+ pé,)""+p8,)""* + —pé,)" dpe)" + pi)" + pi)? + pi)" dpi) 
(1+ pS)?" (1+ ps," —(— ps," ps, )"? (+ pt," + pt.) —d—pt,)" d-pt, 


(1+ p§,)" (1+ ps, )"? +(1—ps,)"" dps)?" "(1+ pt,)"" + pt," +(1—pt,)?"' (1-pt,)” 


=<(5 


2 
2] (pa; )’™ 


2 


IT — pa)" + T1(pa,)"" 


2 
2T 
i=l 


‘TIQ-pb,) 


Ea ay 2 a) 2 
TR I1(2—pé;)™ +11 (pe) IT +pé,)"™ EI pe" 


2 


[1 +pe;)™ 


i=l 


= 2 2 
(pb, )?™" 21 (pc; )P™ -¢ —pé,)P" 


° 


2 ‘= 2 me 2 2 2 2. 
es =I pi) IT(+ pg)" ~I1G— pg)" IT (1+ pi)" = Gps) 
2 as 2 « aap) 2 ? 2 5 
I (1+pf,)?" + I (1— pf, )*™: I (1+ pg,)P" + I (1—pg,)P"" I (1+ pr)" + I (1— pr)?" 
=) 5 a : iy 7 1= 1= 
I] (1.+ ps," —|[d—ps;)" T]d+ pt,)™ -[[d-pt,)™ 
7 : 7 : 7 - ) > (33) 
TT + ps)?" +]7d—ps;)P" [[d+pt,)?" +] d—pt,)" 
i=l i=l i=l tI 
Now we assume that the theorem is proved for i= n, 1.e. 
TFNEOWGA(A,,A,,A,,...A,) 
= A @ AP? @,..@ AM 
27] (pa; )”” 27] (pb; )”™' 
=< ( i=l ; i=l 
IT(2— pa; )"" +11 (pa,)™ I1(2—pb;)"™ +11 (pb,)"" 

211 (pe) [1d +pé,)" [Td —péyP" 10+ pf) -Td—-pfy" 1d +g)" -11 pg) 
TQ—péy™ +11 psy" T+ py +1 pay +p ey +11d—phy + pg)" +11 pa” 
[1+ pé)" -Td—pk)P" [[+ps,)P" -T]d-ps,)P" [d+ pi.) -T] pi.) 

Cee Ee ees eee zm Ne en 
[[]d+pe)P" +][d—pi)P" [[d+ps,)P" +] [d—ps,)P" []d+pt,)P" +1] d—pt,)" 
i=l i=l i=l i=l i=l i=l 

For i = n+1. we have 


TFNEOWG A (A! @A2? @...@ AP @AP =) = AP @ AM? BAM @ AMm = 
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TFNEOWG(A,,A,,...A,) @ Aw 
211 (pay 211 (pb,)™ 211 (pe) 
[12—pajy™ +11 (pa TL 2—pb,)P" +1 1p" T]2—peyP™ + TPE” 


[d+ pé,)P™ -[]}—pé,)P" [1+ pf,” -[]-pf,y" [1d+pg,)™ ~[[d—pg\)™ 


=< 


° 


[10+ pg)" +1] pe) 10+ pf) +11 0—peyP E+ pg)" 4110p gi)? 


[T+ pi)" “ (pr [Td +ps))" “ (1—ps,)P" [1d+pt)P" all (1—pt,)P" 
i= i= i= i= i= i= ) 


[1d+pé)P" 41 ]0—peyP™ [Td +ps,)' +7] —ps)P" [+ pi," +17 —pt)™ 
i=l i=l i=l i=l i=l i=l 


Crp) 4 Oa," C= phay spb, Ope) ea) 
(pes) spe. 
d a Pfs ieee = (I 2; pti ee ( 3 PS aut ee = d — PS ast poe 
(1+pf,,,)"™ +(-pf,,.)?"" + p8 "+0 -pa 
(1+ pr)" -—(—pr,,)""" (+p%,,,)?"" —(1—p,,,)P"™ 
oy Pas ites ae Phat yPvon "+ DScaq) Eps) 
(1+ pt,,,)P’ +(d—-pt,,,)P"™ 


®<( 


21a) (Pane) 2(L1pb,)™ (pb...) 


=< ( n n > on a ae n ma a is 
( Pa) (pa acy ee I Capa) @=pa,4) (1 pb (pb 4) I1(2 =pb "2 =pb,) 


*(1 pe, )P™" (pe, (i (1+pé,)P" + pé, Ph — (i (1—pé,)?" )(—pé, 


(1 P&)"" BE)" +2 — pe)” (2—PE yd" CLA + PE)" IA + pe, 1)" + CLL = p&)™ PE, 
(a+ pf,)?")d+ pf,’ -aid —pf,)"” )(—pf,,.)""™ (110+ p8))"" 0+ 8.1)" — CL =p)" 0 = PB a) 
i= i= i= i= ) 


(d+ pf.) )+pf,,,)" + (1d - pf,)”" )—pf,,,)"" (d+ pf.) (1+ pf)?" + (1d = pg)" )0 PB 41)"" 
(1+ pi)” )CL+ pi)" (10 = pi)" 0 = pi) (TL + ps)" YL + pi, 41)" = 1.0 =p)" Y= pS," 


(i (1+ pi)" + pr.) + (i Chip = pi aye (i (1+ ps;)P"' (1+ ps, )P° + (i Gapt) dpi) 


( (api) ie pig (i (=pt)™ tho ptia) 


n oe o n lags “ss ) > 
(1 Cpt) dept) (1 Uspt) 0 =p.) 
n+l n+l we n+l n+l n+l 
211 (pa,)"" 211 (pb; "" 211 (pe, ak [1 @ pe)" = [1d —pé,)" 


n+l n+l nd & n+l ‘as > ntl n+l 2\ nl n+l 
IT (pa;)"" + [1(2—pa,)" IT (pb;)"" TF I] (2 pb; )™ IT (pé,)"" +1TQ—pé,)™ [1 (+pe™ +ITQ—pe)™ 
- 1 he “atl aa are) Seer rail . 


n+l Pa n+l 7 n+l 
TGepie = [C= phy T](+pg,)" -TTd-pg)" [d+ pi" - Td —-pi)" Tdeeps) "Tp 


i=l i=l i=l i=l i=l 


3) 


ntl i n+l Pa 2 nH n+l ntl n+l > n4l ntl 
[1d +pf,)" +11 ~ pf) I] (+p8)" +11 0—pgi)™ I] (1+ pi)" AT pay I] +ps,)"" +11 0—ps,)™ 


i=l 

[[d+pt)" -]1d-pi)™ 

oi oes (35) 
I] +pt,)" +11 0—pt,)™ 

So, the theorem is true for 1 = n+1. 

Therefore, by mathematical induction, the theorem is proved for any positive integer n. 

3.5. Some properties of TFNEOWG operator 


Property 3.5.1. TFNEOWG operator is a TFNN 


147 


New Trends in Neutrosophic Theory and Applications, Vol. III, 2024 


Proof. Since, 0< pa, <1, we have 0< T(pa, )?" ail 
i=l 
so, 1(pa,)™ < [](2-pa,)™ 
i=l i=l 


or, {1 (pa,)™ +T(pa,)™ }< (T1(2—pa,)™ +T1(pa,)™ } 
211 (pa,)”" 


5 SSS ee 
T1(2— pa; )"" hla” 
1= : sah i pé, se 
a pwi —_— nea )PVi = : +] 
[1(p8, +D™ -11—pé,) Crea ) 


now, = = 
P(e, +) -FEd=pa,y™ FER 1 
i=l i=l i-l + pé, 
- = : ee pw; 
a —ne Yi _ an et i +] 


=] 


now,: 5 7 
i onRee Tapa" fd PE +1 
as,0 < pé, <1,so, 0< TIC =ne ——+)™ <1 
i=l 1+pe, 
O<1- ce 1 Pe ow, <181+1{(— 1 Pe ow, 21 
+ pe; 1+ pe, 
[1d +pé,)” -T1—pé)" [Id+ pr) TI (1- pry 
n0S = <1,similarly,0 < =—_____1)._ ____. <1. 
Td +pé,) * T1—pa)" Hd +pi)™ -T1d-pi)™ 


[1+ pe;)?" —[Td—pe;)™ 
es Dees 


I (l at pe; aie af (l < pe; yen 


21 (pai, )”” 
Therefore, 0 < — i=l ree 


I (2 ~ pa, yee m7 I (pa; ye 


Id+ pi)" —1d—pi)" 


a3 


IT + pi)" d= pi) 
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Similarly, for other truth, indeterminacy and falsity components, we can show similar inequality 


relations hold. So, TFNEOWG operator is a TFNN. 
Property 3.5.2. Idempotency 


Let A,=< ( (pa, pb, pd), (pé, pf, p&), (pf, pS, pt) > be a TFNN and A. be equal for all i=1,2, 3...n. Then, 


TFNEOWGA(A, A, A,...,A) =A 


Proof. 
>» pw, Fes dew ” dew yp pw; . Ypw 
= 2(pa)™ . 2(pb)" . 2(pc)™" ), canal cl mw —(—pé)e . 
_ Yew > pw, _ dps _ > Pw Pw > pw, Uw 
(pay +(2—pay" (pb) +(2—pb)" (poy +(2— pe)" (l+pey"  +(1—pe)" 
Pe Pw yp w 
(l+pfy" —(-pf)" 
= dew, oe dw 
(i+pf)* +(1—pf)* ; 
re a eA ee a 
(eps). “(pe)” ) eee —(—pr)" ES! me =U ps) 
_ Ypw, _ Yw, _ pw Sow > pw, _ dps, 
(l+pg)" + (1—pg)" (i+pr)"  +(—pry" (+ psy" + (1—ps)" 
bev DP 1 2b 
( 2 = =Pv < 
~ PW ~ Pw 
(+pt)"  +(—pt)" 


=< (pa, pb, pc), (pé, pf, p&), (pf, ps, pt) >. > Pw, =1 


A 


(36) 
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So, property of idempotency is completely proved. 


Property 3.5.3. Boundedness 

Let A, =< (pa,,pb,,pé,),(pé,. pf, .p&,), (pz. ps,.pt,) > i= n, n-1,...,3, 2,1 be an assemblage of TFNNs, in 
the set of “real numbers”. We assume, 

A” =< (Max (pa; ), Max (pb, ), Max(pe; )), (Min(pe; yp Min(pf, ), Min(pg; )), (Min(pr; ), Min(ps, ); Min(pt, )) > 

&A® =< (Min(pa, ), Min(pb, ys Min(pé, )), (Max (pé, ), Max(pi; ), Max (pi, )), (Max(pi), Max(ps, ), Max(pt, ))> 


Then A® <TFNEOWGA(A,) < A” (37) 
Proof. 
We have min(pa,) < pa, < max(pa,)for, 1=1, 2, ..., n-1, n. 
1 1 1 
or, —————— 5 — 5, 
max(pa,;) pa, min(pa,) 
2 2 2 
or, ————_ < —— < ——_ 
max(pa,) pa, once 
or, a 4) 
max(pa, ) ; min(pa; ) 
or ie ay > (2-1 2(— 2-1 
min(pa, ) ; max(pa, ) 
2 2 2 
———— 3S 5 
max(pa;) pa; min(pa,) 
or, (—*__-1r < (2-1 < es, | ot 
BS, ) , min(pa, ) 
2 7 BD _ 
or, 1+ (T] (—— a aoe seem De ySUH Aye) 
i=l max(pa ) i=l pa, aco 
j : 
ae > 5) > 
+(1(—-p™) 14 (2-9) (0 Gear sly) 
i=l =a a, ) i=l pa, ee 
2 2 2 
ee = sit Oo en > Ae 
1+ (I(—-p™) 14+ T(-p™) sa Gerrans a) 
i=l max ape ) i=l pa, in(pa, ) 
Z 2 2 
SS 
2 me aaa 2 DP 
name Se i Grameen 
max(pa, ) : min(pa, ) 
or, max(pa; ) 2 > = min(pa, ) 
: 1+} —-p™ 
i=l Pa; 
211 (pa, 
or, max(pa; ) > ————"______ > min(pa;) 
T1(pa;)"" FTM2=pay-” 
211 (pb, )”" 21] (pé,)”" 
Similarly, max(pb, ) > isl > min(pb, ) & max(pé, ) = isl > min(pé, ) 
Tp, ee +T12- poy [1 (0%, ee +T12- pe; )?" 


again,0 < pe, <1 => max(pé, ) 2 pe, = min(pe. ) 
so, l—max(pé,) <1—pe, <1— min(pée, ) & 1+ max(pé, ) 2 (1+ pé; ) 21+ min(pé, ) 
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=> T[(1—max(pé,))?" <[[U—pé,)?" <T](—min(pé, ))”™ 
i=l i i=l i=l R 


also, Tl (max(pé,) +1)" = I (1+ pé,)"" 2 Il (min(pe, ) + 1)" 
i=l i i=l i=l t 


s0,{[] (max (pé,))” + [[(1-+max(pé,))" } < {T10—pé,)" + 11+ pé,)"" } < {I1(—min(pé,))” + [1 (1+ min(pé,))™ } 


and, iW (1+ max(pé, yy I (l- max (pe, ys iW (1+pé,)" 


1(1+ max(pé,))™ -[]-max(pé,))™ [L(+ pé,)"" -I1 d-pé,)™ 
izl i isl i > isl i=l 


— [1 —pé,)"™ } 2 {11+ min(pe,))™ 


-[](-min(pé,))”" } 


a (min(pe, y+ - I (1- min(pé, yy 


[1 (1+ max(pé,))” +11 (—max(pé,)+)™ [18 +1)” viper 
i=l x i=l 1 i=l i=l 


pw; } Pv; n n vp PW; vp PW; 
duaiiene eC T[+ pe, )?" —T](1— pe, )™ [TC + min(pé, ye pile min(pe; ))"" 
or, i - i - > = a > i=] 
manips) +72 (maine ene” LOAD HOPI mips ye +f} a-mincpe ye” 
as, pw, = 
So 


(1+ max(pé, )) — (1 — max(pé, )) Il (1+ pé, )"" -T] (1—pé;)?" 
1 i > i=l i=l 


FT (min(pé, ee: na- min(pé; ))"" 


(1+ min(pé, )) —(1— min(pé; )) 
> 1 1 


(1+ max(pé;)) +(1—max(pé;)) HI (1+ pé,)”” +71 —pé, )™” 


106, +1)" Ta- pé,)?" 


T1(pé, +1) “Tl (1— pé,)”" 
Il (pf, “™ -Tla- pf)" 
similarly, max(pf, y2 
(pi, +1)" +T1- pf)" 
T1(P8, +1)" -Tla- ps, m 


[1 (ps; ule +T1d- pg) 


or, max(pé, )>? = min(pé; ) 


5 


> min(pf,) & 


1 


max (pg; ) 2 - = min(p§g; ) 


1 oe 1 


[1+ pi) 
Similarly, we can show, max(pi,) > — 


T+ pi ye +11 + pi ie 


i=l 


~ (1+ min(pé; )) + (1—min(pé;)) 


I (1+ pi) 


valid for other falsity components also, for all values of i=1,2, 3..., n 


So, we conclude that AD <TFNEOWGA(A,, 
So, the operator is bounded. 


Bee ee ad 
A,,A,,..,A,) <A‘ 


(38) 


To reconfirm the result of eqn(38), we consider the inequalities between Scr(A“’) ,Ser(A"’) 


Scr(A). and corresponding accuracy functions. 


We have already defined “score function” ( see eqn (10) and 


which are presented as: 


oe 1 - Po t2 ba a 1 es ea oe 
Scr(A; ) = e° + (pa, + pb; + pc; ) —(pé, + pf, +pg,)— (pr, + ps, + pt; )] 


2 Ser™) (A) =1&Scer™” (A) =0 => Ser € [0,1], Vi 
H(A) = sl(va + pb + pe) —(pi + ps + pt)] & H(A) €[-L]] 


Now, 


A193. ox 


n) 


150 


>min(pr) and same type of inequality is 


“accuracy function” (see eqn (11) 
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Scr(A”’) = [(Max (pa, ) + Max(pb,) + Max(pé, ) — (Min(pé,) + Min(pf, ) + Min(p&, )) — (Min(pi,) + Min(ps,) + Min(pt, )) + 6] 


oO ]R 


1 ES : ™ Z 
> —[(pa, + pb, + pc, ) — (pé, + pf, + pg) — (pr + pS, + pt,) + 6] = scr(A) 
9 


@ 1 s ie 

similarly, Scr(A‘’) = — [(Min(pa, ) + Min(pb, ) + Min(pe. )) — (Max(pe. ) + M ax(pf.) + Max(pg. )) — 
9 i . i i ; i i 

(M ax(pr ) + Max(ps, ) +Max(pt,) + 6] 


< “(i +06, + _)~ (Be +f +98)~ (ot + ps + pF) +61 

= Scr(A) 

“Ser(A™) < Ser(A) < Scr(A™ ) (39) 
Now we consider the two cases: 

Case 1. If Scr(A) =Ser(A™) & Ser(A) =Ser(A%) 

Then, 

Ser(A) = Ser(A“”) > 

‘6 +(pa, + pb, + pé,) -(pé, + pf, + p&,) - (pk +p§, + pt,)] = I6 + (Max (pa; ) + Max (pb, ) + ee (pc; )) — (Min (pe) + Min (pf,) + ne (pg; ) 
—(Min (pi) + Min (ps, ) + Min (pt, )] 

So, we have, 

pa, + pb, + pé, = (Max(pa,) + Max(pb, ) + Max(pé,)) & (pé, + pf, + pg.) = (Min (pé, ) + Min (pf,) + Min (p§, 
&pi, + ps; + pt; = (Min (pr) + eee (ps, ) + Min (pt; ) 

Therefore, 


~ 1 x _ 1 - e 
H(A) = 3 lira, +pb, + pce.) —(pr +ps, + pt, )] = Me, y+ (Max(pb, ) + (Max(pe, )) — (Min(pr y+ (Min(ps, y+ (Min (pt, y)] 


= H(A") 

Similarly, taking Scr(A™) =Ser(A), we have H(A) = H(A”) 

Case 2.Similarly from Scr(A) ~Ser(A) <Ser(A™) , we obtain H(A“) ~ H(A) = H(A”) 
So, we have H(A”) < H(A) < H(A”) 

So, we have A <TFNEOWGA(A,,A,,A,,....A,) <A. 

Property 3.5.4. Monotonicity 

Assume that A,” & A,” are any two TENNs such that A,” <A, for,i=1, 2, ..., n. 
Then, TFNEOWGA(A\, A, A®,.., A?) < TFNEOWGA(A”, A?) A®,..., A®’) 

Now 

for, A\” =< (pa; pb; ,pc), (pé. pf’, pg). (pi! ps}, pt;) > &A =< (pa; , pb; , pe; ), (pe; pf”, p&}), (pk. ps? .pt? ) > 
We consider pé!,pé!,ptiof A! & pc’,ps?, pt? of A’for, Ai < A? =1,2,3....,n) 

O< pc, <1&0< pe <1 

also, pc; < pe? 


2 2 
> (4-2 ( 


= 1), 
e 


SO 
G pe 


oC) 2) 


n i 2 os i 2 i n 2 ee n 2 ai: 
on) 2h Ste eG a 
i=l pe; i=l pe; i=l pc; i=l pc; 
1 1 


ee 
M41 41 
pe 1 pe: 


i=l 


or 


i i 
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[1 (pet) (p67) 
or, — = - 
[ey + pe” “Toe” +ITQ- pe; Pr 
2T (ve; Oe 211 (pe; jp 
or, ————+—________ < a 
Hope” +12—peym Tee)” +T1@2- pe)" 
21] (pa ee 211 (pa AO ale 
similarly, =| ____ —._—_-£ 
Mpa)” +TQ—pa ae Mpa) +T1Q- pa; )": 
211 (pb) 211 (pb; )™ 
i=l = i=l 


T1(pb!)’" +] ](2—pb!y™ — FL (pb?)" + T1(2—pb?)™ 
i=l i=l i=l i=l 
for, pt} > pt? > (1+pt;)>(.+pt-) 
or, ] [ pt; +)?" =] [ty +b". [| [d—pt)P" < ] [d—pt?)" for,i =, 2,3.....,m) 
i=l i=l i=l ze 
also, [| (pt? +1)?" >[[U—pt!)™ > T](pt! +)" = [1 (pt? +)" = TT — petty 
i=l i=l i=l i=l i=l 
S&T (pt! +1)" =P] (pt? +)" =PTd—pt?)”™ =TTd—pet!y™ 
i=l i=l i=l i=l 
so, (pi! +1)" —[]d—pt!)™ > [1 (pt? +) -[]—pi?)™ 
i=l i=l i=l i=l 
S&T (pt! +1)" +] — pt!” <[] (pt? +)" +] dpi?) 
i=l i=l i=l i=l 
[1 (pi! +1)" —[]—pily™ Mi; +1)" ul (1— pi?) 
SO, = = > i=l 
T(pi! +)" +]TG—pily™ — [[ (pi? +" +P pi?) 
i=l i=l i=l i=l 
For, ps, > p&; we can show, 


(10+ pa) -T10—péi)")} {T1(+ p&?)’" -[T pg?) } 
a2 1 _______ » 4________i!_____.& 


(40) 
(10+ pa as +T1d- pss)" } (T10 + pa, oo +T1d- ps)" } 
(T1(1 + pé ey Td pé;)P"'} (TI + pe: ey" Bie pe)" } 
i=l > i=l (41) 


(T1d+péy™ +11d—pey™) (TLd-+ pe? +11d—pery™} 
Similarly, we sath show that : ° 

(d+ pi) —Td—pay) ATL +e ~ Td pie 
(10+ pi) +110—pi oe) (TG + pi?) +11d—piy™ 
(Fd + ps1) -T1d=p spy flares —T1d-ps?)""} 
T1d+ psy +11d—ps}y™) TL d+ psy + Td psy 


152 
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let, A! = TFNEOWGA(A\, A}, Aj... A}) =< (pa’, pb’, pe’), (pe’, pf’, p’), (pi’, ps’, pt’) > 


1 


211 (pa'y™ 211 (pb!)™ 211 (pe')™ 
where, pa? = +. pb! =] ———#@ —_______._p@? =$ —__=t_______ 
[1 (pa!) +]1(2-pa')™ [L(pb’)™: +] (2- pb')” [1(pé')™ + 11(2- pe!) 
i=l i=l i=l i=l i=l i=l 
I] +pé!)" -[]-péy" s+ pf’) -T1 (pf) I] (1+ pe)” -[](-pa’)”” 
&pe’ = i=l i=l pt = i=l i=l pe = i=l i=l 
1+ pe)” +[] (1-pe’)”” (+ ph)” +] (- pf!) H+ pg})™ +TLG pa)” 
j= i=l j= i=l i= j= 
[[(.+ pi)” -[] (1 pi)” [d+ ps’): -T]d— ps) [[(1+ pt!) [1d —pé!)™ 
pi’ = i=l i=l ps = i=l i=l pe = i=l i=l ' 
[L(+ pf)” +[](- pi!) [1 (1+ ps')™: +1] — ps!) [1 (1+ pi)” +I] (1- pity” 
i=l i=l i=l i=l i=l i=l 


. . 4 (1 
Now we consider score function of A‘” 


ee a r a 

scr(A') = 9l6 +(pa' + pb’ + pc')—(pé' + pf! + ps!) — (pr' + pS’ + pt')] 

We assume, A’ = TFNEOWGA(A’,A;,A\....., A?) =< (pa’,b’,€°), (pe”, pf’, p&”), (pi, ps”, pt?) > 

&scr(A’) = 56 + (pa? + pb? + pe’) — (pe? + pf? + ps’) —(pr’ + ps’ + pt’)] = 

5 (6+ (pa! + pb! + pe!) — (pé! + pf! + ps!) — (pf! + ps! + pt!)] = scr(A') 

[as, A? > A! => pa? > pa’,....& pe’ < pé',...., pi < pr',etc.] (42) 
We consider the following cases: 

Casel. scr(A') <scr(A’) 

Then, TFNEOWGA(A\.A).A\,.... A.) < TENEOWGA(A’.A3.A;..., A?) 
Case 2: If scr(A') =scr(A’) then, 

1 ~ e 7 

56+ (pa' + pb’ + pe’) —(pé' + pf! +ps')—(pr' +ps' +pt')]= 

1 ~ a ws 

56+ (pa° + pb* + pé*) — (pé* + pf* + p&*) — (pi? + ps* +pt*)] 


Or, pa! = pa’, pb! = pb’, pc! = pe’ & pé' = pé’, pf! = pf’, ps! = ps & pr! = pr’, ps' = ps’, pt' = pt” 
Now, for accuracy function of A! ,we have, 

H(A') = sl(pa + pb! + pa!) — (pf! + ps! + pt')] = sla" + pb? + pé*) — (pF? + ps? + pt”)] = H(A’) 

So, we have, TFNEOWGA(A/',A,'A,\,...,A,') = TENEOWGA(A,”,A,"A,’,...,A,) 

Finally, TFNEOWG(A,',A,'A,',..,A,') < TFNEOWG(A,’, A,’A,’,...,A,”) (43) 

So, monotonicity property is proved. 


4. ENTROPY FOR TFNNS 
Assume that k-th decision matrix (Disa ics is constructed based on the rating values of k-th 


Decision Maker (DM) as follows: 


~k ~k ~k 
Xi X19 Sake Xin 
= k : ; 
~k ~k 
Xi ay X MN 


where, XK, =< (pak,,,pb<,,, pe, ). (pe, pf <, pek,,). (prs, pS<,»pts,,) > represents rating value 


provided by the k-th DM in terms of TENN. 
Consider j-th criterion or attribute. Its average rating value is presented by 


a to 
xfs > (Xi) (44) 
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Entropy of a particular criterion: Let there be m alternatives. The Hamming distances of the 
different TFNN ratings under the same criterion from average TFNN rating are calculated. 


Let S(xK ok) be difference rating of the TFNN rating of m-th alternative under j-th criterion 


from the average rating. 
The Hamming distance of the j-th criterion is calculated as follows: - 


A 1 Ao = AU - A 7 
H,=9< OKT RI) +0(K5,, K+... +O KI) > (45) 
The normalized Hamming distance is H., = : 


7 mea 


Entropy of the j-th criterion is presented by €, = oy Ai 


Ne (46) 
aT i=l 3 H, a 4 
Dispersion associated with the j-th criterion is given by d ,=(l-€,). 
So, the weight of j-th criterion is given by w, = Aree. (47) 
X(1-€;) 


Entropy function € (X) satisfies the following properties: 
1.€,(%,%) =0, if X is a crisp set. 
2B (5% 2 oe Rif Xi <X,, 


is 1 ™ 
8% % 4) =-——EG SL) iy )& ERX) =-—_—_ LZ 2 yy) 
In(M) i=! ain 2A, In(M) i=! XA, Bi, 
Ha yn naar )< L_3 Ha yin He Me iy >% 3 Ae ( —)) & m > 1] 
TCM) | 2H XH, In(M) i "LH, DH, Si, Si, 
: $n ) inc jee Lx Ha he = 


In(m) i=! ae 2H, In(m) i=! 9 Fy 


i=l 


2 xA, 
oré. j& yy) <8, (x, %1) 


2B ae X13) _ E(X,, X13) 


Where » Xu =< (Hy HY” Tha i, te v.") (r, a, A) >&X,, =, (is? i, Hy).(09) Vs Vy) (Ay ny”, iy”) > 
~ ae; A ) Ho, ae ) vs ) vy”), (TGR Tig eer.'3.64 =< es aM ) a », wv ( ) v.); Gp aT S 

sin Sp = Xi, Xis) 

so, €,(X},,X1,) = €,(X,,,X,,) also holds. 


Weight of the DM: Weight of a DM is calculated using the formula: 
M 


Sy, 


w°P) =F (48) 


4.1 Determination of the weight of the criteria and DM by Shannon’s entropy method 
(Liang, 2013) 

Step 1: Construct the decision matrices 

Let there be U number of decision- makers. 


Assume that (Din Jen iS the decision matrix from the k"™ DM , where (Xin) represents 


the TFNN rating of the alternative ¢, over the attribute B, provided by k" DM in terms of 
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k 7k 
- Av XN 
TFNNs. Then we get, (Din yen = : 
+ +k 
Xvi °*° ~MN 
Step2: Calculate the average TFNN rating for each attribute under a decision- matrix 
Mak 
using the formula (XK, ) = =n =1,2,....N; m=1,2,....M: k=1, 2,...,U (49) 


Step 3: Average Hamming distance for each criterion 
Hamming distance of j-th criterion is calculated by the formula 


es 1] ine a ee, i hw =, 
Hi, = 5° ORT XS) +O(KS XS) +... +0(KEX*) > (50) 
where é Coax) = Hamming distance of m-th TFNN rating under k-th decision matrix, m=1,2, 
3..., M is presented by &(x*,,x,“) = 5 l(Pa," —pa,)+...+(pt,;° PF] (51) 
Average normalized Hamming distance is calculated using H., —— a (52) 


: max(H;,) 


A 


a mH. H.. 
Entropy of j-th criteria is calculated using €, =— ! ~(— +) In(—) (53) 
In(m) i=l YH, DH, 
i=l i=l 
Weight of j-th criteria is calculated using w, = aca (54) 
2 (l-&)) 
_ =e, 
Average weight of j-th criteria is calculated using the formula w, = a (55) 


U= Number of DMs. 


Step 4: DM’s weight is calculated taking average value of weights of all the criteria under the 


YW, 


mr (56) 
N 
5. MCGDM STRATEGY UNDER TFNN ENVIRONMENT USING TFNEOWA AND 


TFNEOWG OPERATOR 
5.1 MCGDM Strategy under TFNN Environment Using TFNEOWA 
Assume that B={B,,8,,....B,} is a set of N attributes and ¢={¢,,¢),....6,} is the set of M 


decision matrix using w,” = 


alternatives, and pw={pw,,pw,,.... PW,}' represents the weight vector of U DMs satisfying 
U _— 

O< pw, <1 and >’pw, =1. Furthermore, let (0,,), be the weight assigned to the attribute ¢, with 
i=l 


— N — 
O<(6,), <1 and (6,), =1. The proposed MCGDM strategy is developed using the following 
1 
steps. 
Step 1: Construct the decision matrices 


Consider that (D‘,),,.. is the decision matrix from the k™ DM , where ( Xin‘ ) represents 


the TFNN rating of the alternative ¢, over the attribute @, provided by k” DM in terms of 
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_ Xi, sae Xi, 

TFNNs. Then we obtain, (D‘,)..1 = ¥ eke 
Kvn Xia 

Where XK,, =< (pa, pb‘, pc%,,),(pes,,. pf, pa, ).(prs,.ps*,.pts,) > where n=1, 2..., N; m=1, 

QyeaigMy KE, 25.5:,U. (57) 

Step 2: Standardize the decision matrices 

We remove the effect of different types of physical dimensions and corresponding measurements 


by standardizing the decision matrices (Xn eee in the following way. For the TFNN entry 
KK =< (pat, pb*, pct, ), (pes, pf, .p&,),(prs,.ps*,.pts,)> in the decision matrix (D*,),,,. is 


implemented as, 
1. _ oe criterion is of benefit type, then there will be no change in TFNN rating. 


ton =< (Pain Pbiin PEt )s (PEtin > Pltin > PBtn )» (Pitta » Pin» tin) > (58) 
2. If ie criterion is of cost type, complement of the TFNN is considered. 
xk Z . "3 i 
Xin = Pitti» PSinn> Pt)» (PEmn>Pf mn sPStan )> (Pains PDtan Penn ) > 
With n=1, 2,...,N; m=1, 2,...,M; k=1, 2,....U, (59) 


Then the standardized decision matrix is given by 
A tae 
Diige|(s e % (60) 
Step 3: Determine of the weights of the criteria and the DMs 
Weights of the criteria and DMs are calculated using eqn (55) and eqn (56). 
Step 4: Aggregate the decision matrices 
The decision matrices are fused into a single decision matrix using DMs weights using eqn (62). 
The Aggregated Decision Matrix (ADM) (Omn),,.x~ iS constructed using TFNEOWA operator 


TFNEOWA ((X,,,)'.(X,,,)75.s(X,,,)") 
= b pw, (K) (61) 
= pw, (X,,,)' ® pw, (X,,,)° ®...8 pw, Gx)" 


U U — U & U U 
IT (pa, a —11G—pa,)™ IT (pb, +)" alll (pb IT (pe, 2 ae =r 
1= 1=. 1= 1= 1= ) 


a (% 2 U a an ee U E 220. 7s U 2 
TI (pa; +?" +] 7 d—pa;)P"" Ti (pb; +)?" + TT d—pb;)P"" Ti (pe, +" + TT d- pe)" 
i=l i=l i=l i=l i=l i=l 
U U ~ U 
aq] (pen 21] (pf; )?™ 21] (pg, )P"' 
IT(2—pé,)" +11 @e,)’ IT(2—pf;)° +I1@pt)? IT(2—pg;)" +11 (p8;)" : 
1= u 1= 1= U 1= 1= U 7 i= 
2H (DE 2TT (ps, )”™" 2] (pt, )?™ 
e ; = : = )) (62) 


T1(2—pr)™" + 11%) 12—ps,)™ +1105) [12—pi,)™ +11pi)™ 


i=l 


Then we obtain (8: yMxN = - Be. 3 (63) 
re) eee 
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Step 5: We now calculate aggregated TFNN rating against each alternative using criteria weights 
using eqn (62). Let the aggregated TFNN rating be represented 


BY Kan) = (PAs PPro PE )2 (PE » Png » PE )> (Phin » PS» Pl ) 
Step 6: Calculate the Scr(X,,,) and H (X,,) value of the aggregated TFNNV of each alternative 
using eqn (64) and eqn (65) 


as 1 7 es 7 7 7 7 . a 
Ser(X,,,) = 5 [Ot (Pann + pb + PCr) — (PE wn + PLinn + Pin) — Pine + PSinn + Pn )] (64) 


H(x,.)= sl Pan + pb, + PE.) — (Pin, + PSim + Plan )I (65) 


Step 7: Rank of the alternatives 
Ranking is made on the basis of the descending value of Scr(X,,,) and H (X,,, ). 


5.2 MCGDM Strategy under TFNN Environment Using TFNEOWG 


Step 1 -Step 3 are same as that of 5.1 

Step 4: The aggregated decision matrix (ADM) (Sinn Teas is constructed using TFNEOWG 
operator presented as: 

TFNEOWG ((K,,)!s (Kyun) 92029 Kann) ) = {Kran PP @L (Koay) HP? @..- @ (Kay) Pre (66) 


Toa)" 05)" aT 08" 


=< G5 A eS 
[]e-va" +[] 004" [[2-1i" +] Toby” []e-pe” +] Tee” 
Josef” -[[a-niyn []+0a)” []e-6" [arnt -[]a-p” []a+psy-[Ta-ray” [Ta+piy -[]a-pty” 


[]a+pey" +] ]0-piy™ [ [+e +] [apa | [a+pey™ +] ]d-pey” [ [asa +] [+ ps [[a+ot)” +] ]a-piy" 


i=l i=l i=l i=l i=l i=l i=l i=l i=l i=l 


U 


[ ]a+pe)" -[[a-pé)” 
),( = = ; 
(l+pé)™ +] [d-pé,)™ 


1 i=l 


6 ‘ 
Then, we obtain (Omn)ygyw= |i 7}! (68) 
6 


Step 5: We now calculate aggregated TFNN rating against each alternative using criteria weights 
using formula (66). Let the aggregated TFNN rating be represented as: 
Step 6: Calculate the Scr(X,,) and H(X,,,) value of the aggregated TFNNV of each alternative 


using 
a 1 is 4 By 

Ser(Kinn) = G16 + (Pang + PP in + PEme) = (PE mn + Phin + Pm) — (Phin + PS + Pl) (69) 
1 = 7 7 . = 7 

F(X...) = 3[(PA pn + PB + PE) — (Phin + PSin + Phin] (70) 


Step 7: Rank of the alternatives 


Ranking is made on the basis of the descending value of score function and accuracy function. 


6. A NUMERICAL EXAMPLE OF MCGDM STRATEGY OF SALES MANAGER 
SELECTION IN A PHARMACEUTICAL COMPANY 
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This section presents an illustrative numerical example of selection of a sales manager in a 
pharmaceutical company reflecting the relevancy of the proposed MCGDM strategy. Selecting an 
effective sales manager in a pharmaceutical company is crucial because they play a key role in 
drawing revenue and ensuring compliance with industry regulations. A skilled sales manager can 
lead and motivate the sales team, navigate complex healthcare environments, and can maintain 
ethical standards in promoting pharmaceutical products. Their strategic decisions impact sales 
performance, market share, and overall success in the reputed and competitive industry. The 
pharmaceutical company appoints four DMs as eminent experts in the pharmaceutical field. After 
primary detailed scrutiny four candidates ¢,(i=1,2,3,&4) (four alternatives) are selected for 


further assessment under five criteria #, (m =1,2,3,4,&5) namely, 
1.Verbal interaction skill ( / 1) 

2.Past field work experience ( f, ) 

3. General aptitude ( ,) 

4. Willingness of hard labor ( £, ) 

5. Self-determination and instant decisive capacity ( ,) 


The criteria are very much crucial, judging upon which best alternative is to be chosen. 

As example, verbal interaction skills are crucial for a sales manager in a pharmaceutical company 
due to nature of the role. Effective communication enables sales manager to articulate complex 
information, build relationships with healthcare professionals and convey the value of 
pharmaceutical products. Past field work experience and general aptitude are crucial and 
important for a pharmaceutical sales manager as they offer practical insights into the dynamics of 
industry. Willingness of hard labour is very important for all round growth of the company. Self- 
determination and instant decisive capacity are crucial for human resource development and 
financial growth of the company. 


Step 1: Construct the decision matrices 


Four decision matrices are shown in Table 1-Table 4. 


Table 1: Decision matrix DM-1 


| B B B B B 
c (0.80,0.85.0.90) (0.50,0.55,0.60) (0.70,0.75,0.80) (0.80,0.85,0.90) (0.70,0.75,0.80) 
_ (0.10.0.15,0.20) (0.25.0.30.0.35) (0.15.0.20.0.25) (0.10.0.15,0.20) (0.15.0.20.0.25) 
(0.05.0.10.0.15) (0.20.0.25.0.30) (0.10.0.15.0.20) (0.05.0.10.0.15) (0.10.0.15.0.20) 
rai (0.50, 0.55. 0.60) (0.70.0.75,0.80) (0.80, 0.85, 0.90) (0.70, 0.75, 0.80) (0.70, 0.75, 0.80) 
a (0.25.0.30.0.35) (0.15.0.20.0.25) (0.10.0.15,0.20) (0.15.0.20.0.25) (0.15.0.20.0.25) 
(0.20, 0.25.0.30) (0.10, 0.15,0.20) (0.05,0.10,0.15) (0.10, 0.15,0.20) (0.10, 0.15,0.20) 
ra (0.40,0.45,0.50) (0.50, 0.55,0.60) (0.40, 0.45, 0.50) (0.40,0.45,0.50) (0.50, 0.55,0.60) 
73 (0.40.0.45.0.50) (0.25.0.30,0.35) (0.40.0.45.0.50) (0.40.0.45.0.50) (0.25.0.30.0.35) 
(0.35.0.40.0.45) (0.20.0.25.0.30) (0.35.0.40.0.45) (0.35.0.40.0.45) (0.20.0.25.0.30) 
c (0.40,0.45,0.50) (0.50,0.55,0.60) (0.40,0.45,0.50) (0.70,0.75,0.80) (0.70,0.75,0.80) 
2 (0.40.0.45.0.50) (0.25.0.30.0.35) (0.40.0.45.0.50) (0.15.0.20.0.25) (0.15.0.20,0.25) 
(0.35,0.40.0.45) (0.20, 0.25.0.30) (0.35,0.40.0.45) (0.10, 0.15, 0.20) (0.10, 0.15.0.20) 
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Table-2: Decision matrix DM-2 


(0.40, 0.45, 0.50) 


(0.40, 0.45, 0.50) 
(0.35,0.40,0.45) 


AS, 
45 
AO. 


(0.25, 0.30, 0.35) 


(0.50, 0.55, 0.60) 
(0.20, 0.25, 0.30) 


0.40,0.45, 0.50) 


0,40,0.45,0.50) 
0.35,0.40,0.45) 


(0.40, 0.45, 0.50) 
(0.40,0.45.0.50) 
(0.35.0.40,0.45) 


Step 2: Standardization of decision matrices 
All the criteria are of benefit type, so there is no need to standardize them. 


Step 3: Calculate the weights of criteria and DMs 

Average TFNN rating of criteria under DM-1 is shown in table 5. Entropy of criteria under DM-1 
shown in table 6, weights of criteria under DM-1 is shown in table 7, average TFNN ratings of 
criteria under DM-2 is shown in table 8. Entropy of criteria under DM-2 is shown in table 9, 
weights of criteria under DM-2 and weight of DM-2 are shown in table 10, average TFNN ratings 
of criteria under DM-3 are shown in table 11. Entropy of criteria under DM-3 is shown in table 
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12, weights of criteria under DM-3 and weight of DM-3 are shown in table 13, average TFNN 
ratings of criteria under DM-4 is shown in table 14. Entropy of criteria under DM-4 is shown in 
table 15, weights of criteria under DM-4 and weight of DM-4 are shown in table 16. Weights of 
all the DMa are listed in table 17. Average weights and entropy of all criteria are represented in 
table 18. 


Table 5: Average TFNN ratings of criteria under DM-1 


Criterion ( 4) 


Table 6: Entropy of criteria under DM-1 


Criterion | Hamming distance Normalized r( 7 Entropy 
(8) Hamming distance : TAS) of the 
n criterion 


(0.2167.0.0333.0.1167.0.1167) | (1,0.1537,0.5385,0.5385) 
(0.0333,0.1000,0.0333.0.0333) | (0.333,1,0.333, 0.333) 
4 


(0.1167,0.1833. 0.1500.0.1500) | (0.6367,1.0.8183, 0.8183) | 3.2733 


(0.1167,0.0333,0.2167,0.0333) | (0.5385,0.1537, 1,0.1537) | 1.8459 
(0.0497,0.0497,0.1175,0.0183) | (0.4230.0.4230,1,0.1557) 2.0017 | (0.2113,0.2113,0.4996,0.0778) 
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Table 7: Weight of DM-1 


Attribute/ Weight of the Average weight Weight of 
criterion (1; ) of the criteria DM-1 


Criterion ( f; ) 


0.8874 0.1126 0.2167 0.1999 0.1999 


0.7902 0.2095 0.4038 


Table: 8: Avg TFNN ratings of criteria under DM-2 


Criterion ( £, ) TFNN Ratings 
((0.45,0.50, 0.55), (0.3250, 0.3750, 0.4240), (0.2750,0.3250,0.3750)} 


{(0.6000, 0.6500.0.7000). (0.2000. 0.2500.0.3000), (0.1500. 0.2000. 0.2500)} 


{(0.5250, 0.5750,0.6250). (0.2875, 0.3375, 0.3875)(0.2375, 0.2875, 0.3375)) 
{(0.6750, 0.7250,0.7750). (0.1625, 0.2125, 0.2625).(0.1125, 0.1625, 0.2125)} 
(0.6500, 0.7000.0.7500). (0.1750, 0.2250, 0.2750), (0.1250, 0.1750, 0.2250)} 


Table 9: Entropy of different criterions under DM-2 
Criterion Hamming Normalized 
(B) distance 
; rating 


(0.0666.0.0666, | (1.1.1.1) 
0.0666,0.0666 


Hamming distance H i 


(0.25,0.25.0.25.0.25) 


i] 
0.0666.0.0666 
0.0666.0.0666 : 
ESE | -~—F beasieananad bea haeecemststd 
0.1166,0.0166 : 
0.1000,0.0333 : 
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Table 10: Weight of DM-2 


Attribute/Crit Dispersion criterion/attribute 
eria (d.) weight Weight of 
: i DM-2 


(0.6500.0.7000. 0.7500) 
(0.1750.0.2250. 0.2750) 


(0.1250.0.1750_, 0.2250) 


(0.2250.0.2750, 0.3250) 


(0.5500.0.6000. 0.6500) 
(0.1750,0.2250, 0.2750) 


(0.1625.0.2125.0.2625) 
(0.1125, 0.1625.0.2125) 


B: (0.5250,0.5750,0.6250) 
(0.2625, 0.3125,0.3625) 
(0.2125, 0.2625,0.3125) 


(sesoan 0.7750) 


(0.2375. 0.2875, 0.3375) 


(0.5750,0.6250, 0.6750) 
(0.1875, 0.2375, 0.2875) 


Table 12: Entropy of different criteria under DM-3 


Normalized 
Hamming 


( £,) distance (H. i ) 


FA | (0.1000,0.0333, 0.0333,0.0333) (1, 0.333, 0.333, 0.333) 2.332 (0.4288, 0.1427, 0.1427, 0.1427) 0.8631 
_ (0.0333.0.1000.0.0333.0.0333) (0.333.1.0.333, 0.333) Real (0.1665,0,5002.0.1665, 0.1665) 895 


Criterion Hamming distance 


|B =| @ 1166.0.0500,0.0166.0.0166) (1,0.4288.0.1424.0.1424) | 1.7136 (0.5835.0.2502.0.0831. 0.0831) 0.7750 


a 0166,0.1333,0.1333,0.0166) 2.249 (0.055, 0.4446. 0.4446, 0.055) 0.7501 
(0.1245,1,1,0.1245) 
7 0.1000,0.1000, 0.1666,0.0333) 0.6002,0.6002,1,0.1999) | 2.4003 0.2501,0.2501, 0.4146,0.0829) 0.9121 
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Table 13: Weight of DM-3 


Criterion Dispersion ; Weight of Weight of DM-3 
(£,) ; (d;) Criterion 
Gy; ) 


0.1562 0.1909 


0.1187 
0.2566 


0.2850 
0.1834 


Table:14 Average TFNN ratings of criteria under DM-4 


Criterion ( £; ) Average TFNN rating 
B, 


(0.5250, 0.5750, 0.6250) 
(0.2875,0.3375, 0.3875) 
(0.2375,0.2875, 0.3375) 


B (0.6250, 0.6750, 0.7250) 
- (0.1875,0.2375, 0.2875) 
(0.1375,0.1875, 0.2375) 


B; (0.5250, 0.5750. 0.6250) 
(0.2875,0.3375, 0.3875) 
(0.2375,0.2875, 0.3375) 
B, (0.6500. 0.7000. 0.7500) 
(0.1750, 0.2250, 0.2750) 
(0.1250,0.1750, 0.2250) 
Bs (0.4750, 0.5250, 0.5750) 
(0.2875,0.3375, 0.3875) 
(0.2375,0.2875, 0.3375) 


Table-15: Entropy of different criteria under DM-4 


Criterion | Hamming distance Normalized . 
Hamming Distance 1 i = a, 


-0333.,0.2166.0.1500.0.1500) (0.1537,1.000.0.6925.0.6925) | 95387 (0.0605.0.3939,_ 0.2727.0.2727) 0.8982 
(0.05.0.1167.0.0833_.0.0833) (0.4284.1.0.7138.0.7138) 2 856 (0.1500.0.3501,0.2499,0.2499) 0.9702 


(0.0333.0.2166.0.1500.0.1500) | (0.1537.1.000. 2.5387 | (0.0605.0.3939.0.2727. 0.2727) | 9 g982 
0.6925,0.6925) 
(0.0333.0.0333.0.1000.0.0333) | (0.333.0.333. 1.0.333) Naaaane (0.1666. 0.1666.0.5002. 0.8960 
0.1666) 


(0.1666.0.1666.0.5002.0.1665) 0.8960 


(0.0333.0.0333.0.1000.0.0333) | (0.333.0.333.1,0.333) 


B 
B; 
B 
B, 
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Table 16: Weight of DM-4 
CRITERION/ATTRIBUTE 


(f;) 


Dispersion 


Weight of Weight of 


DM-4 


Criterion 


(W;) 


Table17: Weight of all DMs 


Weight(w) 


/DM-l sd 1 0.199 1999 


Normalized weight= 


5 ) 
(approx. ) 
(025260060 2526 


So, normalized weight of decision makers, w= (0.25,0.25,0.24,0.25) 7 


Table18: Average entropy and average weights of different criteria 


Criterio a Hamming 
; : 
Distance 


f) 


(0.05,0.08, 
(0.55, 0.61, 0.66) 
(0.25, 0.31,0.36) 0.07, 0.07) 
(0.20, 0.25,0.31) 


(0.02,0.065 


0.065, 0.022) 


(0.10,1.00. 
0.60. 0.36) 
(0.07,0.05, 
0.14. 0.02) 
(0.05,0.05. 


0.12.0.02) 


Normalized 


Hamming 
Distance 
A; 


(0.19,0.32, 


0.25,0.25) 


(0.12.0.38, 
0.38,0.12) 
(0.05,0.48, 
0.29,0.17) 
(0.23,0.18, 
0.50,0.084) 


(0.21,0.21,. 


0.50,0.077) 


Weight Normalized 
weight of 
(wW,) criterion 
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Step 4: Fusion of decision matrices by TFNEOWA operator 
Decision matrices, DM-1, DM-2, DM-3, DM-4 are fused or aggregated using eqn (62) shown in 


table 19. 


Step 5. Calculation of aggregated TFNN rating against each alternative. 
We now calculate aggregated TFNN rating against each alternative using criteria weights using 
equation (61). The aggregated TFNN ratings are shown in table 20. 


Table-19: fused decision matrix using TFNEOWA operator 


0.7156,0.7700. 0.8268 
0.1422.0.1952.0.2471 
0.0864. 0.1422.0.1952 


wu] wre 
an~ 
WOA!| Non 


“bho | 4G 
io o's 
mao] 
a ee) 
oe 


Ana} Wan 
NON! NON 


SOO] Wa | MBA] BUS 


Niwa} MwA! Pinu] Png 
RON] YAS] Meo] Ons 


m+ ho OV 
Or 


wRa}] PKA] Ke 
ID 


min] emi] ee] eh 
ool yo — yo J 
2S%| SS) A 2% 


Shou] Sho 


(0.6269. 0.6770, 0.7362) 
(0.1865.0.2391, 0.2907) 
(0.1316, 0.1865, 0.2391) 


(0.7180. 0.7707.0.8255) 
(0.1414. 0.1933. 0.2444) 
(0.0876, 0.1414. 0.1933) 


(0.4799. 0.5313, 0.5833) 
(0.3017, 0.3543. 0.4061) 
(0.2475.0.3017_ 0.3543) 


(0.2212. 0.27 
(0.1666, 0.22 


(Gazia0aret 0.6860) 


41,0.3261) 
12,0.2741) 


Step 6: Calculation of score and accuracy values of different alternatives 


Score and accuracy values of different alternatives are calculated using eqn (69), eqn (70) and the 
results are listed in table 21. 


Step 7: Ranking of the alternatives 


Ranking of the alternatives on the basis of accuracy value and score value is shown in table 21 
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Table-21: Score values and Accuracy values of different alternatives 


score and accuracy 
o> 0.8151 0.6359 values, we have 
C, 0.6289 0.2372 LS E>E>6, 
Step 8: Fusion of decision matrices by TFNEOWG operator Decision matrices, DM-1, DM-?2, 


DM-3, DM-4 are fused or aggregated using eqn (67) shown in Table 22. 


Table 22: Fused decision matrix by TFNEOWG OPERATOR 


0.1752, 0.2251,0.2751 
0.1253,0.1753, 0.2251 


0.6201, 0.6710, he 


0.6422, 0.6935,0. Z| 


0.1870, 0.2369, 0.2867 
0.1372, 0.1870, 0.2369 


0.4668, 0.5181 0.5692 
0.3401 0.3905, 0.4411 
0.2898, 0.3401 0.3905 


0.2233, 0.2730, 0.3228 
0.1859, 0.2232, 0.2730 


0.6724, 0.7230, 0.7 si 


0.5501 0.6004, os 


0.1618, 0.2115, 0.2613 
0.1120, 0.1618,0.2115 


0.5501 0.6004, 0.6506 
0.2233,0.2730, 0.3228 
0.1736, 0.2233, 0.2730 


0.2254, 0.2754, 0.3257 
0.2233,0.2730, 0.3228 


0.8017, 0.8513, 0. | 


0.5501 0.6004, ase) 
0.0991 0.1487, 0.1983 
0.0496, 0.0991, 0.1487 


0.3401 0.3905, 0.4411 
0.2898, 0.3401 0.3905 


(0.6984, 0.7491,0.7997 
0.1485, 0.1983, 0.2481 
0.0987, 0.1485, 0.1983 


0.7024, 0.7521,0.8017 
0.1487, 0.1983,0.2479 
0.0991 0.1487, 0.1983 


0.4522, 0.5024, 0.5524 
0.3237, 0.3738 0.4240 
0.2737, 0.3237, 0.3738 


0.1741, 0.2238, 0. 
0.1244, 0.1741,0.2238 


0.6488, 0.6991 0. 2) 


0.6488, 0.6991 0. i) 


0.1741, 0.2238 0. 
0.1244, 0.1741,0.2238 


0.4522, 0.5024, 0.5524 
0.3238, 0.3739, 0.4240 
0.2738, 0.3238, 0.3739 


0.4668, 0.5181 0. i) 


0.4668, 0.5181, 0.5692 
0.3401 03905, 0.4411 
0.2898, 0.3401, 0.3905 


0.5501, 0.6004, 0.6506 
0.2233,0.2730, 0.3228 
0.1863,0.2361 0.2730 


0.5991 0.6496.0.6999 
0.1984, 0.2482, 0.2979 
0.1487, 0.1984, 0.2482 


0.3024, 0.3528,0.4033 } | (0-1732.0.2229.02727 
0.2520, 0.3024.03528/ | \0-1235.0.1732,0.2229 


0.4930, 0.5442, oat (0732.02 02727) 


Step 9: Calculation of aggregated TFNN rating against each alternative 
We now calculate aggregated TFNN rating against each alternative using criteria weights using 
eqn (67). The aggregated TFNN ratings are shown in table 23. 


Table 23: Aggregated TFNN ratings of different alternatives based on TFNEOWG 
Operator 


Seman Aggregated TFNN rating 
(0.6115, 0.6623, 0.7129) 
(0.1917, 0.2416, 0.2914) 
(0.1441 0.1917, 0.2416) 


(0.7102,0.7605, 0.8107) 
(0.1436,0.1934, 0.2431) 
(0. 0939.0. 1436, 0.1934) 


(0.4732,0.5239, 0.5745) 
(0.3118, 0.3621, 0.4125) 
(0.2615, 0. 3118, 0.3621) 


(0.5645, 0.6172, 0.6680) 
(0.2317,0.2819, 0.3321) 
(0.1839,0.2340,0.2819) 


Step 10: Calculation of score and accuracy values of different alternatives 
Score and accuracy values of different alternatives are calculated using eqn (68) and eqn (69) and 
results are presented in table 24. 
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Step 11: Ranking of the alternatives 
Ranking of the alternatives on the basis of accuracy values and score value is shown in table 24 


Table-24: Score value and accuracy value of different alternatives based on TFNEOWGA Operator 


penne Score value | Accuracy value | Remark 


Depending on the value of score and accuracy 
function Alternative -2( ¢, ) has the highest value of 


both score function and accuracy function. 
So, Alternativ e-2 Is the best alternative. 


So, using both TFNEOWA and TFNEOWGA operator, we conclude that alternative-2 is the best 
alternative 


7. CONCLUSIONS 


MCDM and MCGDM related problems are generally observed in quite complex environments 
and are mostly linked with incomplete and uncertain information. TFNNs are very useful tools to 
tackle the incompleteness and inaccuracy of DMs assessments for the selection of best alternatives 
among the group of alternatives on the basis of different criteria involved. We have defined the 
score function and accuracy function for TFNNs and established some of their basic properties. 
We have also introduced two operators namely TFNEOWA and TFNEOWGA operators and 
proved some of their basic properties. Finally, two numerical examples regarding sales manager 
selection in a pharmaceutical company have been provided to reflect the applicability of the 
developed strategies. We hope that the developed strategies will help deal with other MCDM 
problems such as the library and information system (Sahoo, Panigrahi, & Pramanik, 2023, Sahoo, 
Pramanik, Panigrahi, 2023), supplier selection (Abdel-Baset et al., 2019), diagnosing COVID-19 
cases (Alsattar et al., 2024), COVID-19 vaccine selection (Mallick, Pramanik, Giri, 2024), sustain 
route selection of petroleum transportation (Simié¢ et al, 2023), tourist destination choice problems 
(Lan et al., 2023), etc. 
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ABSTRACT 


Mostly library and information systems fail to provide satisfactory search results, and exhibit poor 
performance regarding ranking factors, and do not use user-centered searching approaches. As a 
result, getting information through such a library and information system needs improvement to 
get satisfactory results. Six categories of ranking factors—"Text Statistics, Popularity, Freshness, 
Locality and Availability, Content Properties, and User Background"—are used to determine 
rankings. To rank search results using Single Valued Neutrosophic Numbers (SVNNs), the study 
aims to provide the elements influencing the ranking of search results in library and information 
systems, assigning weight to the major broad attributes of the popularity group according to the 
opinions of experts. The literature study shows that no studies have ever used the entropy- 
Additive Ratio Assessment (ARAS) and ordered search results taking popularity ranking 
variables. The study is innovative in all these ways as well as the elements and weighting strategy 
help in developing Web-scale Discovery Tools (DTs), Integrated Library Management Systems 
(ILMSs), and any other Information Retrieval (IR) system. 


KEYWORDS: Information retrieval, relevance ranking, OPAC, ranking factors, single 
valued neutrosophic number, MCGDM, ARAS, entropy, search result. 


I. INTRODUCTION 


The software assists us in locating a library's collection using its Online Public Access Catalogue 
(OPAC), or its web version known as Web-OPAC. There exists a tonne of Integrated Library 
Management Systems (ILMSs) that are open-source and free, as well as numerous paid options. 
However, due to a lack of user-centeredness and presentational sophistication, the OPAC search 
results have several drawbacks (Lewandowski, 2010). To produce their search results in a relevant 
order, today's library and information systems take into account a meagre number of criteria, as 
well as weak principles and tactics, which is why they provide such subpar results. Additionally, 
users’ preferences are not taken into account, which is more important now than ever. 

Due to its lack of user-centeredness and consideration for a wide range of elements, Discovery 
tools are also unable to satisfy users (Sahoo & Panigrahi, 2022). To satisfy consumers and keep 
the search results ordered while retaining relevance, the best search results in a ranking carried out 
by web search engines may be notable examples for any other information systems like a Library 
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and Information System (LIS). To meet consumers’ expectations for information search and 
discovery, search engine technologies have been deployed (Breeding, 2006; Antelman, Lynema, 
& Pace, 2006; Niu & Hemminger, 2011; Connaway & Dickey, 2010). 

Behnert & Lewandowski, (2015) categorized the Ranking Factors (RFs) into six groups: 1. "text 
statistics”, 11. “popularity”, 111. “freshness”, iv. “locality and availability’, v. “content properties” 
and vi. “user background”. Various elements can be taken into account under each group to rank 
library items while keeping the relevant order of search results. Only a few criteria are used by 
LIS in their system, but we need to strive to add more for better outcomes. Many popularity 
criteria are appropriate for LIS, but in this case, we have simply taken ten (10) large sub-groups 
under group popularity to demonstrate how to implement them in the system (Sahoo, Pramanik, & 
Panigrahi, 2023). 

Real-life problems are mostly uncertain. Uncertainty, indeterminacy, and inconsistent results are 
fundamental characteristics of ranking factors. Zadeh (1965) proposed the Fuzzy Sets (FSs) to 
deal with uncertainty. The Neutrosophic Set (NS) (Smarandache, 1998), which is an extension of 
various FSs and Intuitionistic FSs (IFSs) (Atanossov,1986), is competent to deal with uncertainty 
comprehensively. A truth Membership Function (MF), an indeterminacy MF, and a falsity MF are 
independent components of an NS (Smarandache, 1998). As a subclass of NS that is more 
common in MCDM situations, Single-Valued NS (SVNS) (Wang, Smarandache, Zhang, 
&Sunderraman (2010)) was introduced. SVNS is further extended to the quadripartitioned NS ( 
Chatterjee et al.(2016), interval quadripartitioned NS (Pramanik, 2022b), Pentapartitioned NS 
(PNS) (Mallick & Pramanik, 2020), and interval PNS ( Pramanik, 2023a). The studies (Peng & 
Dai, 2020, Pramanik 2020, 2022a; Broumi et al., 2018; Smarandache & Pramanik 2016, 2018; 
Pramanik, Mallick, & Dasgupta, 2018) provide specifics on the evolution of neutrosophic theories 
and implementations. 

For the current study, we opt for the SVNN environment. We refer to the hybrid approach in this 
environment as the SVNN-E -ARAS strategy as a combination of the entropy strategy and group 
decision-making utilizing Additive Ratio ASsessment (ARAS). Based on the recommendations of 
the domain experts, the factors are given weights using the entropy technique. 

In the actual world, Decision-Makers (DMs) prefer to use linguistic variables to evaluate the 
significance of traits in a flexible manner. This is due to a variety of factors, including incomplete 
knowledge of the attributes or criteria, a lack of information processing skills in the field, the 
presence of specialists, and more (Sahoo, Panigrahi, & Pramanik, 2023). Our framework is 
developed using a user-centered approach and the SVNS theory, which is more suited to reflect 
reality than the conventional approach. 


Research gap: No research work has been developed using an entropy technique with ARAS 
method for information retrieval in an SVNS environment to incorporate RFs considered for the 
relevance ranking of search results in LIS. 


Motivation: To fill the research gap, we initiate to develop a new strategy, namely SVNN-E- 
ARAS in the SVNS environment. 


2. LITERATURE REVIEW 


We present a literature search on library materials ranking factors, popularity group 
ranking factors, SVNS, the process of assigning weights to the criteria, the entropy strategy, 
and the ARAS strategy. Freshness was the most-used ranking criterion (Lewandowski, 2009) 
in catalogues. For a real ranking (Dellit & Boston, 2007), OPACs usually employ only 
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standard text matching. There are some ideas to improve the relevance ranking that goes 
beyond unblended text matching. Flimm (2007) proposed the popularity RFs in catalogues for 
relevance ranking. According to Mercun & Zumer (2008) and Sadeh (2007) ranking search 
results in the LIS include “circulation statistics, book review data, the number of downloads, 
and the number of print copies owned by the institutions”. 

It may happen that users are not interested or they are not able to look through the whole 
result sets. So quality ranking reduces to a crucial factor (Lewandowski, 2009). Behnert and 
Lewandowski (2015) categorized all RFs into six (6) groups. Plassmeier et.al. (2015) stated in 
their study “Catalogues rank usually search results based on the date of publication but the 
additional inclusion of popularity-based factors was highly promiiswassing to yield valuable 
benefits” and “popularity-based relevance ranking can be determined by citation counts, 
author metrics, and usage data, while we also consider other popularity data in our complete 
relevance model”. Bornmann, Mutz, and Daniel (2008) mentioned that the h-index and m- 
index were more important to reflect the impact of the work of a researcher. Glanzel and 
Schubert (1988) introduced the Characteristic Scores and Scales (CSS) technique which helps 
in finding the characteristic partitions for citation distributions of papers that are interpreted as 
“poorly cited”, “fairly cited’”’ “remarkably cited”, or “outstandingly cited”. Plassmeier et al. 
(2015) stated that “the effectiveness of CSS scores as utilities in the overall relevance model 
must still be evaluated in user studies”. 

There are many established criterion weighting procedures found in the literature (Peng, 
2019) for the MCDM process such as CRiteria Importance Through Intercriteria Correlation ( 
CRITIC) method (Diakoulaki et al., 1995), entropy method (Majumder & Samanta, 2014), 
maximizing deviation method (Wu & Chen, 2007), optimization method (Wang & Zhang, 
2009; Biswas, Pramanik & Giri, 2014b). The information entropy method was used by 
Biswas, Pramanik, and Giri (2014a) to determine the unknown attribute weights in the SVNN 
environment. 

Zavadskas and Turskis (2010) developed the ARAS strategy to deal with MCDM 
problems. Stanujkic (2015) developed the ARAS strategy for Multi-Criteria Group Decision 
Making (MCGDM) using linguistic variables. Kocak, Kazaz, and Ulubeyli (2018) used the 
ARAS strategy in the subcontractor selection problem. Biiyiik6zkan, and Gdécer (2018) 
presented the ARAS strategy in an interval-valued IFS environment. Ghram and Frikha (2019) 
presented the hierarchical ARAS strategy to rank the websites of tourist destination brands. 
Liu and Cheng (2019) developed the ARAS strategy under a probability multi-valued NS 
environment. Mallick and Pramanik (2021) presented the ARAS strategy for MCGDM in the 
trapezoidal NS environment. Adali et al. (2023) presented the ARAS strategy using CRITIC 
in the SVNN settings. Pramanik (2023b) developed the SVPNN- ARAS strategy for the 
MCGDM in the PNS environment. An overview of the ARAS strategy was documented by 
Liu and Xu (2021). 

No research work has been developed to use the entropy-ARAS strategy for information 
retrieval in the SVNS environment to incorporate RFs considered for the relevance ranking of 
search results in LIS. 


3. OBJECTIVES OF THE STUDY 
The primary goals are listed below. 
i. To determine the group ranking criteria 
ii. To develop a unique entropy-ARAS strategy for MCGDM in the SVNN environment, 
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which we refer to as the SVNN-E-ARAS strategy. 
111. To develop a framework using the developed SVNN-E-ARAS technique that incorporates 
a few ranking elements of the group popularity for the relevancy order of search results in LIS. 


4. METHODOLOGY 


All the data used here were collected from the research of Sahoo, Pramanik, & Panigrahi 
(2023). A new MCGDM strategy is developed by incorporating SVNNs, Entropy, and ARAS 
for the study which is shown in section 5. 


5. A NEW INTEGRATED SVNN MCGDM METHODOLOGY : SVNN- 
ENTROPY ARAS (SVNN-E-ARAS) STRATEGY FOR MCGDM IN SVNN 
ENVIRONMENT 


Using the following steps, the proposed MCGDM strategy (refer to Figure 1) is developed. 
Step 1: Construct the DM ( Expert) Committee 
Formulate a committee of P (> 2) DMs. 
Step 2: Define the objective, criteria, and alternatives 
P DMs evaluate the alternative A; (r= 1, 2, ..., m), (m> 2) with respect to n criteria 
F,; (s=1, 2, ...,n), (n> 2) 
Step 3: Define the linguistic terms (LT scales to weigh DMs and criteria) 


The weights of the DMs and criteria are presented in linguistic terms and the conversion 
formulae between linguistic terms and SVNNs are shown in Table 1. 


Table 1: Conversion between LT and SVNN for weighting of attributes and DMs 
(Biswas, Pramanik, & Giri, 2016) 


LTs SVNNs 

Extremely Important (EI) (0.90, 0.10, 0.10) 
Very Important (VI) (0.80, 0.20, 0.15) 
Important (1) (0.50, 0.40, 0.45) 
Very Unimportant (VU) (0.35, 0.60, 0.70) 
Extremely Unimportant (EU), (0.10, 0.80, 0.90) 


Step 4: Formulate the Single Valued Neutrosophic Decision Matrices (SVNDMs) 
We assume that the rating of alternative A; (7= 1, 2, ..., m) concerning criterion F, 


(s=1, 2, ....n ) offered by the p-th DM is a linguistic term oes that can be expressed by 
SVNN ( Biswas, Pramanik, & Giri, 2016) (See Table 1). 


Then the p-th decision matrix is constructed as: 
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Step 5: Normalize individual SVNDMs 
Normalization is done using the following rule ((Biswas et al., 2016) 
p _ J &,,, for benefit critrion 
(g? )’, for cos t criterion 
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Step 6: Determine the weights of the DMs 
Assume that @, = (T, (o), I, (@), F, («)) is rating for the p-th DM. Then, 9, , weight 
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of the p"™ DM =— (5) 
»(d- {(-T,(@))’ +, (@))° + (F,(@))°}/3) 
and y o, =1 (6) 


Step 7: Aggregate the SVNDMs using the weights of the DMs 
P 
Utilizing DP =(d2) s P=(Q,,@)5--5.Pp) » ©, €[0,1] and Yo,=1, the 
p=! 


aggregated SVNDM is formed by employing the Single- Valued Neutrosophic Weighted 
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Arithmetic Averaging Aggregation (SVNWAAA) operator (Ye, 2014) as follows: 


SVNWAAA, (d.,,d;,,..-.d5,) 
= od. @ od. @ ae @ Opd,, (7) 
P P P 
= (I- [}d=T)",11d?)* Ta) } 
p=! p= p= 
Then the aggregated SVNDM is obtained as: 
D! = (d). Yinen = 
dj, a; rican dj, 
| te seas, (8) 
Cpe ae fame AS, 
where'd. S10 sk. ). (9) 


Step 8: Determine the weights of the attributes 
The entropy value (Majumder &Samanta, 2014) E, of the t" attribute F; (s=1, 2, ..., 
n), is obtained using the formula 


B,=1-2 S(T, + FJ, -L) (10) 
N r=1 
For r=1, 2, ...,m;s=l, 2, ..., n. 
The entropy weight (Hwang &Yoon, 1981; Wang & Zhang, 2009) w,of the s-th attribute 
F; is presented by 
oe LE, (11) 


We obtain the weight vector @ =(@,,,,,,0, ) with @, €[0,1] and Yo, =1 
s=l 


Step 9: Formulate the weighted aggregated SVNDM 
The weighted aggregated SVNDM is presented as follows: 


0, 0, Gh, 
fa) = 6, 0,, 0, 
C5 Oo Os, 
where 0. =d'.*@,, r=1,2,...,m;s=1, 2,...,n (12) 


o, refers to the weight of the attribute F; and >, o,=1. 
s=] 


Step 10: Determine the optimal function values 
To calculate the optimal values of the weighted aggregated SVNDM, we can use 


the equation (13). 
WV. = 0. O60... ®...00. 
-(1-fa-T fe.) 


s=l 


where r= 1, 2, ...,m (13) 
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Step 11: Deneutrosophication 
We calculate the score values of the elements of (13) using the formula of score function 
2+T.-I.-F 

Sc(y,) = —— _ (14) 
Step 12: Evaluate the alternative utility degree 
The degree of alternative utility determined by contrasting the score value Sc(S_) with the 
best suited s°. The alternative’s utility degree of 2, is given below. 
oe) 1 (15) 

VY 

Step 13: Rank the alternatives 
The descending order of can be used to identify the relative priority of workable 
alternatives © . That is the alternative with the highest value of © is the best choice. 


Construct the DM Define the objective, criteria, 
(Expert) committee and alternatives 


Normalize or Standardize Define the 
the individual SVNDMs linguistic terms 


Determine the weights of Aggregate the SVNDMs using the weights of the 
the DMs DMs 


uy 


Formulate the weighted Aggregated a Determine the Weights of the 
SVNDM attributes 


Determine the optimal Deneutrosophication Evaluate the alternative 
function values utility degree 


Q 


a Rank the alternatives 


Stop 


Fig.1: Flowchart of the SVNN-E-ARAS strategy for MCGDM 
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6. DATA, CALCULATIONS AND RESULTS 


. The following steps of SVNN-E-ARAS are used to resolve the problem under consideration 
based on the suggested strategy discussed: 
Step 1: Construct the DM Committee 
We have considered five experts cum users as DMs (DM), DM2,DM3 , DMa, DMs) in the study. 
Step 2: Define the objective, criteria, and alternatives 
At first, we elaborately define the objectives of the study to the experts. Then briefly explained the 
definition, scope and coverage of all criteria. A group of five DMs (DM), DM2 ,DM3, DM4, DMs) 
has provided their opinions about the importance of each particular ranking factors under the 
group popularity mentioned in the questionnaire on the basis of five-point Likert scale. The 
factors are Subject (Fi), Circulation (F2), Language (F3), Number of published edition (F4), 
Number of Copies (Fs), Bibliometric Methods (Fe), Publisher Authority (F7), Purchasing 
Behaviour (F8), Ratings (F9) and Enriched Metadata (F10). The factors are related to the 
documents denoted as A; , Az, A3, Ay and we want to design a framework to order the documents 
according to their relevancy. 
Step 3: Define the linguistic terms for the weights DMs and the criteria 
Depending on their position, the five DMs may not be equally important. Table 1 represents 
the importance of the DMs Table 2 displays the significance of each DM as indicated by the 
LTs. 
Table 2: Importance of DMs and Criteria 
DMS5 


EI 
SVNN | (0.90,0.10,0.10) } (0.80,0.20,0.15) | (0.80,0.20,0.15) | (0.90,0.10,0.10) | (0.90,0.10,0.10) 


Step4: Construction of the decision matrices 
Based on the rating values in terms of linguistic terms, the decision matrices are formed 
(see Table 3, Table 4, Table 5, Table 6, Table 7), 


Table 3: Decision matrix P™ 


A2 | El VI VI VI _ 
A3 | VI VI a it VI VU 


rac Lyi [vr [wi pwr vb ver vp 
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Table 4: Decision matrix P®) 


Ai | Fi Fo F3 Fy Fs Fo Fy Fg Fo 


A3 [I I I ee a I VU 
As|[vI_[vi_| vi [vu [vu [vu [vu [vi 
Table 5: Decision matrix P® 
F> F3 F4 Fs Fo Fy Fe 
Ai | VI I VU I I I VI I 
Ao|VI |vl [vi [1 VI {I I VI 
A3 | I VI VI VI VI VI I I 
As|VI {I I vU_ |i VI [vu |i 
Table 6: Decision matrix P“ 
F; F; Fs Fs 
VI a VI a VI a 


re ras ft wpe 
Ce a a ee ee 
Ag {I VI VI I EI VI I 7 


Table 7: Decision matrix P® 


The decision matrices are converted into SVNDMs P" (i= 1, 2, 3, 4, 5). 
pw= 


; (0.90,0.10,0.10,) (0.80,0.20, 0.15) (0.50, 0.40,0.45)(0.90,0.10,0.10)(0.80,0.20, 0.15)(0.80,0.20, 0.15) (0.80, 0.20,0.15)(0.90, 0.10,0.10}(0.30,0.40,0.43}(0 35, 0. 60, 0. 70) (16) 


A 

A 

A,| (0.80,0.20,0.15)( \( } (0.35, 0.60,0.70)(0.80, 0.20,0.15)(0.35,0.60,0.70) (0.50, 0.40,0.45) (0.50,0.40, 0.45) (0.50, 0.40,0.45) (0.50,0.40, 0.45) 
A, | (0.80,0.20,0.15)(0.80,0.20,0.15) (0.80,0.20,0.15) (0.80,0.20, 0.15) (0.80, 0.20,0.15) (0.80,0.20,0.15)(0.35,0.60, 0.70) (0.50,0.40,0.45) (0.50,0.40,0.45) (0.50,0.40, 0.45) 
p= 


,{ (0.80,0.20, 0.15) (0.35,0.60,0.70) (0.50,0.40,0.45) (0.50, 0.40,0.45) (0.50,0.40, 0.45) (0.50, 0.40, 0.45) (0.90,0.10, 0.10) (0.50,0.40,0.45 
(0.80,0.20,0.15,)(0.50, 0.40,0.45) (0.35, 0.60,0.70)(0.50,0.40,0.45) (0.80,0.20, 0.15)(0.80, 0.20,0.15) (0.80,0.20, 0.15)(0.50, 0.40, 0.45 
0.50,0.40,0.45) (0.50,0.40, 0.45) (0.50,0.40, 0.45) (0.80,0.20, 0.15) (0.80, 0.20,0.15) (0.50, 0.40,0.45) (0.50, 0.40,0.45) (0.35,0.60,0.70 
0.80, 0.20,0.15) (0.80,0.20, 0.15) (0.80,0.20, 0.15) (0.35, 0.60,0.70) (0.35,0.60,0.70) (0.35, 0.60, 0.70) (0.35,0.60, 0.70) (0.80,0.20,0.15 
p?= 


(0.90,0.10,0.10) (0.80, 0.20,0.15) 
(0.80,0.20,0.15) (0.80, 0.20,0.15) 
(0.50,0.40,0.45) (0.80,0.20,0.15) 
(0.35,0.60,0.70)(0.50,0.40,0.45) 


~~ oO 


a} ( 
( 
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A, { (0.80,0.20, 0.15) (0.50, 0.40,0.45 } (0.35, 0.60,0.70}(0.50,0.40, 0.45 
A,| (0.80,0.20, 0.15 }(0.80,0.20,0. 15) (0.80, 0.20, 0.15 }(0.50,0.40,0.45 
A 
A 


( )( ){ )( )(0.50,0.40,0.45 
( XK \ \ 

,| (0.50,0.40, 0.45) (0.80,0.20,0.15) (0.80, 0.20,0.15)(0.80,0.20, 0.15) 
( \ )( 
4 


0.80,0.20,0.15 
0.80,0.20,0.15 
0.50,0.40, 0.45 


(0.50, 0.40, 0.45) (0.80,0.20,0.15) (0.50, 0.40, 0.45) 
(0.50,0.40, 0.45) (0.50, 0.40,0.45) (0.80, 0.20, 0.15) 
(0.80, 0.20, 0.15) (0.50,0.40,0.45) (0.50, 0.40, 0.45) 
(0.80,0.20, 0.15) (0.35, 0.60, 0.70) (0.50, 0.40, 0.45) 


0.80,0.20,0.15)(0.80,0.20,0.15) 
0.80,0.20,0.15)(0.80,0.20,0.15) 
0.50,0.40,0.45)(0.50,0.40,0.45) 
0.50,0.40,0.45)(0.80,0.20,0.15) 


1 


(18) 


—_ ~~ ~~. 
SS SO SO 
—_ =~ _~ 


0.80,0.20, 0.15} (0.50, 0.40,0.45 } (0.50, 0.40, 0.45 }( 0.35, 0.60, 0.70 


p= 
0.80, 0.20,0.15) 
0.50,0.40,0.45) 


4 


0.80,0.20,0.15 
0.50, 0.40,0.45 
0.80,0.20,0.15 
0.80,0.20,0.15 


(0.80, 0.20,0.15) (0.80, 0.20, 0.15) (0.50, 0.40, 0.45) (0.80, 0.20,0.15) (0.80,0.20,0.15)(0.50,0.40,0.45 
(0.80,0.20, 0.15) (0.90,0.10, 0.10) (0.80,0.20, 0.15) (0.50, 0.40,0.45) (0.50,0.40,0.45)(0.80,0.20, 0.15 
(0.50,0.40, 0.45) (0.50, 0.40, 0.45) (0.50, 0.40,0.45) (0.50,0.40,0.45) (0.80,0.20, 0.15) (0.90,0.10,0.10 
(0.80,0.20,0.15) (0.50, 0.40, 0.45) (0.90, 0.10, 0.10) (0.80, 0.20,0.15) (0.50, 0.40,0.45)(0.50,0.40, 0.45 


(0.90,0.10,0.10)(0.90,0.10,0.10 
(0.80, 0.20,0.15) (0.80,0.20, 0.15 
( i 
( i 


0.80,0.20,0.15 
0.50,0.40,0.45 


0.50, 0.40,0.45) (0.50, 0.40, 0.45 
0.90, 0.10, 0.10) (0.50, 0.40,0.45 


3 


A,(( 
A,| ( 
As] ( 
A\( 


—_ =~ ~~~. 
aS ON OC 
aie I a 


| (19) 


pO= 

A, { (0.80,0.20,0.15 
A, (0.50,0.40,0.45 
A,| (0.50,0.40,0.45 
A, | (0.80,0.20,0.15 


(0.50,0.40, 0.45) (0.80,0.20,0.15) (0.35, 0.60,0.70) (0.80, 0.20,0.15 
(0.80,0.20,0.15) (0.35, 0.60,0.70)(0.50,0.40, 0.45) (0.80,0.20,0.15 
(0.50,0.40,0.45) (0.50,0.40, 0.45) (0.50,0.40, 0.45) (0.50, 0.40, 0.45 
(0.80,0.20,0.15) (0.80,0.20, 0.15) 0.80,0.20, 0.15) (0.80,0.20,0.15 


0.80,0.20,0.15 


( 0.50,0.40, 0.45) (0.90, 0.10, 0.10 
(0.35, 0.60, 0.70 

( 

( 


( \( 0.50, 0.40,0.45)(0.80,0.20,0.15 
(0.35, 0.60, 0.70) (0.50,0.40,0.45 

( )( 

( )( 


( IM 

(0.80,0.20,0.15) (0.50,0.40,0.45 
(0.50, 0.40, 0.45) (0.50,0.40,0.45 
(0.35,0.60,0.70) (0.35,0.60,0.70 


0.50,0.40,0.45 
0.80,0.20,0.15 


0.50,0.40,0.45}(0.50,0.40,0.45 
0.80,0.20,0.15}(0.80,0.20,0.15 


aS NO 
SS NO 
a NSN 


| (20) 


ee es Se 


4 


Step 5: Normalize the SVNDMs 

The considered criteria are benefit type. So, no normalization technique is required. 
Step 6: Determine the weights of the DMs 
Using the formula described in eq. (5), we obtain the weights of the DMs ( see Table 8). 
Table 8: Weight of the DMs 


Step 7: Construction of the aggregated SVNDM 
Using the formula (eq. (7)) and decision matrices (see eq. (16), eq. (17), eq. (18), eq. 


(19), and eq. (20)), we obtain the aggregated SVNDM (see eq. (21)). 
A,{_ (0.80,0.20,0.15) (0.64,0.32,0.31) (0.7, 0.28, 0.25) (0.64, 0.33, 0.31) (0.66, 0.3, 0.29) (0.72, 0.26, 0.23) (0.79, 0.2,0.17)(0.7,0.26, 0.26) (0.84,0.15,0.15) (0.85, 0.15, 0.13) 
A,| (0.75,0.23,0.22) (0.71, 0.26, 0.23) (0.61,0.36,0.35) (0.74, 0.23,0.24) (0.8, 0.2,0.15) (0.63, 0.33, 0.32) (0.63, 0.33, 0.32) (0.75, 0.23,0.21) (0.76, 0.23,0.19) (0.69, 0.29, 0.26) 
A,| (0.66,0.3,0.29)(0.71,0.26,0.23) (0.65,0.31,0.29) (0.63, 0.34, 0.33) (0.71,0.27,0.24) (0.56, 0.38, 0.4) (0.59, 0.35, 0.36) (0.62, 0.32, 0.36) (0.5,0.4, 0.45) (0.58, 0.35, 0.37) ia 
A 8 


( ( 
| (0.76,0.23,0.19) (0.76,0.23,0.18) (0.76, 0.23, 0.18) (0.62,0.35,0.34) (0.74, 0.24, 0.23) (0.75, 0.25, 0.2) (0.52, 0.44, 0.46) (0.65, 0.3,0.29) (0.6, 0.35,0.39) (0.56, 0.38, 0.4) 


Step 8: Determine the weights of the attributes 
To determine the weights of the 10 attributes, we have calculated the entropy value of each 


attribute using eq. (10) . The obtained entropy values are tabulated in the Table 9. 


Table 9: Entropy value for the attributes 
Ei E E3 E4 Es Eo E7 Eg Eo E10 


0.8013 | 0.8248 | 0.8448 | 0.8553 | 0.8109 | 0.8516 | 0.8698 | 0.8292 | 0.8307 | 0.8400 


After the calculation of the entropy values of all ten attributes, we calculate the weight of each 


attribute (see Table 10) using eq. (11). 
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Table 10: Weights of the attributes 


Step 9: Construct the weighted aggregated SVNDM 
Using the formula (see eq. (12)), the weighted aggregated SVNDM (see eq. (22)). is constructed. 


A, ( (0.18,0.82,0.79)(0.1, 0.86, 0.88) (0.12, 0.89, 0.88) (0.09, 0.91,0.9) (0.12, 0.87, 0.87)(0.12,0.89, 0.88) (0.12, 0.88, 0.87) (0.12,0.87, 0.87) (0.17,0.82,0.82)(0.17,0.83,0.82) 
A,| (0.15,0.84,0.83) (0.12, 0.87, 0.85) (0.09, 0.91,0.91) (0.11,0.88, 0.88) (0.17,0.83,0.8) (0.09,0.9, 0.9) (0.08, 0.92, 0.92) (0.13, 0.86, 0.85) (0.14, 0.86, 0.84) (0.12,0.89, 0.88) 
A,| (0.12,0.86,0.86)(0.12,0.87,0.85) (0.09, 0.9, 0.89) (0.08, 0.91,0.91) (0.13, 0.86, 0.85) (0.07,0.92,0.92) (0.07,0.92, 0.92) (0.1, 0.89, 0.9) (0.07,0.91,0.92) (0.08, 0.9,0.91) 


a 
A, (0. 16, 0.84, 0.82) (0. 14,0.85, 0.83) (0. 13, 0.87, 0.85) (0.08, 0.91,0.9 1) (0. 14,0.85, 0.84) (0. 12,0.88, 0.86) (0.06, 0.94, 0.94) (0. 1,0.88, 0.88) (0.09, 0.9,0.91 (0.08, 0.91,0.9 1) 


Step 10: Determine the optimal function values 


Using eq. (13), we obtain the optimal function values (see eq. (23)). 
A, ( (0.7459, 0.2361, 0.2145) 
A, | (0.7184, 0.2602, 0.2364) 
A,| (0.6298, 0.3223, 0.3213) 
A, | (0.6889, 0.28680.2637) 


(23) 


Step 11: Deneutrosophication 


We calculate the score values ( see Table 11) using the formula ( see eq. (14)). 
Table 11: Score values of the alternatives 
Alternatives Scl Sc2 Sc3 Sc4 


0.7651 0.7406 0.6621 0.7128 


Step 12: Evaluate alternative utility degree 
The values of the alternative utility degree =, are shown in Table 12. 
Table 12: Utility degree of the alternatives 


Step13: Rank the alternatives 
The ranking order is done in descending order of utility degree. The final relevancy 


ranking order is Ay>A2>A4>A3. 


7. CONCLUSIONS 


This chapter develops the SVNN-E-ARAS strategy using the SVNNWAAA operator in SVNN 
settings. The developed strategy has the advantage of handling uncertainty using neutrosophic 
number with respect to other methods. 

The chapter covers the group popularity ranking criteria and weights each ranking 


component individually based on user evaluation using the developed approach. The alternatives, 
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or documents, were ranked using the ARAS methodology. Here, we have taken into account the 
popularity-related ranking variables and created a framework to include the components after 
determining weights. This is the first information retrieval strategy to take into account an SVNN 
environment using contemporary techniques and a created Entropy-ARAS strategy. For better and 
more precise results in the future, more RFs can be added. Additionally, it is useful for creating 
discovery tools, coming up with a ranking model for a library and information system, or 


conversing with ILMS vendors. 
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ABSTRACT 


The Rough Neutrosophic Set (RNS) has emerged as a hybrid structure to deal with decision- 
making involving uncertainty. The MABAC (Multi-Attributive Border Approximation Area 
Comparison) strategy deals with decision-making issues by utilizing the distance between each 
alternative and the Border Approximation Area (BAA). In the article, the MABAC strategy has 
been developed using rough neutrosophic numbers (RNNs) which we call RNN-MABAC 
strategy. The developed strategy is illustrated by solving a numerical example of MADM 
problem. 


KEYWORDS: Fuzzy set, neutrosophic set, rough set, rough neutrosophic number, MADM 
MABAC., 


I. INTRODUCTION 


Smarandache (1998) introduced Neutrosophic Sets (NS), which extend the foundational ideas of 
Fuzzy Set (FSs) by Zadeh (1965) and Intuitionistic FSs by Atanassov (1986) to encompass a 
more comprehensive treatment of uncertainty. Subsequently, Wang et al. (2010) developed 
Single-Valued Neutrosophic Set (SVNS) as a specific subclass of NS tailored for practical 
applications. Theoretical improvements and various applications of NSs have been depicted by 
several studies (Broumi et al., 2018; Pramanik et al., 2018; Otay, & Kahraman, 2019; Peng & 
Dai, 2020; Pramanik, 2020, 2022; Smarandache, & Pramanik, 2016, 2028; Delcea et al, 2023). 
Pawlak ( 1982) introduced the Rough Set (RS) to handle uncertain and incomplete information. 
Rough NS (RNS) (Broumi, Smarandache, & Dhar, 2014) was proposed by combining the RS and 
NS to handle incompleteness and uncertainty. An overview of RNSs has been documented in the 
studies ( Pramanik, 2020; Zhang et al., 2020). 


Multi-Attribute Decision Making (MADM) strategy selects the best option or makes a preference 
list of options subject to a list of conflicting criteria. Several MADM strategies have been 
developed in the Rough Neutrosophic Number (RNN) environment. Mondal and Pramanik 
(2015) developed a grey relational analysis (Deng, 1989) based MADM strategy in the RNN 
environment. Several similarity measures (Mondal, Pramanik, & Smarandache, 2016a) in RNN 
environments were investigated. and their properties were established. Mondal, Pramanik, and 
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Smarandache (2016b) developed the TOPSIS strategy in the RNS environment. Pramanik, Roy, 
Roy, and Smarandache (2017) developed a MADM strategy in the RNS environment using the 
correlation coefficient measure in the RNS setting. Pramanik, Roy, and Roy 2018) developed the 
projection and bidirectional measured-based MADM strategy in the RNN environments. Mondal, 
Pramanik, and Giri (2018) developed four MADM strategies using arithmetic and geometric mean 
operators. 


In 2015, Pamucar and Cirovié (2015) developed the Multi-attributive Border Approximation Area 
Comparison (MABAC) strategy for MADM in a crisp environment. In 2016, Peng and Yang 
(2016) presented the MABAC strategy in the Pythagorean FS environment using Choquet 
integral. Jia et al. (2019) presented MABAC strategy under the intuitionistic fuzzy rough number 
setting. Gigovic et al. (2017) presented an application of MABAC strategy in locating wind 
farms The BMW and MABAC in modified form were presented in the study (Pamué€ar, Petrovic, 
& Cirovié, 2018). The interval rough AHP and MABAC strategies were integrated in the study 
(Pamuéar, Stevic, & Zavadskas, 2018). Peng, and Dai (2018) presented the MABAC strategy in 
the SVNN environment. In 2022, Jiang et al. (2022) presented MABAC strategy in the picture FS 
setting. Tan et al. (2023) presented MABAC strategy based on prospect theory in Fermatean FS 
environment. In 2023, a literature review of MABAC strategy was documented by Torkayesh et 
al. (2023). 

Research gap: No studies have been proposed using the MABAC strategy in the RNN settings. 


Motivation: The gap in research motivates us to explore the RNN-MABAC strategy. 
Objectives: To present the MABAC strategy in the RNN settings which we name the RNN- 
MABAC strategy. 


The rest of the paper is presented as follows. Preliminaries of the SVNSs and RNSs are presented 
in Section 2. RNN-MABAC strategy is developed in Section 3. A numerical example of aMADM 
is solved using the RNN-MABAC strategy. Section 5 provides insights into future research 
directions, summarizing the paper's conclusions. 


2. PRELIMINARIES 
An SVNS ( Wang et al., 2010) y ina universal set Q is characterized by a truth-MF ¢ (@), an 
indeterminacy-MF y_,(q@), and a falsity-MF y,(@) with ¢, (a) YW, (w) Gy (a) E[0,1],VoeQ. 
When Q is continuous, an SNVS 7 can be presented as: 
x= 1 (8,(0).w,(@),.¢,(@) }/ovoe 
and when Q is discrete, an SVNS y can be presented as: 
2=d(é,(0).v,(0).6 (@))/avoed 
with O<supé,(@)+supy ,(@)+¢,(@) <3,avV €Q 
AnSVNS ¥y7 is also presented as: 
1 = (0,8, (@), VW, (@),6,(@) > /,@€Q), where & (),y.(@),6.() €[0, 1], for each @ in Q. Therefore, 
O<sups (@)+supy, (@)+ supG, (@) <3. 
The triplet (é, (),W, (o),6, (@)) is termed as the Single-Valued Neutrosophic Number (SVNN) and 
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presented as(é,.w,.<, ). 

2.1.1 Let77, =(@,,8,,7,) and 7, =(a@,,f,,7,) be any two SVNNs with @,,f,.7,,@,f,.7, €[0,1], 
(a,+6,+y7,) €[0,3] and(a, +f, +y7,) €[0,3] 

Then, some selected operations involving SVNNs (Peng & Dai, 2018) are stated as follows; 


i. 87,07, =(@,+0,-a,0,,f,,f,.”,7,) [Summation] (1) 
i. 8 7,@n, =(,0,,8,+8,-BB.%4+%-Ny,) [Multiplication] (2) 
iii, An, =-d-@,)’, 8.7%), A>0 [ Scalar multiplication] (3) 
iv. 7 =(a/,1-0-£)*,1-d-y,)’)),Aa>0 (4) 


2.2. Euclidean distance function. Euclidean distance Biswas et al., 20[16] between 7, =(@,,f,,7,) and 


Ny = (a,, fp, vy) is defined as: 
1 


d, =| Faia +.B) 40,7} f (5) 


2.4 Score function. 


Score function (Peng & Dai, 2018) denoted by Sc(n,) of an SVNN n, = (77,,77,,77,) 18 defined 
as Sc(n,) =(2+7, —0.3x 7, —0.4x7,)/3 (6) 


Definition 2.5 ( Broumi, Smarandache, & Dhar, 2014) 
Assume that © is a nonvoid set. Assume that R is an equivalence relation on ©. Let ® be an 
NS in © with the truth Membership Function (MF) [. , indeterminacy MF [ 4» and falsity MF F fed 


The lower and the upper approximations of ® in the approximation (©, R ) presented by u(®) 


and ¥() are presented as: 

i(6)=(< 8,8 «5 (Os8 i) (Os aya) >/ C10] g.6 € 6) (7) 
¥()=(< 8,35, OsE aa), 65.4) >/6 €18] ,.6 6) (8) 

5 5.5) 8) =V -€ [8], 55 (0) E54) 0) =V2€ 1p E6O)> O55) 0) =V-€ 1], 560) 

8 5¢6)(9) =V -€ 1814550) 56,0) =v <6]g sO). $5,5,6) =v <1] 650 

$0,0 $0.58) +é,,5O)+ 6,5, (0)S3 

05 85,5) (0) +855, (0) +655) (8) $3. 

Here, v and A present respectively the max and “min’’ operator. 6 ,(C),€4(¢),and@ ; (C) are the 
truth MF, indeterminacy MF, and falsity MF of Cwur.t. ® . Here, ¥(®) and i(®) are NSs in ®. 
The NS mapping v,¥: i(@) —> ii(®) denote as the lower and upper RNS approximation operators. 


The pair (¥(@),¥(o)) is called the RNS in (0,2). 
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3. RNN-MABAC STRATEGY IN RNN SETTINGS 
Consider a MADM problem having n attributes, C = co Coes cr") and m alternatives 


A= (Ar Ags. AM) . The weight we (j= 1, 2, ..., n) is assigned to CF such that 
we > 0, and >", we =I, 


Utilizing the following steps, the RNN-MABAC strategy is developed (see Fig. 1): 


Fig. 1. MABAC strategy in RNN environment 
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Step 1. Formulate the decision matrix 


Decision matrix D is formulated using the RNN rating values of the alternatives provided by the 
decision maker (DM). 


B=(x, me = 


(9) 


An aa) (abe Sy renee (ea, 


“i? 


Here, (x, x, i) (Gs a 6, ), (Fa. t0.8, }) denotes the RNN rating value of A, w.r.t. Cc 
provided by the DM. 


Step 2. Convert the decision matrix into a neutrosophic decision matrix using the 


Accumulated Geometric Operator (AGO). 
We convert the RNN to SVNN by the AGO (Mondal & Pramanik, 2015) as follows: 


en »X oe ~ (i tae ea )) 


“(5 nea aA (10) 


es vers weet vee a) (11) 


Step 3. Standardize the decision matrix 
Since criteria are two types, namely, benefit or cost, then there is a need to 
Stancanez= mon using formula (12) (Biswas et al., 2016) 


(12) 


e {7 veh Cc isacostcritrion 
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Then the standardized decision matrix appears in the form: 


a= fee Oy as (13) 
Step 4 . Construct the weighted decision matrix 
VStar bi On) =O) @\ to, 0) = - (ba) at OO, } (14) 
Step 5. Compute the RNN BAA (RNN-BAA) matrix G obtained by formula (15). 
a 1/m ne Teac 1/m ih of aot 1/m ne ft 1/m 
y, = (ey) =(re(47)"1-(r1,(9°)").1-(12(8;)”)) (15) 


Step 6. Determine the distance of each alternative from BAA. Reckon the distance matrix 
A=(p,) by the formula (16) 


8. (Yn) 0% >; 
| a 0,if Y, ry (16) 
-8,(¥i.¥))#¥, <3, 


where Euclidean distance measure 8.(Y;, y,) means the distance from Y,to y,. It is defined by 
the formula (5). 

Particular case: Alternative A, will pertain to BAA (G) if p,= 9, upper Approximation Area 
(AA) (G"), if p, >0, and lower AA (G) if p,,<0. 

The upper AA (G*) refers to the area that includes the ideal alternative (A* ). The lower AA (G) 
refers to the area that includes the anti-ideal alternative (A’) (see Fig.2.) (Pamu€ar, Petrovic, & 
Cirovié, 2018). To select A, as the best alternative, it is requisite for it to have as many attributes 


as possible pertaining to the upper AA (G‘). 
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Upper 
approximation 
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Boarder 
approximation 


area 


Criterion functions 


Lower approximation 
area 


Fig. 2. Presentation of the upper (G+), lower (G-), and border (G) approximation areas 


Step 7. Sort the alternatives by the descending order of the sum of each alternative’s distance 
from BAA 

Calculate the sum of the elements of matrix A by row. The final evaluating value S; of alternative 
A, can be obtained by the formula (17). 


S, => p,,t=1,2...5m3j=1,2, 050. (17) 
j=l 


The ranking of alternatives is done according to the descending order of S;. The highest 
value of S; corresponds to the most desired alternative. 


Step 8. End. 


4. ILLUSTRATIVE EXAMPLE 
Assume that an expert intends to buy the most suitable smartphone from the initially selected 


smartphones (4,,,.,,0). The attributes are: 
I. Features ¥,, 

Il. price ¥,, 

Ill. | customer support y, and 


IV. risk factor ¥,. 
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Weights of the four attributes are considered as 0.3, .03, 0.3, 0.1 respectively. Based on the 
developed RNN-MABAC strategy, the problem is solved as follows: 
Step 1. 


The RNN decision matrix (see Table 1) is formulated based on the rating value of the alternative 


over the criterion. 


Table 1. RNN decision matrix 


11 X2 i Kis 

benefit type cost type benefit type cost type 

(.6,.3,.3), (.6,.4,.4), (.6,.4,.4), (.7,.4,.7), 
a 
‘| \(0.8,0.1,0.1) (0.8,0.2,0.2)/  \(0.8,0.2,0.4) (0.9,0.2,0.1) 
_ | /(0.7,0.3,0.3),\  /(0.6,0.3,0.3),\ /(0.6,0.2,0.2),\ /(0.7,0.3,0.2), 
me (0.9,0.1,0.3) (0.8,0.3,0.3) (0.8,0.4,0.2) /  \(0.9,0.3,0.3) 
_ | /(0.6,0.2,0.2), \ /(0.7,0.3,0.2),\ /(0.7,0.4,0.6),\ /(0.6,0.3,0.2), 
ve (0.8,0.0,0.2) (0.9,0.1,0.1) /  \(0.9,0.2,0.4) (0.8,0.1,0.1) 
Step 2. 


Using the formula (10), the RNN decision matrix is converted to the SVNN decision matrix. 


Table 2. SVNN decision matrix 


Q Q 
fig type a type benefit type cost type 
&, | (0.69282, 0.173205], 0.173205) (0.69282, 0.282843, 0.282843) 0.69282, 0.282843, 0.4 (0.793725, 0.282843, 0.264575) 
&, | (0.793725, 0.1732051, 0.244949) (0.69282, 0.3, 0.3 0.69282, 0.282843, 0.2 (0.793725, 0.3, 0.244949) 
Ol; (0.69282, 0, 0.2) (0.793725, 0.173205, 0.141421) (0.793725, 0.282843, 0.489898) (0.69282, 0.173205, 0.141421) 


Step 3. 
The SVNN decision matrix is standardized ( see Table 3) using the formula (12) 


Table 3. Standardized decision matrix 


Xs X» x Xa 


benefit type cos t type benefit type cos t type 
&, | (0.69282, 0.1732051, 0.173205) (0.282843 0.717157 0.69282) 0.69282, 0.282843, 0.4 0.264575 0.717157 0.793725 
&, | (0.793725, 0.1732051, 0.244949) (0.3 0.7 0.69282 0.69282, 0.282843, 0.2 ee 0.717157 0.793725 
is (0.69282, 0, 0.2) (0.141421 0.826795 0.793725) (0.793725, 0.282843, 0.489898) (0.141421 0.826795 0.69282) 


Step 4. 

Using the formula (12), and standardized matrix, the weighted decision matrix is formulated 
(see table 4). 

Table 4. Weighted decision matrix 
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%1 sa x Xa 


benefit type cost type benefit type cos t type 
a, | (0.298192922 0.590974 cea nes 0.905074 rote oasis 0.684642 eae ere 0.967301 0.977163 


a, | (0.377221329 0.590974 0.655726) (0.101476558 0.898523 0.895749) (0.298193 0.684642 0.617034) (0.027706 0.964961 0.977163 
a, (0.298192922 0 0.617034) 0.044712655 0.944538 0.933042) (0.377221 0.684642 0.807294 (0.015132 0.98116 0.963967) 


Step 5. 
The values of BAA are shown in the BAA matrix ( Z )= eal _ See Table 5) 


Table 5. Computed values of BAA 


C, {0.322500432,0.322500432,0.622191 
Gs 0.0755 19605, 0.918857,0.910053 

; 322500432,0.684642, 0.739207 
ae (0.02332360 1,0.972156,0.973414 


Step 6. Reckon the distance matrix 

Compute the distance matrix (see Table 6) using the formula (16), and score function (6). 
For example: 

Sc(0.298192922, 0.590974, 0.590974 )= 0.62817 

Sc(gi)= 0.64631 

Since Sc(gi)> Sc(y,,), 80g, >, and 6,,=-0.0851 


Table 6. 

Xi X2 x Xa 
benefittype costtype  benefittype _costtype 
a, | —0.085103 0.016033  —0.01834 —0.005348 
a, | 0.089965 0.020751 0.071919 0.005324 
a, | 0.259615 —-0.02669 0.050432 0.008896 


Step 7. Sort the alternatives 
The sum of values of each alternative’s 4,,is calculated by the formula (17). 


4 
SS b,941234 
j=l 


=6,, +6, +0, +0), 

- (—0.085 1) + 0.016033 + (—0.01834) + 0.005348 

= —0.08206 

Similarly, we derive the other computing results and obtain 
S2=0.18796, S3=0.283357 

So, S3> S2>S1 

Hence, a, >, > G, 
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So, 3" alternative is the most suitable smartphone. 


5. CONCLUSIONS 


In this paper, the RNN-MABAC strategy in the RNN environment is developed. The developed 
RNN-MABAC strategy can be effectively used to solve real-world MADM problems with 
inconsistent and incomplete information. We hope that this paper will inspire researchers to 
conduct research in the field of MADM. The developed RNN- MABAC strategy can be explored 
for group decision-making strategy using a suitable aggregation operator which we shall do in 
the future. 


The developed RNN-MABAC can be used to solve other MADM problems such as E-commerce 
site selection (Mallick, Pramanik, & Giri, 2024a), COVID-19 vaccine selection (Mallick, 
Pramanik, & Giri, 2024b), green supplier selection problem (Pramanik, 2023), etc. 


FUNDING 


This research received no external funding. 


REFERENCES 


Atanassov, K. T. (1986). Intuitionistic fuzzy sets. Fuzzy Sets and Systems, 20(1), 87-96. 

Biswas, P., Pramanik, S., & Giri, B. C. (2016). TOPSIS method for multi-attribute group 
decision making under single-valued neutrosophic environment. Neural Computing and 
Applications, 27(3), 727-737. doi: 10.1007/s00521-015-1891-2. 

Broumi, S., Bakali, A., Talea, M., Smarandache, F., Ulugay, V., Sahin, S., Dey, A., Dhar, M., 
Tan, R. P., de Oliveira, A., & Pramanik, S. (2018). Neutrosophic sets: An overview. In F. 
Smarandache, & S. Pramanik (Eds., vol.2), New trends in neutrosophic theory and 
applications (pp. 403-434). Brussels: Pons Editions. 


Broumi, S., Smarandache, F., & Dhar, M. (2014). Rough neutrosophic sets. Neutrosophic Sets 
and Systems, 3, 60-65. 

Delcea, C., Domenteanu, A.; Ioands, C., Vargas, V. M., Ciucu-Durnoi, A. N. (2023). 
Quantifying neutrosophic research: A bibliometric study. Axioms 12, 1083. 
https://doi.org/10.3390/axioms 12121083 


Deng, J. L. (1989).Introduction to grey system theory. The Journal of Grey System, 1(1), 1-24. 

Gigovic, L., Pamuéar, D., Bozanic, D., & Lyubojevic, S. (2017). Application of the GIS-DANP- 
MABAC multi-criteria model for selecting the location of wind farms: A case study of 
Vojvodina, Serbia. Renewable Energy, 103, 501-521. 


Jia, F., Liu, Y., & Wang, X. (2019). An extended MABAC method for multi-criteria group 
decision making based on intuitionistic fuzzy rough numbers. Expert Systems with 
Applications, 127, 241-255. doi:10.1016/j.eswa.2019.03.016 


Jiang, Z., Wei, Guiwu, and Guo, Yanfeng. (2022). Picture fuzzy MABAC method based on 
prospect theory for multiple attribute group decision making and its application to 
suppliers selection. Journal of Intelligent & Fuzzy Systems, 42 (4),3405 — 3415. 


New Trends in Neutrosophic Theory and Applications, Vol. HI, 2024 200 


Mallick, R., Pramanik, S., & Giri, B. C. (2024a). QNN-MAGDM strategy for E-commerce site 
selection using quadripartition neutrosophic neutrality aggregative operators. 
International Journal of Knowledge-based and Intelligent Engineering Systems. 
doi: 10.3233/KES-230177 11 


Mallick, R., Pramanik, S., & Giri, B. C. (2024b). TOPSIS and VIKOR strategies for COVID-19 
vaccine selection in QNN environment. OPSEARCH. https:doi.org/10.1007/s 12597-024- 
00766-0 


Mondal, K., & Pramanik, S. (2015). Rough neutrosophic multi-attribute decision-making based 
on grey relational analysis. Neutrosophic Sets and Systems, 7, 8-17. 

Mondal, K., Pramanik, S., & Giri, B. C. (2018). Rough neutrosophic aggregation operators for 
multi-criteria decision-making. In C. Kahraman & I. Otay (Eds.): C. Kahraman and © I. 
Otay (Eds.), Fuzzy Multicriteria Decision Making Using Neutrosophic Sets, Studies in 
Fuzziness and Soft Computing 369. https://doi.org/10.1007/978-3-030-00045-5_5. 

Mondal, K., Pramanik, S., & Smarandache, F. (2016a). Several trigonometric Hamming 
similarity measures of rough neutrosophic sets and their applications in decision making. 
In F. Smarandache, & S. Pramanik (Eds.), New trends in neutrosophic theory and 
application (pp. 93-103). Brussels, Belgium: Pons Editions. 

Mondal, K., Pramanik, S. & Smarandache, F. (2016b). Rough neutrosophic TOPSIS for multi- 
attribute group decision making. Neutrosophic Sets and Systems, 13, 105-117. 

Otay, I., Kahraman, C. (2019). A state-of-the-art review of neutrosophic sets and theory. In: 
Kahraman, C., Otay, I. (eds) Fuzzy multi-criteria decision-making using neutrosophic sets. 
studies in fuzziness and soft computing, vol 369. Springer, Cham. 
https://doi.org/10.1007/978-3-030-00045-5_1 

Pamuéar, D., & Cirovic, G. (2015). The selection of transport and handling resources in logistics 
centers using Multi-Attributive Border Approximation area Comparison (MABAC). 
Expert Systems with Applications, 42(6), 3016-3028. 


Pamuéar, D., Petrovicé, I., & Cirovié, G. (2018). Modification of the Best-Worst and MABAC 
methods: A novel approach based on interval-valued fuzzy-rough numbers. Expert 
Systems with Applications, 91, 89-106. 


Pamuéar, D., Stevié, Z., & Zavadskas, E. K. (2018). Integration of interval rough AHP and 
interval rough MABAC methods for evaluating university web pages. Applied Soft 
Computing, 67, 141-163. 


Pawlak, Z. (1982).Rough sets. International Journal of Computer and Information Science, 11, 
341-356. 

Peng, X., & Dai, J. (2018). Approaches to single-valued neutrosophic MADM based on 
MABAC, TOPSIS and new similarity measure with score function. Neural Computing 
and Applications, 29, 939-954. ( https://doi.org/10.1007/s00521-016-2607-y 


Peng, X., & Dai, J. (2020). A bibliometric analysis of neutrosophic set: Two decades review 
from 1998 to 2017. Artificial Intelligence Review, 53(1), 199-255. 

Peng, X., & Yang, Y. (2016). Pythagorean fuzzy Choquet integral based MABAC method for 
multiple attribute group decision making. International Journal of Intelligent Systems, 
31(10), 989-1020. 


Pramanik, S. (2020). Rough neutrosophic set: an overview. In F. Smarandache, & S. Broumi, 
Eds.), Neutrosophic theories in communication, management and information technology 


New Trends in Neutrosophic Theory and Applications, Vol. HI, 2024 201 


(pp.275-311). New York. Nova Science Publishers. 

Pramanik, S. (2022). Single-valued neutrosophic set: An overview. In: N. Rezaei (Eds) 
Transdisciplinarity. Integrated Science, vol  5(pp.563-608). Springer, Cham. 
https://doi.org/10.1007/978-3-030-94651-7_26 

Pramanik, S. (2023). SVPNN-ARAS strategy for MCGDM under pentapartitioned neutrosophic 
number environment. Serbian Journal of Management, 18(2), 405-420. 

Pramanik, S., Mallick, R., & Dasgupta, A. (2018). Contributions of selected Indian researchers to 
multi-attribute decision making in neutrosophic environment. Neutrosophic Sets and 
Systems, 20, 108-131. 


Pramanik, S., Roy, R., Roy, T. K., & Smarandache, F. (2017). Multi criteria decision making 
using correlation coefficient under rough neutrosophic environment. Neutrosophic Sets 
and Systems, 17, 29-36. 

Pramanik, S., Roy, R., & Roy, T. K. (2018). Multi criteria decision making based on projection 
and bidirectional projection measures of rough neutrosophic sets. In F. Smarandache, & 
S. Pramanik (Eds., vol.2), New trends in neutrosophic theory and applications (pp. 175- 
187). Brussels: Pons Editions. 

Smarandache, F. (1998). Neutrosophy: neutrosophic probability, set, and logic: analytic 
synthesis & synthetic analysis. Rehoboth: American Research Press. 

Smarandache, F. & Pramanik, S. (Eds). (2016). New trends in neutrosophic theory and 
applications. Brussels: Pons Editions. 

Smarandache, F. & Pramanik, S. (Eds). (2018). New trends in neutrosophic theory and 
applications, Vol.2. Brussels: Pons Editions. 

Tan, J., Liu, Y., Senapati, T., Garg, H, & Rong, Y. (2023). An extended MABAC method 
based on prospect theory with unknown weight information under Fermatean fuzzy 
environment for risk investment assessment. Journal of Ambient Intelligence and 
Humanized Computing, 14, 13067-13096. https://doi.org/10.1007/s12652-022-03769-1 


Torkayesh, A. E., Tirkolaee, E. B., Bahrini, A., Pamucar, D., & Khakbaz, A. (2023). A 
systematic literature review of MABAC method and applications: An outlook for 
sustainability and circularity. Informatica, 34(2), 415-448. doi:10.15388/23-INFORS 11 


Wang, H., Smarandache, F., Zhang, Y., & Sunderraman, R. (2010). Single valued neutrosophic 
sets. Review of the Air Force Academy, I, 10-14. 

Zadeh, L. A. (1965). Fuzzy sets. Information and Control, 8(3), 338-353. 

Zhang, C., Li, D., Kang, X., Song, D., Sangaiah, A. K., & Broumi, S. (2020). Neutrosophic 
fusion of rough set theory: An overview. Computers in Industry, 115, 103117. 
doi: 10.1016/j.compind.2019.07.007 


expanding, particularly since the introduction of the journal 'Neutrosophic Sets 
and Systems." New theories, techniques, and algorithms are being developed at a 
very high rate. One of the most notable trends in neutrosophic theory is its 
hybridization with other set theories such as rough set theory, bipolar set theory, 
soft set theory, hesitant fuzzy set theory, and more. Various hybrid structures like 
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hesitant fuzzy sets, among others, have been proposed in a short period. 
Neutrosophic sets have proven to be crucial tools across a wide array of fields 
including data mining, decision making, e-learning, engineering, medical 
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